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1. Introduction

Let p be aprime and view residues (mod p) as membersof theset {0, 1,..., p—1}. LetR
be a set of r distinct nonzero residues (mod p). Suppose that the random variable a is drawn
uniformly from (Z/pZ)" = Z/pz-{0}, and denote the normalized expected size of the

minimal residue in the multiplicative trandlate aR (mod p) by
MO(R) : = % E[min(aR)] . (1.1)

Our object isto obtain upper and lower bounds for M“(R) which depend only onr = [RL.

This problem arises in two contexts. The first concerns the anaysis of a simple
randomization scheme to select an element of a set R of distinct integersin [0, p —1] whose size
[ROs not specified in advance. Draw a and b independently from the uniform distributions on
(z/pz)™ and Z/pZ, respectively. The set aR divides the circle R/pZ into [Rintervals. The
randomization procedure is to select that element x [J R such that ax is the leftmost element of
the interval in which b falls, i.e. ax is the largest element in aR (mod p) less than or equal to b,
unless there is no such integer, in which case ax is the largest element in aR (mod p). The
induced distribution on R need not be uniform. How non-uniform can this induced distribution
be? Since trandating R by an additive constant does not change the distribution, we may reduce

to the case where R contains 0, so that R := R < {0}, and investigate the probability that the



randomly selected element x [ R equals 0. Thuswe are interested in bounding the quantity
M(Ii) ;= Prob{b = min[aR + b] :a,b O Z/pZ, a#0} . (1.2
This problem easily reduces to bounding quantities of the form (1.1), because one has
M(R) = MI(-R) . (1.3)

To see this, note that for fixed a and variable b, the element b is the smallest nonnegative residue
of aR + b exactly for 0< b < p - max[aR] = min[-aR]. Averaging over al a then gives

(1.3).

The second context is the analysis of a particular pseudorandom number generator. Given a
small number of absolutely random bits, called a seed, the pseudorandom number generation
problem is to use these bits in a deterministic manner to produce a much larger number of
““random-looking’’ bits. Here ‘‘random-looking’’ means that the bits appear well-distributed
with respect to certain statistical measures. We call such a set of bits pseudorandom bits with
respect to these measures, cf. Lagarias (1990). This problem can also be reversed: one can
consider a particular deterministic mapping with random input and obtain bounds on the

distribution of its output with respect to various statistical measures.

We consider a problem of this latter sort, concerning the generation procedure which when
given a seed (a,b), consisting of elements a and b drawn independently from the uniform
distributions on (Z/pZ)" and Z/pZ, respectively, together with a deterministically constructed

set R, produces the set
aR +b (mod p)

asaset of [Rpseudorandom numbers. Here the seed (a, b) contains about 2log, p random hits,
while the output has about r log p bits, which can give an exponential expansion of the number of

bitsif r = pP with B > 0. The elements of aR + b are pseudorandom only in a relatively weak



sense, but they do possess some nice distribution properties which are useful in applications.
Indeed, it iswell-known that if R = {x;, X,} consists of exactly two distinct elements, then the
random variables ax; + b and ax, + b are independent and identically distributed if a and b are
chosen independently from Z/pZ. Consequently the elements of aR + b are pairwise
independent when regarded as random variables. This pairwise independence property has been
exploited by Luby (1985) in constructing a simple parallel algorithm for the maximal independent
set problem. See al'so Alon, Babai and Itai (1986), 86, for a history and applications of this idea
to derandomize paralel algorithms. A related construction of k-wise independent variablesis due

to Joffe (1974), see also Zuckerman (1990).

Relevant gtatistical measures of aR + b in these applications concern the distribution of the
lengths of the r intervals into which aR + b cutsthecircle R/pZ, fora O (Z/pz)®, b O Z/pZ.

