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Abstract

It is shown that if {p;} is a discrete density function on the integers with support contained in
{0, 1,..,d},andpg > 0,p; > 0,pgq-1 > 0, pg > 0O, then thereis an ny such that the n-fold convolution
{pj}*n is unimodal for al n = ny. Examples show that this result is nearly best possible, but weaker
results are proved under |ess restrictive assumptions.
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1. Introduction

The unimodality of distribution functions has been of substantial interest, especially in connection with
the question of whether all class L distributions are unimodal (which was finally answered in the affirmative
by Yamazato [7]). In view of the (at that time unproved, but widely conjectured) unimodality of the
limiting distributions of class L, A. Rényi conjectured [4] that something stronger ought to hold for a

discrete distribution { p; } on the integers, namely that for each such distribution there ought to be an integer

no such that the n-fold convolution {pj}*n is unimoda for all n = ny. Medgyessy [4] extended this
conjecture to continuous distribution functions. However, the Rényi and Medgyessy conjectures are both
false, as was recently shown by Brockett and Kemperman [1] and by Ushakov [6]. Their counterexamples
show that it is hard to guarantee unimodality even for high convolutions of a discrete distribution if the
distribution has infinite support. However, Brockett and Kemperman conjectured that if pg,p1,...,pq > 0
and py = O0for k < 0 and k > d, then for n = ny the n-fold convolution {p,—}*n is unimodal, and they

proved this conjecture for d = 2. A similar question was raised by B. McKay (unpublished). This paper

proves a result stronger than that conjectured by Brockett and Kemperman, namely that {p; }*n is even

strongly unimodal .

A probability distribution {p;} on the integers is called unimodal if the sequence {pj.; —p;}Z. has
exactly one change of sign. Various results about unimodal distributions are contained in [2,4]. A more

restrictive concept than that of unimodality is that of strong unimodality; a discrete distribution {p;} is



strongly unimodal if {p;} * {q;} is unimoda for any unimodal discrete distribution {q;}. A strongly
unimodal distribution is unimodal, but not conversely. A discrete distribution {p; } is strongly unimodal if

and only if it islog concave; i.e., pj2 > pj_1pj+q fordlj O Z[3]. Weprove:

Theorem 1. If {p;} is a discrete distribution with p; = 0 for j < 0 and j > d, while p, > 0, p; > 0,

Pg-1 > 0, pg > 0O, then there exists an integer ny such that for n > ng the n-fold convolution {pj}*n is
strongly unimodal.
Theorem 2. If {p;} isadiscretedistribution withp; = Oforj < Oandj > d, whilep, > 0, pg > 0, and
ged{j : p;j#0} = 1, (1.2)
then for any 6 > O there isan ng = ngy(d) such that if ay , denotes the value of the n-fold convolution
{p,—}*n at k, thenfor n = ng,
a&,n 2 ak—l,n a-k+1,n
foron < k < (d-9)n.

The greatest common divisor condition (1.1) of Theorem 2 is obviously necessary for the conclusions
of that theorem to hold (as otherwise the distribution and all multiple convolutions of it with itself are
concentrated on multiples of that greatest common divisor), but it is not sufficient to obtain the conclusions
of Theorem 1. In Section 2 we show that for any € > 0, there is a distribution satisfying the hypotheses of

Theorem 2, and for which the inequalities
a-k,n > a-k+1,n ' ak+1,n < a-k+2,n (1-2)
hold for k aslargeasn® € and n = ng(¢).

It is possible to obtain results stronger than those of our theorems 1 and 2 by more careful analysis. For

example, it can be shown that high convolutions of distributions satisfying the



hypotheses of Theorem 1 have stronger variation-diminishing properties than that guaranteed by strong

unimodality. (See[2] for adiscussion of such properties.)

Our proofs also provide quantitative information about the distribution {p; }* ". For example, it can be
deduced easily from our proofsthat if the { p; } satisfy the conditions of Theorem 1, if k — oo in such away

that nd -k - oo, and a is defined as the unique positive solution to

epr(e”) k
=2 1.3
p(e*) n 3
where
d
p(2) = 3 piZ, (1.4)
j=0
then a, , the value of {p;}"" at k, satisfies
-ak ayn
aknmw as n - o, (1.5)
2+/Tin B (n)
where
1 02
Bu(n) = 5 5 log p(e)LLo . (L6)

Finally we mention that related results and references to many unimodality results from combinatorial

theory are contained in [5].

The authors thank the referee for several useful comments and corrections.

2. Examples and elementary proofs

In this section we show that under the hypotheses of Theorem 2, its conclusions cannot be strengthened
significantly. We also prove Theorem 1 for 0 < k < n¥* and dn-n%* < k < dn, provided n is large

enough.
To show that Theorem 2 is nearly best possible, consider the distribution

Po = P2 =Pm =13, pj=0 for j£0,2,m,



where mis an odd integer > 3. Then condition (1.1) is satisfied. We will show that for this distribution,
(1.2) holds for k < n*"?™ if n is large enough. This result can also be proved by a more elementary
argument that uses estimates of multinomial coefficients, but we prefer to use the analytic proof given

below, sinceit introduces the techniques which we find necessary to usein later sections.

