CONVERGENCE OF SOLITARY-WAVE SOLUTIONS IN A
PERTURBED BI-HAMILTONIAN DYNAMICAL SYSTEM.
II. COMPLEX ANALYTIC BEHAVIOR AND
CONVERGENCE TO NON-ANALYTIC SOLUTIONS.
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ABSTRACT. In this part, we prove that the solitary wave solutions investigated in part I are
extended as analytic functions in the complex plane, except at most countably many branch
points and branch lines. We describe in detail how the limiting behavior of the complex sin-
gularities allows the creation of non-analytic solutions with corners and/or compact support.

This is the second in a series of two papers investigating the solitary wave solutions of

the integrable model wave equation

3
Ut + VUgyr = Uy + Blgrs + ;uum + Ulgpy + 2UpUgy. (3.6)

(We adopt the notation and numbering of statements from part I.) The ordinary differential

equation for travelling wave solutions u(z,t) = ¢(x — ct) is

(0t 9! + (54 v+ 6)9" + 90! + 266" =0. (37)

Substituting ¢ = ¢, + a, where a is the undisturbed fluid depth for our solitary wave

solutions, and integrating the resulting equation twice, leads to the first order equation

V(pa + B+ cv 4 a) (@) = =2 (¢ + 3a + v(a +¢)) (3.17)

To understand why analytic solitary wave solutions converge to non-analytic functions,
such as compactons and peakons, having singularities on the real axis, we shall extend the
solitary wave solutions described in Theorems 3.1 and 3.2 in Part I to functions defined
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in the complex plane to study singularity distribution of these functions. This method
not only provides another way to prove the last two theorems, but also makes it clear
that singularities of solitary wave solutions are approaching the real axis in the process
of convergence. Thus, roughly speaking, the singularities of compactons or peakons come
from those complex singularities of analytic solitary wave solutions, which are close to the
real axis.

The explicit form (3.3) of solitary wave solutions of the KdV equation shows that they
are restriction to the real axis of meromorphic functions with countably many poles in the
complex plane so that their analytic extension is unique. In contrast to these functions,
extensions of solitary wave solutions under our consideration do not have poles but branch
points. These branch points play an important role in the formation of singularities of
compactons and peakons. The analytic extension of these solitary wave solutions enables
us to understand the loss in analyticity of their limiting compacton or peakon solutions.

For any complex number z € C, the real part and the imaginary part of z are denoted
by Rz and 3z, respectively. The real part u(x,y) and imaginary part v(z,y) of an analytic
function w = F(z) = F(z + iy) = u(z,y) + iv(z,y) will be called the velocity potential
and stream function respectively. The level sets of the velocity potential, u(z,y) = uo,
and the stream function, v(x,y) = vg, are called the equipotentials and streamlines of F,
respectively. Finally, log w is the single-valued branch of the natural logarithmic function

Log w, defined as logw = log |w| + iargw with —7 < argw < 7.

4. Analytic extensions of solitary wave solutions for v > 0.

We shall consider the solitary wave solutions in Case I, when v > 0, and Case II |
when v < 0, separately because of their different structures as functions defined on the
complex plane. We begin with the compacton case where v > 0. Under the assumption of
Theorem 3.1, Equation (3.17) has an orbitally unique and analytic solitary wave solution
¢a. Rescaling (3.17) by ¢q(z) = —v(a + c+ 22)p(z), we reduce it to the equation

B+ e)(¢)? = (1 — ), (4.1)

where § = v and € = —(B+cv+a)/(a+c+32). The phase plane portrait of (4.1)
indicates that its solitary wave solution ¢ is a positive, even function with unit amplitude
and decaying to zero at infinity. Therefore, as x > 0, the solution ¢ satisfies the integral

equation

6 +e Loc+e dc¢
d¢ =
/

2 ¢ VOC+ol-¢)



Making the substitution

5—€+5+€
20 20

into the preceding integral yields the equation

(=

sin 6, (4.2)

0o

2+ V(6 3), (4.3)

1+tan%°tan§

tan g + tan

—x = /e log

S—
5Te
implicitly as a function of x, with range —0y < 6 < 7w + 6. Another expression satisfied

where 6y is a constant satisfying sinfy, =

and [0p| < 5. Equation (4.3) expresses 0

by the function € is

i 6460
S11 —5

1 s
exp |[——=(z+ V00— 2))| = —2—. 4.4
p e ( ( 9 )) oS 9_290 (4.4)
We shall use (4.3) and (4.4) to discuss properties of the function # in the following lemma.
Then the transformation (4.2) will help find extension of the solitary wave solution ¢ to

the complex plane.

Lemma 4.1. The function 6 has an extension ©(z) which is a holomorphic function on
the strip {z € C; |Sz| < Ven} and continuous up to its boundary, such that ©(z) maps the
line segment {z = iy; y € (—/em,\/em)} onto the line segment {0 = 5 +in; n € (—ne,ne) }
with ©(iy/em) = 5 —ine, ©(0) = § and O(—i/em) = § +in. for some n. > 0.

Proof. 1f we consider the right-hand side of (4.3) as a function of 6, denoted by —X(0),
then 3(6) maps the interval (—6y, ™ + 6y) homeomorphically onto the real axis R with
Y (—bp) = 00, X(5) = 0 and X(7 +6y) = —oo. Substituting 6 = 7 +in into the right-hand
side of Equation (4.3) to extend the function X to the line {6 = 7§ +in; n € R}, it follows
that

z(g +in) = —i (\/3n+2\/gtan_l(\/§tanhg)), (4.5)

which indicates that iX(% + in) is an odd and increasing function of 7, mapping the real
axis to itself homeomorphically. In consequence, © maps {z = iy; y € [0, /er|} to the line
segment {6 = T +in; n € [-n.,0]} and it maps {z = iy; y € [-/em, 0]} to the line segment
{0 =5 +in; n €[0,ne}, where X(F +ine) = —iy/em.

Replacing x with x + iy and substituting § = £ + in into Equation (4.4), one obtains

the equation

sin Oy coshn + sin & + ¢ cos Oy sinh 7 -1

coshn + cos(§ — ) o Ve
3

(w4 V3(E = 3) ity + Vom) | . (46)



Comparing norms and angles on both sides of (4.6) leads to the equations,

cosh 1 — cos (¢ + fo) 2 .
- T -5 4.
coshn + cos (€ — ) exp c (= + V(¢ 5 )| (4.7)
and .
sin ¢ = — sin 6 coshn — cos 6 sinh 7 cot L\[én (4.8)
€

For each y € (0, /e ), the graph of the streamline (4.8) is symmetric with respect to the
line {§ +in;n € R} and is the reflection of the streamline for y = —yo with respect to the
real axis. Moreover, ¥ is a one-to-one mapping of the streamline connecting the points
(—60p,0) and (7 + 6p,0) in the lower-half plane onto the line {z + iyp;x € R} for each
Yo € (0,/em) with X(7 + 6y) = —oo + iyo, (5 + i) = iyo and X(—bp) = oo + iyo.
The streamline /er = y(&,n) of the function X, consisting of the line segments {&; £ €
[—Z,—60)} and {&; € € (7 + 6o, 22]} and the curve in the lower-half plane connecting the
points (—%,0) and (28, 0) as shown in Figure 7, is homeomorphic to the line {z+i\/em;z €
R}. Whereas for each zy € R, the equipotential z(£,n) = x¢ is symmetric with respect to
the &-axis, and it is the reflection of the equipotential x(§,n) = —xg with respect to the
line £ = w/2. Furthermore, 3 maps the equipotential x = x(£, ) homeomorphically to the
line {z + iy; y € (—00,00)} for each fixed x € (0, V) with $(% — % —i00) = x + 100
and X(§ — % + i00) = x —ico. Also, 3 is a one-to-one mapping of the equipotential

x = 2(&,n) onto the line segment {x + iy; y € (—y/em, /en)} for each z € [V 7, 00).
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Fig. 7. Streamlines and equipotentials of the function z = ¥(0)