We consider here the mean sguare spacing measure

mss[aR + b] : =

M-
N
N

1
=

where <; are the lengths of these intervals, and the associated statistical measure
S(R) := E[mss[aR + b]] . 1.4

The quantity S(R) has a simple relation to various quantities M”(R'"). Since the measure S(R)

is trand ation-invariant, one has
S(R) = E[mss[aR]] . (1.5)
Now set Ry, := R + b (mod p). One hasthe identities

p-1 r < -1)<;
min[R +b] = S g = im$(R) - ip
b=0 i=1 2 2 2

and



p-1 p-1
> min[aR + b] = min[a(R + b)] ,
b=0 b=0

sincea # 0. Theseyield
SR) = —2_ "5 meaR]
= mss[a
p-1 a=0
1 P20 p | O
= ——_ 2 > min[a(R + b)] + pO
P-1 .21 Ob=0 0
p
=25 pMH(Ry) + 2p. (1.6)
b=0

Thus S(R) is determined by values of MP(R,,) for various sets Ry, having a fixed cardinality r.
Consequently upper and lower bounds valid for all MP(R) of fixed cardinality r yield upper and
lower bounds for all S(R). It is possible that S(R) satisfies stronger bounds than those inferred
from MP(R), due to the averaging in (1.6). However if Conjecture 1.3 below is true, then little

improvement is possible.
Now we describe our bounds for MY(R). For reference observe that the expected size of

MY(R), averaged over al sets of cardinality r, is easily calculated to be

E[MY(R) : [RO= r] = % (1.7)

because this average is exactly the expected size of the minimal element of a uniformly drawn r-

tupleof {1, 2,...,p — 1}.

Thereisasimple lower bound for M(R).

Theorem 1.1. For all setsR (mod p) of cardinality r,

1 1
MER) 2 — - — . 1.8
Rz 5 - = (18)
Proof. For any residue x O {1,2,...,p — 1} there are exactly r values of a such that

x [0 aR. Hence min[aR] = x can occur at most r times, and min[aR] = O occurs once,



whence

U0p-10 g
MOR) = LR T0 Opoan Op-107
P T D+ @0 np-1-roP 0]
O i= ERLENE 0" 0og
-1,p-1
r pr (pr +1)
>
2 . ,

which gives (1.8). ]

This worst-case lower bound (1.8) for MY(R) gives something away, but in view of (1.7) it
can be a most a multiplicative factor of 2, as p - o. In fact, it is a most a smaller

multiplicative factor, because in 83 we show that theset J,, = {+1,£2,...,%r} has

O O .2
M™(35) = cfob-O+ ool

, (1.9)
0?'g gp

OoOod

for constants ¢y satisfying

O 0
CrD=12IogZ+O IogrD
™ o' O

24 1og 2

= 1.6855...
=)

asr — oo, Hence the multiplicative factor is asymptotically at most
(Notethat J,, has 2r elements.)

The more interesting problem concerns worst-case upper bounds for MY(R). In §2, we
establish the following bound.

Theorem 1.2. For all primesp and for all sets R (mod p) of cardinality r,

100

MY(R) < ~r (1.10)



The proof uses a second-moment method. The constant 100, as well as many of the other

constantsin 82, can be improved easily.

In 83 we show by example that the worst-case upper bound cannot be the same order of

magnitude as (1.7). Thesetl, = {1,2,...,r} has

0p2 0
99"+ op' p (112)
OoP™ O

MD(Ir) =Cr

where c, are positive constants bounded away from zero, which satisfy

Another example is given by taking the set N, of quadratic nonresidues (mod p), so that
r = (p - 1)/2. Then min[aN,] equals 1 if a is a quadratic nonresidue and otherwise it equals

the minimal quadratic nonresidue o ,, so that
0 _ 1
M-[Np] = §(1 +dp) . (1.12)

Graham and Ringrose (1990) show that o, is infinitely often greater than
c(log p)(log log log p), for some constant c” > 0, so that

-1

0 g
MY(N,) >> [0 '

O (2.13)
rlog r log log log r

for such primes p. If the Generalized Riemann Hypothesisis true, then the log log log r factor in

(1.13) can be strengthened to log log r.

What is the true order-of-magnitude of the worst-case bound for M"(R)? For definiteness we
propose:

Conjecture 1.3. For each € > 0 there is a constant c(€) such that for all primes p and all sets



R(mod p),

MY(R) < c(e)r 1+¢. (1.14)

This conjectureis likely to be hard to settle affirmatively, in view of the quadratic nonresidue
example N,. Proving (1.14) for R = N, and ¢ = 1/4 would already improve the current best
bound O(pY*log p) for the least quadratic nonresidue ap, due to Burgess (1963), and the truth
of Conjecture 1.3 would imply Linnik’s conjecture that o, << p® for al € > 0. However it
seems likely that improvements of Theorem 1.2 in the direction of (1.14) may be possible for

small r, cf. the discussion at the end of §2.