The value of the n-fold convolution {pj}*n at the integer k is at the integer kis 3™"a, , where ay , is

the coefficient of z* inp(2)", p(z) = 1+2z%+z™. Now ay , isgiven by

— 1 n,—-k-1
Aen = 5 &J;., p(2)"z %t , (2.1)

wherer > 0isany constant. Chooser = k¥?(2n-k)™%?,0 < k < n. Then, on (= r, for k < n, we

have
p(2) = 1+22+0(r™) = (1+2°)(1+O(r™) ,
and sofor nr™ = O(1), say, which we assume from now on,
p(2" = (1+Z%)"(1+0(r™)" = (1+2%)"(1+0(nrM)) .

Thereforefor nr™ = O(1),

en = == [ (1+22)"7 % dz+O(nr™ K [ [+2200dz) . 2.2)
2T - = r

Now the first integral above is just the coefficient of z¥ in (1+2z2)", which equals(k?z) if kKiseven and O

otherwise. On the other hand,

[ mw+22Mdz = O(r(1+r?)") = O(r exp(k/2)) . 2.3)

FEr

If h = [k/2] (the greatest integer < k/2), then the last termin (2.2) is
O(nG=M2KM=D/2 (ra/h)" exp(-9h?/(10n)) .

But h! O (2mh)Y2(h/e)" ash - o, sofor largeh,

j O

thg - n(n=1)..(n—-h+1) _12 D
tho ~ R 2 (3mh) Dh

1 0 Ope O
i - Loz (10002 525 exp(-2h2/(3n)) .
o0 "o oho

i=0



Therefore the quantity in (2.3) is

O(n3(h/n)™?2 %B exp(-h2/(5n)) .

Thisiso((ﬂ))asn ~ wifh = O(n*"?M), (which guaranteesnr™ = O(1)), and so in that range

Aoh-2,n > A2h-1,n » Q2h-1,n < @2hn >
which shows that the sequence oscillates in that range.

We next prove Theorem 1 for k very small. Suppose that pg,p; > 0,
d :
p(2) = 3 p?,
i=0

and we are interested in the value a, , of the n-fold convolution {p; }*n a k. Then ay , is again given by

(2.1). Thistimewechooser = py p1tk(n-k) 1. On¥O= r,asn - o,k = o(Vn),

p(2) = po+p1z+0(k?*n~2) ,

P(2)" = (Po+pP12)"(1+O(k*n71)) ,

1
an = 5 |

(Po+p12)"z7 ¥ Tdz + O(k?n™* [ [po+p,Z0HT* dz)
F=Er

TEr

= LOEPSpE + O(k2 ™" pj*pke")

Now forn - o,k = o(Vn),

k
Q) 2 7 2 (@7 (5",

for some constant ¢ > 0, so
akn = () P85 (1+O(K¥2n"1)) .

Hence if k = o(n?"), then aZ,, > ay_1, ax+1n fOr large n, which is the desired result. (By a more
careful analysis, the range of values of k for which this inequality holds can be extended.) Note that in this

part of the proof we did not use the fact that py_; > O.



To conclude this section, we only have to consider the range dn —n** < k < dn. However, this range
corresponds to therange 0 < k < n*'* for the n-fold convolution of the distribution pj* = pg-j 0= =4,
and so is covered by the preceding discussion. (Note that this part of the proof uses py-4 > 0 but not

p, > 0)

3. Main part of the proofs of theorems 1 and 2

In view of the preceding results, it will suffice to prove that aﬁyn 2 ag_qpag+1n holds for
nY4 < k < dn—n** under the conditions of Theorem 1, and for dn < k < (d - 3) n under the conditions

of Theorem 2. From Cauchy’s theorem we have

_ 1 ~k-1
Bn = oo g‘é o p(2)'z " dz, G

where a isany constant. We can write thisas

T
an = 2_1]_[ e ™ [ exp(n log p(e“*'®)~ike)de . (3.2)
- Tt

Eqg. (3.2) now defines a, , as a real function of the real variable k for any fixed value of a. (Thereis a
mistake in [5] on this point in the proof of Theorem 2 of that paper, but it is easily corrected along the lines
used in this paper) It is immediate from the definition that as a function of Kk,

ag = agn(a) O C®(—o,0). To prove our resultsit suffices to show that
af 2 ay-1ak+1 (3.3

for kin the appropriate ranges. To prove (3.3) for k = ky, wechoosea = a(kg) by

e’ p’(eu) = Ko (3.9

p(e”) n
and, defining a, = ay , by (3.2) with o defined by (3.4), show that

62
i loga, <0 (3.5)

fork O [kg—1,kg+1].