As a result of the above discussion, the function 3(#) is seen as a conformal mapping of

the domain € onto the strip {x +iy; —oo < z < o0, |y| < v/e7}, where  is bounded above
4



by the streamline —/em = y(&,n) consisting of the line segments {{; £ € [-F, —0p)} and
{§; € € (m+0,, 37”)}, and the thickest solid curve in the upper-half plane shown in Figure 7,
and € is bounded below by the streamline /e 7 = y(&, n) also consisting of the line segments
{& €€ [-Z,—00)} and {&; € € (m+0o, 2F)}, as well as the thickest solid curve in the lower-
half plane illustrated in Figure 7. Therefore, the inverse 6(z) of the the function () has
an analytic extension ©(z) to the strip {z +iy; —oco < z < o0, |y| < y/e7} and continuous
up to its boundary ([3], Thm. 14.18). Then the transformation ¢ = % + % sin # leads
to the conclusion that the solitary wave solution ¢ of (4.1) has an analytic extension to

the same strip. 0

An immediate consequence of Lemma 4.1 is the existence of a cuspon as a weak solution
of Equation (4.1). When n =0, y = /em and —F < £ < —f, it follows from (4.6) that

the equation

sin +sinfy o (erviE-3)
1+ cos(& — b))

: (4.9)
implicitly determines the value of the function X on the line segment {{; £ € (-5, —0p)}
which is mapped to the line {x +i\/em; = € (Vd7,00)}. Extending the function ¥ on the
real axis from § = —7 to the left up to the point { = —7 + 6y, one may also realize that
Y maps {¢; € € (—m + 0y, —0p) } homeomorphically to the line {x + i\/em; € (—00,00)}.
This leads us to the discovery of the cuspon solution of Equation (4.1), as stated in the

following corollary.

Corollary 4.2. Equation (4.1) has a weak solution p, in the sense of Definition 3.1.
Moreover, ¢, is an even and negative function, continuous on the real azis, monotonically
increasing on the positive x-axis and approaching zero at infinity, thereby representing a

wave of depression. The derivative gpé, has a discontinuity at the minimum of ¢,.

Proof. 1t follows from (4.9) that the equation

—(sin& + sin 90))

(e 5) — Velog( 1+ cos(§ — o)

determines a function of &, denoted by x = ¥,,(&) for —m 4+ 0y < { < —6). Since

dr  Vo(sin+1)
dé ~ sin€ +sinf,’ (4.10)

3_26 > 0 on the interval (—m + 6y, —6y), and thus ¥, is an increasing function whose graph

is symmetric with respect to the point (-7, V0 ), having an inflection point at £ = —Z

2
)



and asymptotes § = —m + 0y and { = —0y. Therefore, the inverse of X,, denoted by
¢ = £(x), is also an increasing function, symmetric with respect to the point (V4 7, —7)
with ¢/ (Vo) = co. Let

op(x) = 62_66 + 62—26 sin(¢(z + \/SW)) (4.11)

Because of the symmetry —m — &(x) = £(2V m — ), we see that ¢, is an even function
having a cusp at = 0 such that xl_i)r(r)l_ ¢, (z) = —oc and xli%l-i-(p;(x) = 00. Moreover, ¢, is
continuous. Then the translation invariance of Equation (4.1) shows that ¢, is the cuspon
solution satisfying properties stated in this lemma. It is also worth noticing that so called

“cuspon solution” in this case is represented by two unbounded orbits illustrated in Figure
2. O

In order to find further extension of ©(z), we need to study other properties of the
function ¥ defined on the complex plane, such as its singularities, streamlines y = y(&,n)
for |y| > \/em and zeros of its derivative given by (4.10). We summarize these properties

as follows.

(i) Singularities of X and zeros of %. There are two countable sets of distinguished
points on the ¢ axis: the critical points where ‘é—% = 0, and so ¥ is not angle-preserving
occur at O = {—F +2nm; n = 0,£1,42,---}. The singularities of X are at S = {—f +
2nm, 00+ (2n+1)m; n =0,+1,+2,---}. Let I'y (respectively I'_) be a closed Jordan curve
containing only the singular point £ = 0y + (2n+ 1) (respectively £ = —60 + 2n), but no

other points in S. Integrating % once around I'y in the counterclockwise direction yields

Vo(sing +1)

d¢ = +i2 .
r. sing+sinfy ¢ i2mye

Therefore, singularities of ¥ are branch points of infinite order.

(i1) A single-valued branch ¥y of ¥. Notice that if we integrate Cfi—? on a closed path I's
whose interior contains only two adjacent singularities (2n — 1)7 + 0y and 2nm — 6y of X

for some integer n, then

Vo(sing +1)

dé = —i2 2 =0
r, sing+sinfy ¢ i2mye+i2my/e =0,

i.e. the value of the function ¥ does not change after a complete circuit around the two

singular points (2n — 1) 4 0y and 2nm — 6y. Therefore, to find a single-valued branch
6



Yo of the multi-valued function ¥, one may define countably many branch lines on the
€-axis by {& (2n — )+ 60y < & < 2nm — 6y} for n = 0,£1,£2,---. Let ¥y be defined
to take the same value as the function Y on the domain €2 bounded by the streamlines
—Vem =y(& n) and /em = y(&,n), and contained in the strip {{ +in; -5 < £ < 37”,17 €
R} as illustrated in Figure 7. Then using the property that x + iy = X(& + in) if and
only if  — 2n7V/6 + iy = (& +in + 2nm), one can extend the function ¥y to the domain
Q, ={{+in+2nm £ +in € Q} for n = £1,42,---. To get a complete portrait of
the function Xg, let us consider its streamlines yg = y(&,n) for |yo| > /en. Using an

argument similar to that used to consider the streamline \/em = y(&,n), one may show
) with n/(=Z) = n/(3) = n/(2) = 0, where 7 is a function of ¢ determined by the

that the streamline is decreasing on the interval ( ) and increasing on the interval

(5.5
streamline (4.8) and 7(%) is determined by the equation yo = —iXo(% + in) as shown in
(4.5). Then the property of the stream function y(&,n) = y(§ + 27, n) shows that for each
Yo € (—o0, —y/em) U (y/em, ), the streamline yo = y(&,n) determines a function n = n(§)
defined on the real axis such that 7(§) is a continuous and periodic function with the period
2m. Using the Cauchy-Riemann equations for z and y leads to the conclusion that X is a

one-to-one mapping of the streamline yo = y(&,n) onto the line y = yp.

Remark. For any integer n, we find that ¥ maps €2, onto the strip {|3z|] < /en},.
Therefore ¥ can be defined as a conformal mapping from a Riemann surface obtained by
excluding ,,, n = 1,42, ---, onto a domain containing the strip {|Sz| < y/erw}, whose
inverse is the extension of the function ©(z) defined in Lemma 4.1. It is also important to
realize that ©(z) has four singularities on the boundary of the strip {|Sz| < en}, even
though © can be extended up to the boundary continuously. We demonstrate this fact in

the following lemma.
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Fig. 8. A sketch of the path « in the #-plane and

the corresponding path () in the z-plane
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Lemma 4.3. V7 £iy/er and —/ 57 £i\/en are singularities of the function ©(z) and

each of them is a branch point of order three.

Proof. We choose a closed path ~ consisting of segments of streamlines and equipotentials
of ¥ in the #-plane, as illustrated in Figure 8, which starts from the point 6 = £y 4 i19 on
the streamline yo = y(§,n) such that —5 < &§ < 0, 7o < 0, xo + iyo = Yo (&o + i10) With
0<zp<Vérand0 < yo < /em, and both V§ 71— and /e T —yq are sufficiently small. If
one goes along the path v counterclockwise for a complete circuit, then the corresponding
trace described by the function ¥ in the z-plane finishes three complete circuits of the
rectangle Y(«y). Since the path ~ is contained in the strip {{ +in; —7 < £ < 0,7 € R}, and
sine function sin@ has the period 2w, /07 + iy/en is also a branch point of order three

of the function ¢ = 52436 (sin©® + sinfy). In the similar way, one may show that the other
three points V0 m —iy/em and —Vd 7 £ iy/€ are also branch points of order three of both
functions © and . O

One may also question whether © has other singularities on the lines {z+iy/em; = € R}.
As a matter of fact, it follows from the derivative of ¥ shown in (4.10) and the streamlines
—Ver =y(&,n) and /er = y(§,n) portrayed in Figure 7 that ©(z) has a local analytic
extension from the interior of the strip {z € C; |[3z|] < /em} to each point on the lines
{z+iyer; z € R} and {z —i\/em; © € R} except the four branch points /07 + i\/en
and —/0 7w £iy/e . Therefore, to extend ©(z) beyond these two lines, one needs to define
branch lines connecting these branch points. Different definitions of branch lines lead to
different extensions of © to the complex plane. In the following theorems, we discuss two
distinct extensions of ©(z) beyond the strip {z € C; |Sz| < (/en}.

