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Mathematicians have tried in vain to
discover some order in the sequence of
prime numbers but we have every reason
to believe that there are some mysteries
which the human mind will never
penetrate. To convince ourselves, we
have only to cast a glance at tables of
primes (which some have constructed to
values beyond 100,000) and we should
perceive that there reigns neither order
nor rule.

Euler, 1751

As of 2002, we have learned that there is
some order and rule among the primes,
but there are still many mysteries that
we have barely penetrated!



7(x) = number of primes < x

Prime Number Theorem (PNT):

X

m(x) as & — 00

- log x

Conjectured by Gauss and Legendre

Proved by Hadamard and de la Vallee
Poussin (1896)



“Random” behavior of primes:

Suppose

1
logn

Prob(n is prime) =

Then expect

dt

— ' <z~ "
m(x) = # primes < x /2 log

. 1
with an error term < zz7T°) ag z — oo,
and a central limit theorem.

Riemann Hypothesis implies the
expected error term estimate, but fine
scale behavior of the remainder term is
different than for coin tossing sequences



Euler (~1730 to ~1780, motivated by a
question of Mengoli, ~1650)

=1
((s) = s

n=1

1) Computational methods
(Euler-Maclaurin formula)

2) Exact formulas

1 2
((2) = 77,2::1 5T 6
3) Functional equation
((=3) “=" 1P+22+3*+...
—  ((4) =1+ 214 I 314



4) Euler product

=Y = [T(+5+m+-
n=1

Arithmetic consequence of Euler product:

1
E — = 0.
p

Proof.
log((s) = Z —log(1—=p~%) s>1
= Z{p_s +O(p~?)}

= ZZ%JrO(l).

p



Riemann: (~1850)

C(s):Z%, s€C, Re(s) > 1.
n=1

Showed ((s) can be continued
analytically to C \ {1} and has a first
order pole at s = 1 with residue 1. If

E(s) = m*/*T(s/2)¢(s) ,

then (functional equation)

&(s) = €1 —s)



complex
s—plane

critical : strip

. critical
./ line

0 12 1

E(s) = 7 /7T(s/2)¢(s)
= 7 20(s/2) [Ja - p7) 7" Re(s) > 1,

E(s) = &(1—s)
E(s) = £(3)






m(x) = number of primes < x.

(N . asaz%oobyPNT)
log

m(x) = Li(x) — Z Li(z”) + O(z'/%log x)

I
where p runs over the nontrivial zeros of

¢(s), and
, Y du
Li(v) = /2 log

X

Li(x) ~

log x
as x — 00

RH < |n(z) — Li(z)| = O(z?log z) .



Main announced verifications of RH:

Gram 1903
Backlund 1914
Hutchinson 1925

Titchmarsh et al. 1935/6

Turing 1952
Lehmer 1956
Meller 1958
Lehman 1966
Rosser et al. 1968
Brent 1979

te Riele et al. 1986
van de Lune 2001
Wedeniwski 2002

15
79
138

1,041

1,054
25.000

35,337

250,000
3,500,000
81,000,000
1,500,000,000
10,000,000,000
75,000,000,000



first 2 zeros of the zeta function to about
200 decimal places:

14.1347251417346937904572519835624702707842
5711569924317568556746014996342980925676494
9010393171561012779202971548797436766142691
4698822545825053632394471377804133812372059
7054962195586586020055556672583601077...

21.0220396387715549926284795938969027773343

4052490278175462952040358759858606889079971
3658514180151419533725473642475891383865068
6037313212621188216243757416692565447118440
7119403130672564622779261488733743555...



1029_th zero:

v = 15, 202, 440, 115, 920, 747, 268.62902990

1022-nd zero:

1,370,919, 909, 931, 995, 308, 226.62751 . . .

additional zeros & some old preprints & reprints:

http:/ /www.dtc.umn.edu/~odlyzko



New computations of actual values of zeros
(modulo holes):

1029 — 30,769,710 < n

< 1029 + 1,634, 308, 174

1021 — 1,443,923 < n

< 1021 4+ 900, 233, 349

1022 — 61,110 < n

< 1022 4 10,461, 101, 664

1023 — 1,054,429, 857 < n

< 1023 4 19,434, 326, 636



Verification of RH for

first n zeros:
Euler-Maclaurin: n2to(1)
Rieman-Siegel: nz+o®)

0.-Schéenhage: n!lto)



Main challenges in current computations:

e data management
e data analysis

e social factors

A true (but misleading) statement:

2 zeros near zero number
10%% — 846, 369, 741 cannot be located on
the critical line



Die Legende, Riemann habe die
Resultate seiner mathematischen Arbeit
durch “grofe allgemeine” Ideen
gefunden, ohne die formalen Hilfsmittel
der Analysis zu benotigen, ist wohl jetzt
nicht mehr so verbreitet wie zu Kleins
Lebzeiten. Wie stark Riemanns
analytische Technik war, geht besonders
deutlich aus seiner Ableitung und
Unformung der semi-konvergenten Reihe
fiir ((s) hervor.

C. L. Siegel (1932)



Hilbert and Pdlya conjecture:

There exists a self-adjoint hermitian
operator whose eigenvalues correspond to
the zeros of the zeta function

Z€TO eigenvalue
p=5+iy <= A=;+7

v e C






density

Nearest neighbor spacings
among first 1,000,000 zeros

normalized spacing
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Conjecture (mentioned by Riemann):

r(z) < li(z) = /O dat

—, x>1.
logt

FALSE!

Bounds for first counterexample:

Littlewood

Skewes < eeee
Lehman < 101180
te Riele < 10380
Bays & Hudson < 1037

Expect no counterexample for x < 103°.



Two conjectures (proved incompatible by
Hensley and Richards):

1) m(z +y) < 7(x) +7(y)

2) Hardy-Littlewood prime k-tuple
conjecture:

If a1,...,ar € Z, there are infinitely
many n € ZT such that
n+ai,...,n+ ag are all prime,
unless there is a trivial obstruction

Ex. {a1,a2,a3}={0,2,4}



Hawkins random sieve

1@34567891011

for each “prime” p, cross out every
integer > p with probability 119



Hawkins random primes:

PNT, RH, twin prime conjecture, etc.:
all true with probability 1.



H. Maier result:

m(z + (logz)*) — 7 ()

¥ > 1
lﬂsolip (log x)* 1

log 7)*) —
liminf &+ (ogx)?) —mlz)

L — 00 (log x)*—1



Random model and Hawkins’ sieve both
predict:

1) Cramer’s conjecture:

Pn+1 — Pn § C(logpn)2

2) For A > 4,
A)
lim m(x +logx)") — w(x) _ 1
L — 00 (log x)*—1

Contradicts Maier’s result!



# zeros p with
0 <Im(p) <t

L+ 0(0) + (1)

t t 7
— 1 |
2 S 9re 8 O(




15(t)] = O(log )

Sy (t) = /1 S(u)du = O(log 1)

0

1t
— / S(u)?du ~ cloglogt
t J1o

S(t)] <1 for t < 280

S(t)| <2 for t<6.8x10°

largest observed value of |S(t)| ~ 3.2



Conclusion (inspired by a sign in a
computing support office):

We are sorry that we have not been able
to solve all of your problems, and we
realize that you are about as confused
now as when you came to us for help.
However, we hope that you are now
confused on a higher level of
understanding than before.