Questions concerning the distribution of multiplicative dilations aR(mod 1) aso arise in
studying asymptotic denseness of sets on the torus R/Z, see Berend and Peres(1991). In
particular Alon and Peres (1991) consider a closely related problem, concerning the size of the
maximal gap in setsaR + basaand b vary. They show that for every set R (mod p) there exists
some a (mod p) such that the set aR viewed on the circle R/pZ has small discrepancy, i.e. all

theintervalsinto which it cuts R/pZ are of roughly the same length.

2. General Upper Bound

We use a second-moment method to establish the following bound.
Theorem 2.1. Suppose that p is a prime and R = {X4,...,X,} is a set of integers with

1<X; <Xy < <X, £p-1 Ifal Z/pZ isdrawn with the uniform distribution, then

1600p?

Prob{ min[aR] = A} < —

2.1)

holds for any positive A.
Proof. We use Fourier analysis on Z/pZ. Let X.(y) denote the characteristic function of

{0,1,...,t-1},i.e



gl O<sy<st-1,
Xt(y) = 0O

5) tsysp-1.
_ 2miy . .
Set e(y) ;= exp(—= 5 ). Then X hasthe Fourier series

p-1
Xt(y) = 3 age(ky)
k=0

with coefficients

A= 2 g Xi(e(-ky) |

and asimple calculation gives

k=0
D_ )
DIO
O
ak:Dsm(mk)
|:| —
p _(t-1)k _
E — e( 5 ) l1<k<sp-1.
O

pSln(T)

We want a function whose Fourier coefficients drop off sufficiently rapidly in k and for this

purpose use the convolution f;(y) = X:X ¢(y) of x;(y) with itself. Recall that the convolution

of two functionsg and hiis

-1
athy) = =S g(y-u)h(u)
p u=0

and that Fourier coefficients of a convolution are the product of the Fourier coefficients of the

factors. Hence
p-1
fi(y) = > bge(ky)
k=0

has Fourier coefficients



O 2

Ot _

0 k=0,

0

O

O

7 sn2(1)

O P e(-2(t-1)k) 1s<ksp-1.

Dz.znk
Op2sn? (1K)

2.3)

O

The function f; is nonnegative and is supported on the set {0, 1, 2,...,2t — 2}. We will

Oa O
chooset = D%thich guarantees that f, is supported on {0, 1,...,A}. Since only the case
0<0

A < p-1isof interest, wesupposethatt < (p—1)/2.

Now given the set R, we define the random variable

Fi(a) := > fi(ax) . (2.9
xOR

IF F;(a) # 0then aR must contain an element in the support of F, so that
min[aR] <2t -2<A.
Hence
Prob{ min[aR] = A} < Prob{F,(a) = 0} . (2.5)
It suffices to establish the upper bound (2.1) for Prob{F;(a) = 0} and for this we use
Chebyshev’ sinequality, which asserts that any random variable F satisfies
Prob{[(F(a) - m Ao} <A™ 2,

wherem = E[F] and 62 = E[F?] - E[F]? areits mean and variance, respectively. Applying

thiswithF = Fyand A = m/c weobtain
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Prob{F;(a) = 0}

IN

Prob{[F(a) - E[F(]lx E[F]}
- E[F?] - E[F]?
- E[F.]°

To use this bound we calculate the first two moments of F;.

The first moment E[F,] iseasy to calculate. Itis

1 prt
E[F{] = = X Fi(a)
p a=0

1 p-1 p-1 0
=_ 3 by ¥ 0¥ e(kax)O
P k=0 xOR [&=0 0

2
= rbgy = r:)_z,

using (2.3).

It remains to obtain an upper bound for E[F?]. To estimate it, we define

w(h,k) = (X1, X2) : X1, X, OR and hx; = kx, (mod p)}0d.