Theorem 4.4. Let X be the single-valued branch of ¥ defined in (ii), and let

Do = JQnU{§ —00 < &< —O} U{& m+ 0 < € < oo},
n#0

where Q,, is the same as defined in (i7). Then the restriction of g to the domain Xy =

C\ Dg is a conformal mapping of Xy onto the domain
Yo =C\ ({z+iver; |z| > Vor}U{z —iver; x| > Vir}),

and the inverse ©g of the function Yo is an analytic extension of ©(z) to the manifold
Yy such that ©g(z) has countably many branch points (2k + 1)V/d 7 + iy/en for integers

k=0,41,42--- and when k # —1,0, the singularities (2k +1)v/§ m +i\/en are located at
8



the upper side of the branch line {x + iy/em; |x| > Vé7} and the lower side of the branch
line {x — iv/em; || > Vén}, satisfying Oo((2k + L)Vom £ivern) = —(2k+ )7+ Z.

Proof. 1t follows from Lemma 4.1 an the discussion in (i) that ¥o|x, is a one-to-one
mapping of X, onto Y. Therefore, the inverse of ¥y|x,, denoted by ©¢(z), is an analytic
function on Yj, and its restriction to the strip {x + iy; z € R, |y| < /en} is O(z). O

Theorem 4.5. Let Y, = C\ U {z+ive2n+ D)m; |z| < Vor}, and let X, be the

n=—oo

Riemann surface formed by infinitely many layers of the domain 2 defined in Lemma 4.1,
having branch lines {&; —% < & < —0p} and {& 740y < & < 37}, and being pasted in such
a way that on any layer of the Riemann surface, if one goes across any of the two branch
lines from the lower half plane, one gets to the next lower layer of the Riemann surface;
whereas if one goes across any of the branch lines from the upper-half plane, one arrives at
the adjacent upper layer of the Riemann surface. Then there exists a conformal mapping
of X1 onto the Riemann surface Y1 such that its inverse ©1 is an analytic extension of
© from the strip {z + iy; x € R,|y| < em} to Y1, and ©1 is continuous up to the
boundary of Y1. Moreover, ©1 has infinitely many branch points =5 m +i(2n + 1)\/em
forn = 0,+1,£2,---, such that each pair of branch points £v/5m + i(2n + 1)\/em are
connected by the branch line b, = {x +i(2n + 1)\/em; |z| < o7} which is regarded as a

line segment having an upper side and a lower side.

n y
(©) @
Y2
| -
/ y=y2 % — @ntD)/em °
w2f Pl o T\ s e | yi
~ — =
&Xl X=X1 X1 /3T on/em /M X
Y=%1

Fig. 9. A sketch of the path ~; in the #-plane and
the corresponding path (1) in the z-plane

Proof. 1t follows from Lemma 4.1 and (i) that © is a homeomorphism of the strip {x +
iy; € R, |y| < /en} onto 2, whose inverse is a branch X of the function 3. There are

also countably many other branches of ¥, denoted by ¥, for n = £1,42,---, such that
9



Yo (0) = X0(0) + i2y/enm for any 6 € Q and ¥, is a homeomorphism of Q" = Q onto the
strip S, = {2z € C; (2n — 1)/em < Sz < (2n + 1)y/en}. If one chooses a path, denoted
by 1 as shown in Figure 9, and extends the value of ¥, by starting from a point on v; in
the lower half plane, going clockwise along ;1 and coming back to the same point after a
complete circuit, then the corresponding values of ¥, form a complete circuit of a rectangle
in the z-plane. Therefore, if one defines the branch line {z +i(2n + 1)\/en,|z| < Vin},
then one may extend the inverse 3,1 of ¥, from the strip S,, to to the strip S, 1 uniquely
and analytically. Hence, we may use the domain (2" of the branch ¥, to construct the
Riemann surface X; for ¥ and obtain a conformal mapping of Xy onto Y; (ref. [1] ), whose

inverse ©; is an analytic extension of © to the domain Y;. O

Remark. It follows from the definition of the function ©; in the last theorem that ©;
can also be regarded as a periodic function with the period T" = i2y/e 7, mapping each
strip S,, homeomorphically onto the domain €. In Section 6, we will use this property to
discuss how solitary wave solutions extended as analytic functions defined on a Riemann
surface converge to either a compacton or a solitary wave solution of the KdV equation as

€ or ¢ approaches zero.

5. Analytic extensions of solitary wave solutions for v < 0.

As we have seen in Section 3, the dynamical structure of Equation (1.1) changes notice-
ably when the sign of the parameter v changes from positive to negative. In this section, we
shall show that solitary wave solutions in case v < 0 have a different singularity distribution
from the solitary wave solutions in case v > 0.

Suppose that the coefficients of Equation (3.17) satisfy the conditions
v 1
—(B+cv) < —g(oz-l—c) <a< 5(6—1/04) and v <0.

Then (3.17) has an orbitally unique and analytic solitary wave solution ¢, defined on
the real axis as demonstrated in Section 3. Rescaling (3.17) by the transformation ¢, =

[3a + v(a + ¢)]p reduces it to the equation

B+ p)(¢')? = (p+1), (5.1)

—v(B+cv+a)
3a+v(a+tc)

(5.1) is symmetric with respect to its depression, having the amplitude A = 1 with ¢ < 0

where 6 = —v >0, p = > §. Then the corresponding solitary wave solution of
and monotonically approaching zero at infinity. Since solutions to (5.1) are translation

invariant, without loss of generality, we let the solitary wave solution ¢ be an even function,
10



which satisfies the integral equation —x = ffl Voetpde for 2> (. Substituting

eV +1
_p—9 _ptd
=05 cosht 55 (5.2)

into the above integral yields the following expressions

© V/5(cosht +1) tanh ¢ — tanh £

—z = dt = Vot 1 2 5.3
. o cosht — coshty Ve VP Ogtanh%0 -|-tanh%’ (5:3)
where coshty = ﬁ—fg,to > 0. Let
tanh X — tanh &
Alt)=— Vot 1 2 2 ). 5.4
(®) ( +\/ﬁogtanh%0+tanh% (54)

We shall extend the function A to the complex plane, which in turn will provide information
to find an analytic extension of the inverse ¢t = Z(x) of A, satisfying Equation (5.3).

Since .
tanh o= tanh % _ a6t

tanh %0 + tanh %

Y

replacing ¢t and x with £ +4n and x + iy in the above equation, respectively, and rewriting

its left-hand side as a sum of its real part and imaginary part, one obtains

coshtgcosn — cosh§ — isinhtgsinny

=+ VEE+i(y+V3En)
=€ NG
cosh(to + &) — cosn

Comparing angles and norms on both sides of this equation yields the two relations

: . &) — o+ VE
sinh tg sinn ~ ton Y + \/517’ and cosh(tg — &) — cosn _ e_2<+7ﬁ5£>
coshtgcosn — cosh & VP cosh(ty + &) — cosn

Y

which provide equations of streamlines and equipotentials of the function A, respectively.
Similar to the technique used to study the function 3, starting from the imaginary axis

t = in to extend A(t), one has the expression

y = —iA(in) = —\/5n+\/52n7r+2\/ﬁtan_l(\/§tang), (5.5)

for any 1 € ((2n—1)7, (2n+1)7| with n = 0,£1,£2, - - -, which leads to the determination
of streamlines yo = y(&,n) of the function A. As illustrated in Figure 10, when yo €
(=(/p—Vé)m, (/p— Vd)m), the streamline yo = y(&,7) is a smooth curve connecting the

points —tg and tg on the {-axis, and A maps the streamline diffeomorphically to the line
11



{z +1yo, z € R}, on which A(—ty) = —oco+1iyo, A(ing) = iy, and A(ty) = oo +iyo, where
yo and 1o satisty (5.5) with n = 0. If yo = (\/p — V0 ), the streamline is a curve in the
upper-half plane connecting points t = —tq, 7i and tg, having a corner at the point t = 7i,
and A is a homeomorphism of this streamline to the line {x+i(,/p—+v/0 )m; z € R}. On the
other hand, for yo = —(y/p — V4 )7, the streamline is a curve symmetric to the streamline
for yo = (/p — \/3)7? with respect to the &-axis. For each xy > 0, the equipotential
xo = x(&,m) is a closed loop in the right-half plane which starts from a point to the right
of the point tg on the £-axis, going around ty clockwise once for a complete circuit. In this
way, A is a one-to-one map of the equipotential onto the line segment {xo+1y; |y| < /p7};:
while the equipotential —xg = x(&,n) is symmetric to the equipotential xo = x(&,n) with
respect to the n-axis. Since the proof of these facts and the following lemma concerning
analytic extensions of A and its inverse function is similar to that of Lemma 4.1, we omit

it to avoid tedious details here.

