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ABSTRACT

Suppose that vectors vy , ..., v, are chosen at random from the +1 vectors of

length n. The probability that these at least are +1 vector in the subspace (over the ?77?7?)

spanned by v , ..., v, that isdifferent fromthe + v; is shown to be
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uniformly for p < n — 10n/(log n). Moreover, the main term in this estimate is the
probability that some 2?72 of the v; contain another +1 vector in their linear span. This
result answers a question that arose in the work of Kanter and Sompolinsky on

associative memories.
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1. Introduction

The work of Kantor and Sompolinsky [ ] on associative memories gives rise to the
following question. Let the vectors vy ,..., v, be chosen randomly from among
{+£1}" (the +1 vectors of length n). What is the probability that the subspace spanned by
Vi,..., Vp ?7?? the reds contains a +1 vector different from+ v, ,..., +v,? (The
reals can be replaced by any field of characteristic zero, since the answers are the same.)
Some of the results of [ ] seemed to suggest that if p, n - co whilep/n - o for some
o, 0 < a < 1, then this probability might tend to O for a < 1-2/mtand might tend to 1
fora > 1-2/mt However, G. Kalai and N. Limial conjectured that this is not the case,
and that in fact this probability is dominated by the probability that some 3 of the v; have

a linear combination that is a +1 vector different from the v;. We will prove this

conjecture here.
Theorem. If vy ,..., v, arechosen at random from {+£1}", then the probability P that
the linear subspace spanned by v , ..., v, over the reals contain a +1 vector different

fromthe + v; equals

P=P3;+0OJ-_[J-a n - o, (1.1)
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is the probability that some subset of 3 of the v has a linear combination in {+1}" that

differsfromthe + v i and wher e the above estimates are uniform for

p<n-10n(logn)~?t. (1.3)

In light of the above result, the Kanter-Sompolinsky results of [ ] have now been
taken to suggest a different result. Let Q be the probability that whenv, , ..., v, are
chosen at random from {+1}", and V is the linear space spanned by thev;, then thereisa
vector w € {+1}" more of whose neighbors (i.e., vectors u € {+1}" that differ from w
in one coordinate) is in V, but such that w is closer to V (in the sense of ordinary
Euclidean distance) than any of its neighbors. The current conjecture, based on the
resultsof [ ],isthaa Q - Oasp,n - cowithp/n - afora < 1-2/mandQ - 1

fora > 1-2/m. Our method do not shed any light on this conjecture.

The error term O((7/10)") in our Theorem can be substantially improved with
additional effort. On the other hand, the limitationp < n — 10 n (log n) ! seems hard
to improve (except for the value of the constant 10). Whenp = n, aresult of Komlés| ]
implies that the vectors v, , ..., v, are linearly independent with probability — 1 as
n - o,sothatV = {+1}". It would be interesting to find out just how large p hasto be

sothat P — 1, but this problem appears very hard.

The present work is closely related to that of Komlos. The distribution of

determinants of matrices whose entries are drawn from some common distribution is



only known in afew special cases| ], such as when they are all normal. The problem of
determinants of random +1 matrices (or of (0,1)-matrices, since there is a well-known
correspondence between the two problems) has been of substantial interest for a long
time[ ]. Komlos[ ] was the first one to show that the probability of arandomn x n+1
matrix being singular - Oasn — . Welater [ ] extended this result to the case where
the entries are drawn from any non-degenerate distribution. Finally, in[ ], he developed
a simplified method that enabled him to show that the probability of arandomn x n 1
matrix being singular is O(n~ Y2) asn - . (It is conjectured that this probability is
O(n? 2™"), so that such matrices are singular primarily when two rows or columns are
equal to each other or the negations of each other.) Parts of our proof use techniques

very similar to those of [ ].

There are many other open problems about 0,1 or +1 random variables. For example,
L. Baba has conjectured that the characteristic polynomias of adjacency matrices of
random undirected graphs (i.e.,, of random symmetric (0,1)-matrices with 0's on the
diagonal) are irreducible as the dimension — oo. (If true, this would say that testing for
graph isomorphism is easy most of the time.) This author has also conjectured that
polynomials of degree n with coefficients 0,1 and constant term 1 are irreducible with

probability - lasn - oo.

Some additional results on convex combinations of vertices of an n-cube and linear

subspaces can befound in| ].