Then, since F(x) isredl,

-1 1
ElF2] = 1S Fa)? = LY R F@
p a=0 p a=0

1 p-10 O
-2 0 X ft(axl)ft(amg

P azo x,x OR

-1 -1
LS 5 'S bubee(athag - ko)

P 2a=0x,x, DR hk=0

1 p-1 O p-1 O
== Y bpbeO ¥ 3 e(a(bxy - kx2))O
h,k=0 k;.x, DR a=0 O

-1
= pz thkW(h,k) .
hk=0

(2.6)

2.7)

(2.9)

We simplify this formula by observing that w(0, 0) = r2, and w(h,k) = 0 if either h = 0 or

k = 0 but not both. Thuswe obtain
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-1
E[F?] = r2b3 + pz b, bew(h,k) . (2.9)
hk=1

To bound this expression, we observe that

0<w(hk) <r
for al (h,k) # (0,0), which gives
p-1 p-1 2
O0Y bpbew(h,k)E r( S D2 . (2.10)
h,k=1 k=1

For the Fourier coefficients of F; we have the trivial bound

t2
Ebk[E bo = —
p
and also the bounds
bk 2 if 1<k<p/2,
Kz
k 42 if p/2<k<sp-1,
(p=K)

which follow from (2.3) since C&in(x)(& 2%‘Dfor [k 102, These boundsimply that

p-1 t
S bk 20—, (211)

k=1 p

on using the first bound above for the range 0 < k < % and the last two for the remainder.
Combining (2.9)—«2.11) yields the second moment bound

214 2
"L v a0l (2.12)
p p

E[F?] <

Substituting these first and second moment bounds into (2.6) yields
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400p?

Prob{F.(a) = 0} 2

IN

IN

1600_P_
A

sincet =

A |
=

Theorem 1.2 is an immediate consequence of this resuilt.

Proof of Theorem 1.2. Theorem 2.1 yields

E[min[aR]] < 'S Prob{ min[aR] > A}

A=0
p-1 H 20
<'s minc, 229P7 5 q00pr-12
A=1 0 (AN

thedesiredbound. m

To get stronger results in the direction of Conjecture 1.3 we must strengthen the bound for
Prob{ min[aR] = A}. Examination of the proof of Theorem 2.1 suggests that better bounds than
(2.1) are likely to hold, at least for certain ranges of r and A. Improvements might come by

showing that the quantities w(h,k) cannot be too large too often for small values of h and k,

which are those smaller than Alp_s , where the products [by, by [arelarge. It iseasy to seethat
p-1
> w(hk) =(p-1r?, (2.13)
hk=1

2

so that the quantities w(h, k) are on average of size . Some gain may be possible for r not

too large, perhaps up to r < pP for some B < 1. However for the quadratic nonresidue example
N, one has r = %1 and improvements in bounding (2.9) appear to require cancellation

involving the complex arguments of the Fourier coefficients b.

In addition, the use of the second moment method itself presumably gives something away,
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because Chebyshev’s inequality is not tight for distributions having smooth tails. Estimates for
higher moments might conceivably yield improved bounds for Prob{ min[aR] = A}. Such
moment estimates involve various interesting problems concerning the distribution of solutions to
linear Diophantine equations (mod p) with bounds on the variables. In Theorem 2.1 they concern
the ensemble of quantities w(h,k), and other examples of such problems appear in Alon and

Peres (1991), Lemma5.1, and in Lagarias and Hastad (1986).

3. Constant [R[Case: Two Examples

Now we consider MY(R) for (RO= r of afixedsizeasp — . We estimate M"(R) for the
setsl, = [1,2,..., rlandJd, = [£1, £2,..., =r], which giverelatively large and relatively
small values of MP(R), respectively.

Theorem 3.1. Onehas

MD(Ir) =

I
M
|
~| ~
+
I
+
@)
~
&

(3.1)

asp - oo, wherethe sumrunsover all intervals(%, :_,) inthe Farey series” , of order r.
Proof. Dividethered interval [0, p] into segments[%p, :_,p] using the dissection p” .

Claim. For thosea O (Z/pZ)" for which %p <ac< :_,p, the minimal element in al, ( mod
p) is ak (mod p).

Proof of claim. Consider the piecewise linear function f(x) = kx — p[%],writtenf(x) = kx

!

(mod p), on the interval [%p, :_,p]. It is O at the left endpoint %p, anditis ki,p at the right

!

endpoint :_'p since the interval has length % If some f(x) = <x (mod p) with0 < <<,

< # k were smaller than it anywhere inside the interval, then it must have an intersection point

inside the interval. Any such intersection point satisfies kx = <x + ap for some [k r, hence
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1

X = DLEp and 12 00 A . with S<n® % <_, a contradiction proving the
k-< k-< k k=1 k'
clam. m
Now define
< < .
S(—, —) := min(al,) .
(grg) = mintal)
?psask_p
By theclaim,
< <
s(?, k_') = ) _ ak(mod p) .
Tpsask_p
Thisgives
< < 1 p%k p
S(—, —) = = + O(——) . 3.2
% ) = 77 T 0% (32)

The main term in this expression is the area under the line kx (mod p) in the interval, see

Figure 3.1.