Lemma 5.1. Let A be the function defined in (5.4). Then as a homeomorphism of the
line segment {&; —ty < & < to} onto the real axis, A has an analytic extension to the
region D bounded by the streamline (\/p — Vo) = y(€,m), connecting points t = —tg, i
and to, and the streamline —(\/p — Vo) = y(€,m), connecting points t = —to, —mi and to.

Moreover, the extension of A is a one-to-one mapping of D onto the strip
So =A{x +iy; x € R,[y| < (Vp— Vo)7},

whose inverse t = Z(z) is an analytic function defined on the strip Sy and continuous up
to its boundary such that t = Z(z) satisfies Equation (5.3). In consequence, the transfor-
mation (5.2) leads to the analytic extension of the solitary wave solution ¢ of (5.1) to the

strip Sg as well.

In analogy with the discussion of solitary wave solutions in Section 4, we now summarize
properties of the function A, including its singularities, critical points, and single-valued
branches. This will lead us to find singularities of the function = on the boundary of the

trip Sp and its further extension to the complex plane.

(a) Singularities of A and zeros of %. Clearly A has singularities t = £tg + 2nmi for
n=0,£1,+2, ---. Let L, be a Jordan curve whose interior contains only one singularity

t = tg+ 2nmi of A for some integer n, and let L_ be a closed path whose interior contains

only the singularity t = —tg + 2nmi of A. Integrating %

/ dA V/d(cosht + 1)

L, dt N ., coshtg — cosht
12

along these curves yields

dt = F2m\/pi.
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Fig. 10. Streamlines and equipotentials of the function A when & < p <30

Therefore, t = £ty +2nmi are branch points of infinite order of A, and thus A is a multi-
valued function. On the other hand, zeros of % are t = (2k + 1)mi for k =0,£1,£2,-- -,
and A is not angle-preserving at these points. As illustrated in Figure 10, the streamlines
(VP — Vo)m = y(&,n) and —(vp — Vo) = y(&,n) joining the points t = £ty and forming
the boundary of the region D have corners at t = 7i and t = —7i, respectively. As a matter
of fact, A is not one-to-one in some neighbourhood of these points either, because 1 = mi
is also the streamline (,/p — V&)m = y(&, 1) such that A(—oco + 7i) = 0o + (\/p — V)i,
A(mi) = (/p — V)i and A(oc + i) = —oco + (/p — V&)mi; while n = —7i is another
streamline —(,/p — V&)m = y(£,n) such that A(—oo — i) = 00 — (,/p — Vo)mi, A(—mi) =
—(y/p—Vé&)mi and A(oc — i) = —oc0 — (/p— V/&)mi, which indicates that the open set we
shall seek and use to construct the Riemann surface on which A is a conformal mapping
has to be contained in the strip {{ +n; £ € R, |n| < 7}.

(b) A single-valued branch Ay of A. Since A has branch points +to+2nmi, first of all, we
define branch lines by [,, = {{+2nmi; [£] > to} forn = 0,£1, £2, - - -, so that the integration
of % along any closed path contained in the open set L = C\ U Iy, is zero, i.e. values of the
function Ay can be uniquely determined on the domain L. Becgilse D C L, the function A
is shown to be a homeomorphism of D onto the strip Sy in Lemma 5.1, whose streamlines
and equipotentials are sketched in Figure 10. It is worth mentioning that in Figure 10
the curve F_ connecting the point ¢ = —mi and a point to the right of t = ty is part
of the equipotential 0 = x(&,7) such that Ag(E_) = {iy; —/p7 <y < —(\/p — Vé)7},
and the curve E, symmetric to E_ with respect to the £-axis is also a portion of the

equipotential 0 = x(&, ) such that Ay is a one-to-one mapping of E; onto the line segment
13



{iy: (VP — Vo m <y < /P 7m}. On the other hand, the curves F_ and Fl; symmetric to
E_ and E, with respect to the imaginary axis have the same image as E_ and E.,
respectively, i.e. both E_ U {in; |n| < 7} U E; and F_ U {in; |n| < w} U Fy are the
equipotential 0 = z(§,n) such that Ay maps each of them homeomorphically onto the
line segment {iy; |y| < \/p7}. In addition, solid lines passing through the curves E.
and F in Figure 10 are streamlines yo = y(&,n) for some yo € ((\/p — V)7, \/pT),
and solid lines passing through the curves E_ and F_ are streamlines yo = y(&,n) for
some yo € (—/pm, —(y/p — V3)m). For each of them, A, is a homeomorphism onto the
line {x + iyo; * € R}. Dotted and dashed lines to the right of curves E_ and E. are
equipotentials xg = x(§,n) for some xg < 0, which are mapped homeomorphically onto
the lines {zo + iy; —/pm <y < —(/p — VO )} and {zo +iy; (VP — Vo m <y < VPT),
respectively. Symmetrically, dotted and dashed lines to the left of curves F_ and F
are equipotentials xg = z(§,n) for some zy > 0, whose images are also line segments

{zo+iy; —/pm <y < —(\/ﬁ—\/g)w} and {zo+iy; (\/ﬁ—\/g)ﬁ <y < ,/p7}, respectively.

—_

Before finding a further extension of the function Z beyond the strip Sp, we need to
point out in the following lemma that = has singularities on the boundary of &y, which

has an effect on how to determine a further extension for =.

n

-to+2mi to+ 211

VPt

Y1
(/P-v3)T
Yo

-X0 0 X0 _ x

Fig. 11. The path v, and the corresponding rectangle in the z-plane

Lemma 5.2. The function Z has singularities at z = %i(\/p — V8w which are branch

points of order three.

Proof. Since Z((y/p — V§)wi) = i and E|s, = (Ao|p) !, to show that z = (\/p — V3 )i
14



is a branch point of =, we choose a closed path v, consisting of segments of streamlines
and equipotentials of the single-valued branch Ag such that its interior contains t = 73
as sketched in Figure 11. As ¢ moves around the circuit 72 once in a counterclockwise
direction, its image Aq(t) traces three complete circuits of a rectangle in the z-plane with
its interior containing the point z = (,/p—v/8 )mi. It follows that the point z = (\/p—V/d )i
is a branch point of order three of the function =Z. Noticing that cosht is a periodic
function with the period T" = 2mi, the solitary wave solution to (5.1) is given by the
transformation ¢ = pz—_(;‘s(cosht— cosh tg) with ¢ = Z(z) and the path 5 is contained in the
strip {€ +in; € € R, Z < 1 < 27}, one concludes that z = (/p — V& )i is also a branch
point of order three of the solitary wave solution ¢. The proof that z = —(\/p — Vo )i is

a branch point of order three is similar. O

It follows from Lemma 5.2 that any extension of solitary wave solutions of Equation
(5.1) beyond the strip Sg will depend on how branch lines are defined in the complex plane.
In the following theorems, we give two different definitions of branch lines and consequent

extensions of Z(z).