2. Proof of Theorem

Let P, denote the probability that there is a linear combination of some m out of the
p random vectors vq ,..., v, € {£1}" which is in {£1}", and such that al m
coefficients in this combination are nonnegative. We will estimate P53 and show that

Ps, P4, Ps,..., Ppaenegligible.

We start with the bounds for Ps, Pg ,.... Our basic tool will be the following
lemma, which was proved by Erdds [ ], but is usually referred to as the Littlewood-
Offord Lemma after the people who first raised the problem and proved a weaker form of

theresult [ ]. (The most general result of thistypeisdueto Kleitman|[ ].)

Lemma2.1. Supposethatx; ,..., X, € R\ {0},y € c(R. Then
= | 0, O
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O

We now use Lemma 2.1 to prove the following result.

Proposition 2.2. If
5<ms<p<n-10n(logn)~t,
then
Pm<(0.69)" as n - w (22

for n sufficiently large.

Proof of Proposition 2.2. We clearly have



P, < E’;g R (2.3)

where R,, is the probability that a random m x n £1 matrix M will have some
combination of its m rows with all coefficients # 0in {+1}". Denote the rows of M by

Wi1,..., Wy Suppose that 0 < g < n—m, and assume that the first m + g columns

for each choice of aq,..., o, € {1}, there will be a unique set of coefficients
X1, ..., Xm With the j 4-th coordinate of x; wy +...+ Xy W, equal to ay. Thus there
will be at most 2™ sets x4 , ..., X, € (R \ {0} with the property that the first m + g

coordinates of x; wq +...+ X, W, ae al 1. Consider now a fixed choice of
X1,..., Xm. The probability that the j-th coordinate of x; w1 +...+ X, W, equals 1

form + q < j < n, asthej-th column of M varies, is
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by the Littlewood-Offord lemma, and similarly for the probability that this coordinate
equals-1. Sincecolumnsj, m + g < j < n, areindependent of each other, we obtain

_m_q

+ Qm,q (2.9
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where Qp, | ¢ isthe probability that arandomm x (m + ¢) +1 matrix hasrank < m.

We next bound Qp, | 4. We have

Qm,q < z (m=-K) 53" ¢ 95Qmqk (25)



where Qpm, q, k is the probability that a random m x (m + q) +1 matrix will have the
property that every k of its rows are linearly independent, the upper left k x k submatrix

has rank k, and the (k+1)-st row is linearly dependent on the first k rows. Given a

matrix satisfying the above properties, the rows uq,..., Ug+q Of the upper left
(k+1) x k submatrix determine unique nonzero coefficients X1 , ..., Xg+1 such that
k+1 . ye - -
Xjuj =(0,..., 0). Givenxy ,..., Xg+1, the probability that this same relation
i=1
will also hold in columnsk+1,..., m+ qis
0 - 1 +q9-k
- k-1 +
<R Tk +1)/2 ! (26)
t
and so thisisabound for Qp, 4, k- Therefore, combining (2.5) and (2.6), we obtain
+q-k
m_1 [mD[m+qDD k-1 Bkl
Qma=M 2 fno k ot Tk+1)/2 '
- 0
and so, by (2.3) and (2.4),
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For 5 < m < n/1000, we select
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so that in thisrange

Pm < 0O(0.67") as n - o . (2.8)
We next consider n/1000 < m < p < n. Thistime we use the inequality
P < gﬁ%Rm.+-Qpﬂ, (2.9)

where R, is the probability that a random m x n +£1 matrix has some nonzero

combination of itsrowsin{+1}", and that itsfirst p + ¢ columns have rank m. Then, by

the previous argument,
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Now for large n,
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K = %1/25.,. 1

<n 22n n- (p+9g-k4 <n 22n n- n/10000 <2 N

At the same time, for some positive constant C,
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0
< nl2 g€ nY2 logn 2-P-q

Combining all these estimates we obtain

-p-q
- TN S D e
< 23" (- 1/2§_ P e gt-p-a (2.11)

valid for sufficiently largen and n/1000 < m < p < n. We now select g so that

_ E]7nlogZD
n-p-q=0————-=_,
0 logn g

and obtain the claim of Proposition2.2. =

We now proceed to consider P, P3, and P4. If v, w € {+1}", then the only way to
haveav + Pw € {+1}" forap # Oisif v = + w, to an even that has probability 2~ ".