Insert Figure 3.1 about here.

Using this estimate

!

(P(P-DMY) = Ts(¢ . =)

2
P 1,1, 1

= — (=) +0 —). 3.3

ZAZrkk’(k') (pAZrk') 33

Now use the fact that the Farey series is symmetric about 1/2, hence if (% : :_,) a”, then

O =11 k=10 - -
0——, ——00 " . Pairing these terms gives
Ok K o



~ 1
@z i w et )

r r

Now (3.1) follows by dividing (3.3) by p(p — 1). Thereis aremainder arising from both terms

on theright side of (3.3), and it is bounded using

r
Zi Zi(21)+2-r+1 (3.4)
Aok I K
which givestheresult. =
Now define
1,1 1
D, := — (=+ =)
' Azrkk'(k k')

The sums D, were studied by Hans and Chander (1964) (see also Robertson (1968)), who showed

that

T[2

= (5 +o(1) (35

Iog r

asr — oo, Inparticular D, = c Ior for some absolute constant cg > Ofor al r. Thisyields:

Corollary 3.1a. Onehas
MY, = _D +0(_) (3.6)

T[2

T(1 + 0(1))asr — oo.

asp — oo, whereD,

Next wetreat J,, = [£1, £2,...,%2r].

Theorem 3.2. For fixedrandp — oo,

1
M%) = Z k m k'

r

) + O(_) (3.7

1

< < . .
Where(?, k_’) runsover all intervals of the Farey series” , of order r.
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Proof. We proceed similarly to Theorem 3.1.

I

Claim. For those a O Z/pZ with %p <acs :_'p the minimal element in aJ5, (mod p) is ak

(mod p) for ip<as(i ! )p  and  —ak’ (mod p) for

+
K K k(k+K)

1 <
—+__—  )Yp<asgs_—np.
(k k(k+k’))p k’IO

Proof of claim. The proof of Theorem 3.1 showed that in the interval (%p, :_'p) the function

ak (mod p) lies below al a < (mod p) with <# kfor 1 < <<r. A similar argument shows that
the function —ak’ (mod p) lies below al — a< (mod p) with <# k' for 1 < <<r on the interval.
Hence the minimal value for aJ5 is min(ak, —ak') on the interval, and determining which is

smaller givesthe stated result. =

Now set
< < .
SD(?, k_') = ) ) min(ady) .
?psas_k_p
Using the claim, we have
sﬂ(%, :_,) = Y min(ak, —ak') (mod p)

wP<asp

S O Y YL (38)
2 kk' k+Kk' K+k ' '

where the main term in this expression is the area of the triangle pictured in Figure 3.2.

Insert Figure 3.2 about here.

Proceeding asin Theorem 3.1, we obtain
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2
PP-DMQ2) = B 3 (s 1) + 00 3 1

r k’ ’
and dividing by p(p — 1) yields(3.7). =

Now set

1 1
E, := — (—) .
' Azrkk'(k+k')

These sums were estimated asymptotically by Lehner and Newman (1969), Theorem 2, who

showed that
12log2 1 Iogr
E, = — +0 . 3.9
==+ *0(—%) (39)
Thisyields:
Corollary 3.2a. Onehas
0 _ 1 r
M-(J2) = SEr +O(—~) asp - o,
2 p
whereE, = % :' O(Iogr)asr Cw,
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ABSTRACT

Let R be a set of r distinct nonzero residues modulo a prime p, and suppose that the random
variable a is drawn with the uniform distribution from { 1,2, ..., p—1}. Weshow for all setsR

that p2_r 2 < E[min[aR]] < 1oor_f,2_, where in the set aR each integer is identified with its

least positive residue modulo p. We give examples where E[min[aR]] < 0.r8p and

E[min[aR]] =2 0.4 P I(:g " we conjecture that E[min[aR]] << 1p_ — holds for a wide
r

range of r. These results are applicable to the analysis of certain randomization procedures.