Theorem 5.3. Let Dy be the open set bounded by the curves E4, Fy and branch lines
sy ={t=§&tg <E<&} and s_ ={t =&, =& < & < —to}, where & is the intersection
of E4 and the &-axis as shown in Figure 12. Then the function t = Z(z) has a further

extension t = Z1(z) to the domain

YVi=C\ | {iy; (@n+1)yp— Vo) <y < ((2n+1)y/p+ Vo)),

such that t = Z1(2) is a homeomorphism of the open set

En={z+iy;zeR, 2n—-1)/pr<y<(2n+1)/p7}
\{iy; 2n = 1)ypm <y < (2n—1)Vp+ Vo),
or (2n+1)\/p— \/5)71' <y<(@2n+1)/pn}

onto D,, = Dy forn =0,£1,£2,---. Moreover = is a conformal mapping of Y1 onto the
Riemann surface X1 which is constructed by pasting countably many domains D,, as layers
i such a way that for any integer n, on the layer D, of X1, if one goes across any of the
two branch lines s+ from the lower half plane, one gets to the next lower layer D,,_1 of the
Riemann surface; whereas if one goes across any of the branch lines s1 from the upper-half
plane, one arrives at the adjacent upper layer Dy, .1 of the Riemann surface. Furthermore,

if each branch line {iy; (2n+1)\/p— Vo)r <y < ((2n+1)/p + \/3)71'} connecting the
15



branch points ((2n +1)/p+ \/3)77‘ of 21, forn=0,4+1,£2, .-, is regarded as a cut with
a left side and a right side, then the function =1 is also continuous up to the boundary of

V.

Proof. The proof is similar to that of Theorem 4.5. We begin with the single-valued
branch Ag which is shown in (b) to be a homeomorphism of Dy onto & such that Ag
is a one-to-one mapping of F, and E, onto the left side and the right side of the line
segment {iy; (\/p — Vo)r <y < /P T}, respectively, and it is also a one-to-one mapping
of F_ and E_ onto the left side and the right side of the line segment {iy; —/pm <y <
—(v/p — V8 )7}, respectively. If we take any path going across either the line s_ or the
line s; from the upper half domain Dy to the lower half domain Dy and extend values of
Ao continuously after crossing the line, then we obtain another single-valued branch A;
of the function A defined on Dg such that A; = Ag + 2,/p7i, Ay is a homeomorphism of
Dy onto & and its inverse as a function defined on &; is an extension of ¢t = Z(z) from &
to & U &1, denoted by Z;(z). Noticing that values of A(t) along the path ~3, which starts
from a point ¢; in the upper half plane with A(t;) = Ap(t1) and proceeds in clockwise
direction for a full circuit, form of a rectangle in the z-plane as illustrated in Figure 12,
one concludes that the value of Z1(z) does not change after z goes around the rectangle
once. Therefore, if we define {iy; (\/p — Vo)r <y < (y/p+ V8)r} as a branch line, then
the extension Z; of Z to the domain & U &; is a continuous and single-valued function
and analytic in the interior of the domain. In a similar way, one may use the single-valued
branch A, of A, which is a homeomorphism of Dy onto the domain &,, to define the
extension Z;(z) to &, for any integer n, such that =g = (An|p;) ™", E1 is a conformal

mapping of ); onto X; and is continuous up to the boundary of ). O

> 5

y
® ! @

‘Y
L)
oy

=

@z zfs:s

—X1 30 X1 X

—(P-/B)

@:s3p:s

-(/p+/e)m

Fig. 12. The path v3 and the corresponding rectangle in the z-plane
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Another extension of Z(z) is also obtained by using single-valued branch of A as follows.
Let Gy be the open set bounded by the lines {£ + im; & > 0}, {£ —im; € > 0} and {t =
£itg < £ < oo}, as well as part of the streamline (\/p — Vo)m = y(&,m) connecting
points t = —t, 77 and part of the streamline —(/p — Vé)m = y(£,n) connecting points
t = —tg, —mi in the left half plane as illustrated in Figure 13.

®

> S
RN

/pn

S (/P~/B)

Fig. 13. A sketch of sets Gy in the t-plane and Hg in the z-plane

As we have pointed out in Lemma 5.1 that Ag is a conformal mapping of the open set
D C Gy onto the strip {z +iy; z € R, |y| < (\/p — V)7 }. In addition, A is a one-to-one
mapping of the streamlines {1 onto the lines {z & i(\/p — V3 )m; z € R}, respectively,
where [ is the streamline (\/p — Vo)m = y(&,n) connecting points t = —to, mi and t,
and [_ is the streamline —(,/p — V& )7 = y(&, 1) connecting points t = —t, —i and to. If
extending Ag to the entire open set Gy, one finds that Ay is also a conforming mapping
of Gy onto the open set Ho = {z +iy; x € R, |y| < /pr}\ {z £ (/p — Vd)ri; x < 0},
where {z — (/p — Vo)mi; & < 0} and {z + (VP — V8 )mi; & < 0} are branch lines of the
function Z(z) and are considered as lines with upper sides and lower sides. In consequence,
we extend the function Z(z) to the closed set Hy, whose inverse is Ag defined on Gy such
that the extension Z, of Z is a conformal mapping of Hy onto Gy and continuous up to
the boundary of H,.

Using the single-valued branch A of the function A, one may obtain other single-valued
branches of A. For any integer n, the value of the single-valued branch A, at any point

t € Gy is defined by A, (f) = Ag(f) + 2,/pnmi. In consequence, the function A, is a
17



conformal mapping of G,, = Gy onto the open set

H, ={x+iy; z € R, |y — 2¢/pnn]| <\/ﬁ7r}\{a:—l—i(2n\/ﬁ:|:(\/ﬁ—\/5))7r; x <0},

where G,, is used to specify the domain of A,, for n = 0+ 1,£2,---. Furthermore, the
inverse of A,, and the inverse of A, defined on H,, and H,, respectively, share the
same value on the intersection #,, N H,,11. This fact and the theory of Riemann covering
surface [1] imply a further analytic extension Z5 of the function = to the complex plane
specified in the following theorem.

Theorem 5.4. Let Yo =C\ U {z+i((2n+1),/p£V5)m; z <0}. Then the function

n=—oo

E(z) defined in Lemma 5.1 has an analytic extension, denoted by Eo(2), to the domain Yo
such that 25 is a homeomorphism of the open set H,, onto the open set G, with Egl|y, =
(Anlg,)~t for any integer n, and it is a conformal mapping of Yo onto the Riemann
surface Xo which is constructed by pasting countably many sets G, as layers in such a
way that for any integer n, the upper side of the line l, = {t = &ty < £ < o0} in G,
15 glued to the lower side of the line ly in G,4+1 which is placed right on the top of G, ;
while the lower side of the line lp in G, is glued to the upper side of the line l in G, _1
which is positioned right below G,,. Furthermore, Z5 also has a continuous extension to the
boundary njjoo{x + z((2n +1)y/p £ \/S)W; x < 0} of Vs, if for any integer n the branch
line {z +i((2n+1)\/p — Vd)m 2 <0} or {z +i((2n+1)/p+ Vd)m z < 0} of =5 is

considered as one with an upper side and a lower side.

We have shown by concrete constructions that analytic extension of any solitary wave
solution to Equation (3.7) is not unique, which is a distinct property different from solitary
wave solutions of the KdV equation. There are also some other different extensions of
solitary wave solutions of (3.7). We leave them to interested reader to find out. What
we will focus on in the next section is the convergence of solitary wave solutions of (3.7)
as functions extended to the complex plane to a compacton, a peakon or a solitary wave
solution of the KdV equation, as well as the explanation of why compactons and peakons

are weak solutions of Equation (3.7) and why they have singularities on the real axis.

6. Convergence to compactons.
In Section 4, for each d, e > 0, we constructed two different analytic extensions O 5(z)

and © s51(2), defined on their respective domains
Yeso0=C\{z+ivem |z| > Vin},

Yos1=C\ U {o+i@n+1)Vem [z| < Vi),
18



for the solution 6(x) to Equation (4.3). Then p(x) = 5;:56 sin 9(3:)4—% is the corresponding

solitary wave solution of (4.1).