Therefore

EPz”Da.sn_mm. (2.12)
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Proposition 2.3. We have, for 3 < p < n,

O O
Og Og '
p3:4EPDD3D +OD4 B_SDDas n - o, (2.13)
(BO -4 P =850
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Proof. By (2.3), P3 < gg R3. Since multiplying any collection of rows or columns of

a =1 matrix by +1's does not change the property that some +1 vector is in the span of

rows of the matrix, we have

Ry = 227 2" N, (2.14)
where N is the number of 3 x n £1 matrices M with rows v, ,..., v3 for which
vy = (1,1,..., 1), the first column equals (1,1,1) T, and such that for some a, B, y

with aBy # 0, we have av, + Bvy, + W3 € {#1}". We will estimate the number of

such matrices M.

Let vip, = (Vi1 ,---, Vi), ad suppose that avy; + By + W3 = u. If M
contains a column of the form (1, -1, -1)T or (1, 1, -1)", say in the r-th position,
and avqy + Pvy + Wi, = X thenx = —u, since if x = u, subtracting this equation
from avy; + Bvo; + W3 = u would give B =0 or y =0, which is impossible.
Similarly, if M contains the column (1, =1, —=1)T, say in the r-th position, and another
coumn, say the gth one equas (1,-1,1)T or (1,1,-1)T, then
avy + Bvy + W3 = U Therefore we cannot have al 4 possible columns appearing

in M, since then we would have the 4 equations
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avyy + By + Wz = U,
avy + Bvy — W3 = —u,
avis — Pvos + W3 = —U,

avy — Bvy — War = U,

and adding them shows that a = 0, which is a contradiction. On the other hand, for any
selection of 3 out of the 4 possible columns of M (always including the first column
(1,1,1)7), the matrices consisting of precisely those columns, will have the required
property, since we will obtain a nonsingular system of 3 equations in 3 unknowns. For
any particular choice of 3 columns to appear in M, we will have 3"~ choices of M.
There are 3 possible choices of 3 out of 4 columns (since (1, 1, 1) T aways has to be
included). If only 2 different columns appear in M, then some two of v, v,, and vz an

equal, and there are O(2") such matrices M. Hence we conclude that

N=3"+0(2"), (2.15)
and so
Ry = 4(3/4)" + O(27™") . (2.16)
By the analysis above,
Py <4 EPD D_D oga o= nD. (2.17)

To get a lower bound for P3, consider the probability that 2 sets of 3 vectors each,

Vi,s Vi,, Vi, and v; , v;,, vj, simultaneously have linear combinations with nonzero

3

coefficients that are in {£1}". If | = {iq, i5,i3} n {j1, ]2, j3} is empty or has
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exactly one element, this probability is R3. If | contains 2 elements, then this probability
is 22 73" times N, the number of 4 x n +1 matrices with the first row and column 1
and with the property that the submatrices formed by deleting the third or the fourth row
have at most 3 distinct columns. If we let k denote the number of 1's, in the second now,

we obtain

< 2max(k, n-k) +1

choices for each of the third and fourth rows, so

n

Chd ymax(k, n—Kk)
<
N, <4 El EkD4

(O gk = g . gn (2.18)

<8 kO

M=

k

0

Therefore the probability of finding 2 sets of 3 vectors, each of which gives the desired
combination, is O(P* (5/8)"), and therefore we obtain the estimate (2.13) of

Proposition2.3. =

Proposition 2.4. If4 < p < n, then

O

O

gasn- . (2.19)
O

SKketch of proof. The proof of this result uses the same ideas as that of Proposition 2.3,
but is considerably easier, since only a weak upper bound is required. We reduce the
problem of bounding P4 to that of counting the number of 4 x n +1 matrices M with
rowsvy ,..., Vg suchthatv, = (1,1,..., 1), thefirst columnof pis(1,1,1,1)",

and for some nonzero a, B,y, 8, avy; + Bvy, + W3 + dv, € {#1}". A short
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argument then shows that such a matrix cannot have more than 5 distinct columns, which
then immediately yields (2.19). (A more careful argument shows that such a matrix

cannot have more than 4 distinct columns, which then givesP, = O(P% 27 ")) =
The Theorem easily follows from all the estimates that have been obtained.
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