To prove (3.5) with the a given by (3.4), we defineform = 0, 1, and 2,
T

Jm = [ 0™ exp(n log p(e®*'®)-ik6)do .
-T

Note that J, and J, arereal, whereas J, ispurely imaginary. Inequality (3.5) is equivaent to
Jody > 3% . (3.6)

Since J, is purely imaginary, (3.6) will follow if we show Jo > 0,J, > 0. To prove (3.6), we estimate the
Jn- We first consider p(z) that satisfies the conditions of Theorem 1, i.e, deg p(z) = d,
Po.P1,Pd-1.Pg > O. Itisaso sufficient to consider n*/# < k, < 3dn/4, since the range ko > 3dn/4 can

be treated by considering the polynomial z%p(1/z).
Define, for any k O [ko —1,kq +1],

90 - n1/30k—l/2 ) (37)

Sinceky < 3%:”,01 < cfor someconstant ¢, andsofor 6 0 [0y,2TT— &],

. d .
gp(emie)gs Bjo+p1e°‘+'eg+ Zz p;e® .
]:

But
OPo+p1e®*®0? = ph + 2popse® cos @ + pie®
= (po+p1€”) + 2pop,e”(cos 6-1)
< (po+p1e®)?(1-cre”85)?
for some constant ¢: > 0, and so

Hp(e?*®)g s p(e®) exp(-crre®6f) (38)

for somecrr > 0. Thereforeif

8o

I = | 6™ exp(n log p(e®*'®)-ik6)d6 , (3.9)
_eo



then

I = JIn + O(p(e®)" exp(—-crine®0?)) .

Next, weconsider\]:q. Since®p —» Oasn - o, for Bk 6, wehave

log (e ®) = log p(e®) + ise® P& _ @2p + o(@rPy)

p(e*)

where

log p(e) L .

B = Bo) = 3 2

Y = Yko) A D—; log p(e‘”'y)mﬂe

(3.10)

(3.12)

(3.12)

(3.13)

Since pp > 0, p; > 0, and a is bounded above, Be™ @, ye™® O (a;,a,) for some constants a;, a,,

0 < a; < a, < o, Therefore, by (3.4) and (3.11),

8o

Jnpe) ™" = [ 8™ exp(-nB2B + O(NBPy) + i(ko—k)6) d6 .

-8,
By (3.4), yn/k O (aj,a5) for some constantsaj, a5, 0 < aj < a5 < o, SO
nBFy = O(MOnY)

in@Bk 6, Hence

8o

Jnp(e®)™ = [ 6™ exp(-n pH?+O(MN"*%)) d6
_eo

8, 9,

-6,

Cm(nB)-(m+l)/2 + O(nl/lS(nB)—(m+2)/2) ,

j 6Mexp (-n B6?) d6 + O([ n*BI"*! exp (-n B6?)d6)

wherec; = 0 (since theintegrand is odd), cq = /2, ¢, = /2/2. ThereforeJ, > 0, J, > 0, and (3.6)

holds for n sufficiently large, n¥’# < k < 3dn/4, and this completes the proof of Theorem 1.

The estimates of the J,, obtained above yield easily the estimates for the coefficients ay , that were



mentioned in the Introduction.

The proof of Theorem 2 isvery similar, and will not be presented in detail. The major difference is that
o is bounded below as well as above, and so an estimate like (3.8) can be obtained (under the assumptions
of Theorem 2) even when p; = 0. To see this we first show that if (1.1) holds then for large n, for each 6
satisfying 6 < B0 < 11 (0, defined by (3.7) as before) there is at least one j with p; > 0 such that the

inequality
cos (Bj) <1 - 63/4 (3.14)

holds. If there were no such j, then for eachj > 0 with p; # 0O there would be an integer m; # 0 such that

Om;0< jand

[0 - 2mm;0< 6 .
But then

(B - 2mm;/jl By/j < 6

foralj > Owithp; # 0, and soif nissufficiently large (and dn < k < (d - 9) n)) then

Om;j — mjid< 1/2 (3.15)
fordli > 0,j > Owithp; # 0, p; # 0. But (3.15) means that

m;j = mji
forali > 0,j > Owithp; # 0, p; # 0. If j, denotes the smallest j > 0 for which p; # 0, then for each
i > Owithp; # Owehave
i =mijo/m . (3.16)

Now Om;C< j, soif D isthe greatest common divisor of j, and m; , thenjo/D # 1, and by (3.16), jo/D
dividesal i > Owith p; # 0, which contradicts (1.1). Hence we have shown that (3.14) holds for every 6,

8o < B0 < 1 and somej with p; # 0.

Once (3.14) is established, an estimate of the form (3.8) is easily obtained for 8, < 060< 1t Theorem

2 then follows easily from the estimates for J, obtained in the proof of Theorem 1.
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