Theorem 6.1. As e — 0, the functions O, 50(z) converge to

(T z
- — —, if S2#£0, or Sz2=0 and |Rz| < Vo
A e

Ou(z) = ¢ — g, if Sz=0 and Rr>Vor
377?, if z=0 and §Rz§—\/g7r

Therefore, as functions extended to the domain Y. 50, solitary wave solutions ®¢ s50(z) =

2EE 5in O 5,0(2) + 555 to (4.1) converge to the function

cos? L, if Sz#£0, or S2=0 and |Rz| < Vér
By () = 2V

0, if Sz=0, and |Rz| > Vor

when ¢ — 0. Note that $o(z) is an analytic function on the set C\ {z = x; |z| > Vo n},
having line segments {z = x; x > o7} and {z = z; x < =/ 7} as its natural boundary.

Proof. We show that the functions {O. 50} form a normal family on any compact set
K cC\{z=u;|z| >Vén}. Let M, N, r and 7 be any constants such that 0 < # < M
and 0 < r < V71 < N, and let K be the compact set whose boundary consists of line
segments with vertices z = —N +tM,—N +ir,—r +ir,—r —ir, —N —ir, —N —iM, N —
iM,N —ir,r —ir,r +1ir, N + i and N 4 iM as sketched in Figure 14.

y

-N =[BT |- 0 r| m N

Fig. 14. A sketch of the compact set K

It follows from the discussion in (i) of Section 4 that O, s maps vertical lines on

the boundary of K to equipotentials of the function X, 50 = ¢ and horizontal lines to
19



streamlines of ¥, 5. The maximum and minimum values of 7. 50(2) = J(O¢s,0(2)) on
K is attained on the streamlines £M = y(§,7n) of X 5,0 such that —M = y(5,7e,50,0),

where ¢ 5.0 = ma%\ne,g’o(z)\. Since (y,n) = (—M, ne.s.0.0) satisfies the equation
ze

y= —iEE,a,o(g +in) = — (ﬁn +2y/etan™! (\/gtanh g)) (6.1)

as demonstrated in Lemma 4.1. It follows that

lim e 50,0 = Im ne 5.0(0, —M) =
e—0 e—0

sl

On the other hand, the extremum of & 50(2) = R(Ocs0(2)) on K is attained on the

equipotentials given by the equation N = x(§,n) of X s50. Let n be the smallest in-

teger greater than or equal to N/(2v/dn). Then & son = ma}%{\ée,g,o(z)\ < 2(n+ D)
ze

because & 5.0(x+2kV3 7, y) = €c5.0(x, y) — 2kn for any integer k. Therefore, the functions
{Ocs.0(2)} are uniformly bounded on K for any e sufficiently small. Hence, there exists a
subsequence of {O 50}, for the sake of simplicity, still denoted by {O. 50}, analytic in K
and uniformly convergent to an analytic function on any compact subset of K as ¢ — 0.
Equation (6.1) leads to the definition of the limiting function on the imaginary axis

iy

. . ™
+ 2776,6,0(7'y)) = 5 - %7 |y‘ < M.

The fact that the limiting function is holomorphic in K and its restriction to the imaginary

. . . ™
i Ousali) = Iy (5

T _ 2

axis is the same as that of the function Oy(z) = 5 75 leads to the conclusion that the
limiting function defined in K is the same as @g(z). Since any convergent subsequence of
{Ocs0} has the same limit, this implies that the sequence {O. s0(z)} itself converges to
©(z) in the interior of K when € — 0.

Next, we need to show the convergence of {O. s} on lines {z = x; |z| > V/§ 7} which
will be carried out by using Equation (4.4). For any v with 0 < v < m, let #; be a fixed
constant such that 0 < #; + § < g. Then there is an €y > 0, such that if 0 < € < ¢,

01460

~VEe+g Lo osme 1 d - T < _p <0
e <3, COS’91590>2 an 2< 0 < 0U1.

Moreover,
: . 0460 : 01460
sin =20 sin 2270 W ™
2 2 o VEOTE) S ~VE0+E)
0—0 0,—0
cos — cos =572
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for any 6 € (61,74 6p) and any € € (0, ¢q). Therefore, the solution Oc,5,0,z of the equation

: 0+6¢
SN —— ™
2 — e_\/§(9+§)

0—0,
cos ~

must satisfy the condition —0y < 96,5,0,% < 0 <v-— 3. It follows that 96,5,0,% =

667570(\/370 and 11rr(1)®67570(\/37r) = —%. Because for any z > Vo,

0 = +6o
- 0+6 . Y502

_ 1 _z 3 x Sl —5— Sin ——
e ﬁ(m+\/g(9 2)) <e_\/;(9_|_§) and 2 o 2

Oc,5,0,z =00
oS cos 203

0—0,
2

hold for any ¢ with 650,z < 6 < 7 + 0o, the solution 0 50, of Equation (4.4) satisfies
—b0p < Ocs502 < 95,5,0(\/370 and €c 502 = Ocs5,0(z). This implies that functions O, 50 (x)
are uniformly convergent to —3 on the interval [V/67, 00) as € — 0. Then the equality
Oc5,0(—x) =T —O¢5,0(x) leads to the conclusion that the sequence of the functions O s
is uniformly convergent to 2F on the interval (—co, —v/d 7). As a result, functions @ 50(2)

converge to @(z) for any z € C when ¢ — 0. O

Theorem 6.2. The solutions {O.;1(z)} of Equation (4.3) converge to the function de-
fined as

(g—%, if Rz=x and |z| <Von
O1(z) =4 — g, if Rz >Von
3;, if Rz < —Vor

when € — 0. Hence, solitary wave solutions ®. 51(z) = 52‘26 sin O 5.1(z) + 52_56 of Equation

(4.1) converge to the function given by

T
COS2

By(2) = 25’

if Rz =2 and |z| < Vo

as € — 0. The function &1(2) is analytic on the set C\ {z € C; |Rz| < 7}, having the
natural boundary {£v9 7 + iy; y € R}.

Proof. 1t follows from the definition of O, s that for any integer n, the restriction of
Oc.5.1(2) to the strip {(2n—1)y/em < Jz < (2n+1)/en} is the inverse of the single-valued
branch ¥,, such that ¥,,(8) = Xo(6) +i2n7m\/c for any § € Q, where ¥ is the single-valued

branch of 3 defined in (7). That means for any (2n—1)/em <y < (2n+1)\/en}, we have
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Ocs1(x+iy) = Ocs1(x+i(y—2nmy/e)) € Q. Let Nes,1(x,y) = %(@6,5,1(75)) for z = z+1y.

Then ne = max |[Nes1(z,y)| = max  |nes1(x,y)|. It follows from lemma 4.1 that
T+HIYEYe 5,1 z€R,|y|<Vem

(y,n) = (Vem, —ne) satisfies Equation (6.1), i.e.

Ver =Von. + Qﬁtan_l(\/gtanh %)

Therefore, 615% Ne.s1(z,y)| < 21_1)1(1)776 = 0 for any z 41y € C, which implies that the sequence
{nes1(z,y)} is uniformly convergent to 0 as ¢ — 0. Now we only need to show that
functions & 51(x,y) = R(Ocs.1(z + iy)) converge to O1(z + iy) when € — 0.

For any fixed x € [0,v/§ 7], Lemma 4.1 implies that 5 - % <esa(x,y) <&esi(x) =
Ocs.1(z) for all y. Thus (z,8) = (x, & 5,1(x)) satisfies Equation (4.4) with —0y < & 5.1(z) <
7. Implicit differentiation of Equation (4.4) with respect to z yields the estimate

T T 1 siné. 5.1(z) + sin by

d
dz (&,5,1(%) Vi 5) TV Va(sinésae)+1) O

Therefore & 5,1(x) + 5 — 5 Is an increasing function of z on the interval [0, c0), and thus

0=€p1(0) = 5 < €opa(@) + = — 2 <Eeon(Vom) + 2

= Sils

for any € > 0. Since O, 50(x) = O 5,1(x) = & 5,1(x), Theorem 6.1 implies that

. r o , 7
0= }5% <§e,5,1(l‘,y) + N 5) < }g% (56,5,1(\/5@ + 5) = 0.

In other words, the functions &, 51 (z, y) are uniformly convergent to the function ©; (x+iy)
on the strip {0 < Rz < \/3%} as € — 0.
If 2 € [V/6m,00), then —Z < & 51 (7 + iy) < & 51 (V). Hence,

™

. . T . . '/T
9 < limé&e s (z+1dy) < hr%fe,d,l(x +iy) < hr%fe,é,l(\/g ) = 5

e—0

i.e. &es51(x,y) are uniformly convergent to —% on the strip {8z > Vor}. Using the
identity &c 51(z,y) = ™ — & 51(—2,y) for any x + iy € C also leads to the conclusion that
€ 5.1(x,y) are uniformly convergent to @1 (x+1y) in the half plane {x+iy; x <0,y € R}. In
consequence, the sequence of functions {®¢ s51(2)} is uniformly convergent to the function
®1(z) in the complex plane C as ¢ — 0. Also, for any integer n > 0, the n-th order
derivatives @Eg{l(z) of @, 51(z) are uniformly convergent to the derivative ¢§”>(z) =0 on

any compact set contained in the half planes {Rz < —/d 7} and {Rz >V r}. d
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The fact that solitary wave solutions converge to the compacton is a justification for it

to be a weak solution to the limiting equation
—¢' + 3¢’ +6(2¢"¢" + ") =0 (6.2)

of the perturbed equation

—¢' + 0" +3p¢p" +0(2¢'¢" + pp”) = 0 (6.3)
when € — 0 with € > 0 and § > 0. As we have shown in the last two theorems, the solitary
wave solution of (6.3), denoted by ¢, 5, has two different analytic extensions ®. 5(z) and
Q. 51(2), and @ s(z) is uniformly convergent to the compacton @y (z) = ¢o(z) on the real
axis. Since @ s(x) also satisfies Equation (4.1),
B sign & e 5(2)\/1 — pe,s()

dpes(z)+e€

It follows from the inequality 0 < ¢, s < 1 that

Pes(T) = (6.4)

Q:L'-I-Sigﬂ es(2)(1 — e 5(x <£, x €R.
o)+ I o1 eate)| < ¥

Therefore, the functions ¢ 5(z) are also uniformly convergent, and
1 T
— —— sin—, if [z|<Vin
lim o 5(z) = pp(a) =3 2V VO
€— ’

0, if |z| > Vo

As a matter of fact, one may also obtain LP-convergence of the functions s, ¢ s,
11 11

O s, pesls and ep!”s for any p with p > 1. Notice that as a distribution ¢j’ is not a

LP-function, but op)’ belongs to the space LP as a well-defined distribution in the sense

" 11

that ¢opf can be expressed as oy = 3(03)" — 3¢)pl which is the difference of the

functions ) L, _ '
M(QSIHT% + sin %), if |z| <Vom

N

(P3(x))" = {

0, otherwise
and

3 _sin 22 if |z| <o
Bpp(@)eg (x) = § BV VO |
0, otherwise

such that (po)? € H? and 3 € H*. These facts indicate that the compacton ¢q satisfies
Equation (6.2) in the way that each term formed by the compacton and its derivatives
in (6.2) is a LP-function, having the limit equal to zero at its singularities x = +v/é 7
and continuous everywhere else. Therefore, the compacton falls into our category of
“pseudo-classical” solutions. Now we summarize results about uniform convergence and

LP-convergence to the compacton ¢y and its derivatives in the following theorem.
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Theorem 6.3. Let p be any constant with p > 1. Then as ¢ — 0, the compacton ¢y and
its derivatives up to the second order are limits of the functions ¢c s and their derivatives
@, 5 and ! 5 in LP-norm, respectively, and the functions pe sp.'s and ep!’s also converge
to woy’ and 0 in LP, respectively. Furthermore, when € — 0, v, s and @, s converge to o
and @, uniformly on the real azis, and gpgg) converge to 4,08") uniformly on any compact set
contained in the open set (—oo, —/d 1) U(—Vd 7, Vo 7)U(V 7, 00) for any integer n. The
functions g € W2P and ¢}, are continuous on the real awis with po(x) = py(x) = 0 for
any = with |x| > V8 w. In consequence, the compactons po and ¢o = —(3 + cv) + (3(B+
cv) —v(a+c))po given by (3.9) satisfy Equations (6.2) and (3.7) everywhere, respectively.

Proof. For any fixed z € R, the derivative of ¢, 5 with respect to € takes the form

Opes(x) (6 +e€) (33 + \/5(9 — %)) cos 0 (sin 6 4 sin 6y) (6.5)
de 4e6:\/8 sinf + 1 ' '

Equation (4.4) shows that —6, < 6
<0< m+b anda;—f—\/g(@—g) <

The estimate

o0 1 p—l 1 p—l
yP= oy + € Y
s pd:)s=2/ Y dy<?2 5-}-6/ dy
| el T Vite [ —

along with the uniform convergence of ¢, s to o implies that the limit

2

<z anda:-i-\/g(e—g) > 0 when z > 0, and
0 if x < 0. Therefore %@6’5(:13) > 0 for any z € R.

— 00

tig [ fpes(e) = o) Pz = 0

exists for any p > 0. Uniform convergence of ¢’ 5 to ¢ and the following estimate

o Vo o
2 2
| es@ - eh@lde <2 [T estn) - vi@Pde+ 5 [l
0 02 Vor

— 00

show that lil’f(l) 1= oL 5(x) — ¢p(x)|Pdz = 0 for any p > 0.

To show convergence of {¢{ s} and {(dpe,s +€)p. s}, we estimate their upper bounds as

follows,
pes(x) O+e pes(x) _20+e

/1
< .
|(10676(':E)| — 5 + 5 6@5,5(«%) +e 52 (6 6)

and
30 + € 2¢ + 6
cs(x)o s (x)| < cs(x) and "(z)| < cs(x 6.7
|pe.s(2)pe s ()| < 23 Pe,5(T) lepcs(x)] < 573 Pe,5() (6.7)
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for any x € R. Noticing that
Pe,s sinf +sinf, —1df

Socste  o(mb+1)  sdd (6.8)

for any x with |z| > V6 7 when € — 0 as shown in Theorem 6.2, where 6 = O s5.0(z) is the

same as defined in (6.5). On the other hand, it follows from (6.5) and uniform convergence
of the functions § = O, 5(z) on the real axis that for any fixed o with zo > Vo 7, there

is an ¢y > 0, such that whenever x > x¢ and 0 < € < ¢y, we have

a( pes(®) )_so(w>cot<%+%> (Hﬁ(@—%) il 9))20.

e \Opes(@)+e)  (0pes(@) +6)? N T
Lebesgue’s Dominated Convergence Theorem, combined with (6.6), (6.8) and the conver-
gence of ¢ s in LP, shows that the limit lg% 1= |7 5(x) — pp(x)|Pdr = 0 exist. In a
similar way, using (6.7) and Lebesgue’s Dominated Convergence Theorem, one may also

show that for any p > 0, the limits

oo

iy [ lees()plle) — ol ()Pde =0 and Ty [ Jeglly(a)Pde =0

—
=0/

exist. Therefore, the compacton ¢ belongs to the Sobolev space W2 for any p with p > 1.
Because ®. 50(z) converge to ®g(z) uniformly on any compact set of C\ {z € R; |z] >
Vo), ®51(2) converge to ®;(z) uniformly on any compact set of C\{z € C; |Rz| < Vé 7}
and ®g(x) = ®1(x) = @o(x) for any x € R, for any positive integer n > 2, the n-th order
derivatives @E?g(aj) converge to gpén)(a;) everywhere except for the points z = £/ .
Furthermore, (V48 m) = ph(+vdm) = 0. In consequence, we come to the conclusion
that the compactons g and ¢¢ given in (3.9) satisfy Equations (4.1) and (3.7) everywhere,

respectively. O

7. Convergence to peakons.
In Section 5, we have constructed two different extensions =5, 1(2) and =5, 2(2) for the

solution t = Z(z) of Equation (5.4) to the respective domains
Vspa =C\ U Jiy; (Cn+1)yp—Vo)r <y < (@n+1)yp+Vi)ml,
Vop2=C\ U {e+i(2n+1)yp+Vé)m z <0},

Then @5,,; = pz;(;s coshZs i — pz—Jg‘s is an analytic extension of the solitary wave solution
Ps,p = p2—_55 cosh= — pQ—f;S of Equation (5.1) to the domain }));, and continuous up to the
boundary of ); for ¢ = 1,2. The following two theorems present results on convergence of
the functions @5, and @5 ,2 to the limiting functions ®; and ®,, respectively, whose

restrictions to the real axis are identical and define a peakon solution.
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Theorem 7.1. When p — 6, the sequence of the functions {®s 1} converges to

—e\_/_g, if Rz >0

®y(z) = -
—eva, if Rz <O0.
For any z = iy on the imaginary axis, })i_}néd)g’p’l(z) = —eVi and })i_}néd)g’p’l(z) = —e5,
where q)f;’p’l(iy) = lim @s,1(2) and ©F ,,(iy) = lim @5, 1(2) for any y € R. There-
Rez<yO Rez>y0

fore, ®1 is a holomorphic function on both the left and right half planes {fz < 0},

{Rz > 0}, having the imaginary axis as its natural boundary.
Theorem 7.1 follows from the following result.
Theorem 7.2. When p — 6, the sequence of the functions {®s ,2} converges to

—e\_/_g, if Sz #0, or Sz2=0 and Rz >0

—evs, if Fz2=0 and RNz <0.

@2(2) =

Therefore, @5 is a holomorphic function on the open set C\ {z € C; Rz < 0,3z = 0}.

Proof. The method to be used here is to show that the functions (p — d)e! are uniformly
bounded on the half plane {8z > —N} for any constant N > 0, where t = =5 ,2(%), so
that as p is close to &, {(p — d)e'} is a normal family convergent on the compact sets to be

defined presently.

n y
® | @
s \ | Jpm
y=(ﬁ—\/3)ﬂ \\\\\X:—N ‘=!(@—/S)T[
-t vx=—N 0 to tl\\ g —N 0 X

,/// _—e (/p-/5
=—(¢5% N Vo/oim
B my

-t

Fig. 15. A sketch of the image of the half plane {z € C; Rz > —N}

It follows from Lemma 5.1 and Theorem 5.4 that Z5,2 maps the set V5,2 \ {2z €

C; Rz < —N} to the region bounded by the streamlines £(,/p — Vd)7 = y(&, 1) and the
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equipotential —N = z(£,n) of the single-valued branch Ay as shown in Figure 15. Then

sup |$(Z5p,2(2))] < 7 and to < sup [R(Esp2(2))] < t1 = Esp2(—N +iy/pr). It
Rz>—N Rz>—N

follows from (5.4) that

Using the inequality tanh tl > tanh(\/g 5 ) valid for 0 < 6 < p, we obtain

P

(Vo +V8) (Vo+ Vo + \ /1 + (o — V3)2 tank® 2 )V
(Vo —VEIVE (1~ tamh )V

Therefore, (p — &)|e!| = (p — 6)e®(Esr2) < (p — §)ett < oo holds on the set Vs 2 \ {z €
C; Rz < =N} for any 6 < p < po.

(p—0d)e" <

Moreover, there is a pg > & such that for each p € (8, pg), the function (p — §)e=5.»:2 is

analytic in the set
M ={z€C; Rz>—Ny,|Sz| < 2Ny + DV} \ E,

No

where E = i UN {z€C; Rz <0, (2kvV6 —v)m < Sz < (2kV§ +v)w} for some integer Ny
=—Np

sufficiently large. Thus {(p — §)e=5»2} is a normal family in M. Let {(p,, — 6)eZ%rn:2} be

a subsequence uniformly convergent to a holomorphic function, denoted by ¢(z), in any

compact set of M as n — oo, where p, > pny1 and lim p,, = 6. Since for t = =5, 2(2),
n—oo

it follows from (5.4) that

(- ><<f+f>e 4 - VE)

(p—d)e' = i
(VA= V) V7 +p+/6

Taking the limit on both sides of the above equation, one obtains the relation

_ 4dg(2)
9(z) = g9(2) + 45e” Vs 1)

It follows from Lemma 5.1 that for any fixed z; > 0, when Rz > x1,

R(Esp2(2)) 2 R(Esp2(21)) = &1

and

&1

tanh 2 nt \/_51 (£1

to
= tanh — tanh ———>~ > — ta + — 7.2
2 2f =5 2f) (72)



This leads to the estimate

(6 + p) tanh 5 ‘“ = + \/45ptanh2 f}_ (p—0)?

X
tanh 2\}_ +1

(p—0)ett >

Therefore,

S —M
> (p = ) - tanh Qf}_ +1’

and g(z) # 0 when Rz > z;. Combined with (7.1) yields g(z) = 46(1 — ¢~ V3) for any
z € M. Then

(p = 8) %o

n—00 n—00 20

lim (D(;’pn’g(z) = lim (Pn2g d cosh E5,Pn,2(2) — P + 5) = g(Z) —1= —6_% = @2(2)

Because any convergent subsequence of the normal family {®; ,2} has the same limit as
p — 6, the sequence {@s , 2} itself is convergent to ®»(z) in M. In addition, since m and
v are chosen arbitrarily, the set M = C\ k:@oo{z € C; Rz < 0,32 = 2k\/d7} is the union
of such sets as M defined above, and the sequence {®s ,2} is convergent to @, in M.
To show the limit ;i_r)rg(l)(;,p,g(z) = Dy(2) exists for z = x + i2kv/d 7 and z < 0, one may

take implicit differentiation with respect to p on both sides of the equation

tanh%O —tanh% 2V
t p=c v (7.3)
tanh 3 + tanh 35
with t = Zs5,,,2(2) to obtain
ot t z+\/3t ot o 1
—§)= = —tanh - — =——~—"(tanh? = — tanh? 2). 4
Then
@ —0 Ot ht—1 dtsinht @
00sp2 _ P00t 4y &0 _ 2+ Voitsinht®spy (7.5)
ap 20 Op 20 2v6p cosht+1

When z =2 <0, —t) <t =ZE5,2(x) <0, and D5 ,2(z) < 0. Hence, (7.5) shows that
8%@5,,)72(33) < 0 which implies that both limits lirr}s®5,p72(x) and liII(lS(p—(5>6_E5'P’2(I) exist.
p— p—
Taking the limit on both side of the equality

(p—0d)e

==Vt (Jh+ VA )
VP H+ VI +(p—Vo)e ot
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obtained from (7.3) leads to the evaluations lir%(p — §)e Zor2(®) = 45(1 — e%) and
p—
Im®s ,2(z) = —eVs.
p—0
If 2 =2+ 2kVdmi with k > 0 and § < p < po, then (2k —1),/p < 2kV§ < (2k —
1)\/p + V4 and the function Z5,2 maps the line {z + 2kVémi; z € R} to the right
half plane with —7m < ¥(E5,2) = 7 < 0 and VOREs.pa)te > 0. Then similar to the

N
derivation of (7.1), one may show that the sequence {(p — §)eZs2(*)} is bounded on the

line {z € C; Sz = 2kv/d mi, Rz < 0}, and thus lin%d)g,p,g(x + 2k\/ i) = —e” V5. Because
p—

s, 2 (1 + 2kV/3 i) = D 0w — 2kV/G i), i D5, — 2kv/3 i) = —e 7. 0
p—

Proof of Theorem 7.1. It follows from the definition of the function =5, 1(z) that

Es.p,1(2) =Z5,2(2) and  lim Z5,1(2) = Z5,p,2(20)

z—2g
Rz>0
for any z and zy with #z > 0 and 2y = 0. Hence, lin}sd)g,p,l(z) = lil’f(ls(D(;’pQ(Z) = —e Vs
p— p—
for ¥z > 0 and lin%(l)gpl(z) = lin%(D(;,p,g(z) = —e Vs for any z with Rz = 0. On the
p— " p—
other hand, Z5,,1(2) = —Z5,5,1(—%) and then @5, 1(2) = Ps,,1(—Z). Therefore, one may
obtain the rest of results in Theorem 7.1 symmetrically. U

Remark. Although there are also other different analytic extensions of the solitary wave
solution @5 , besides @5 ,1 and @5 , 2, all of them are identical and analytic on the strip
{z € C;|Sz| < (p — V0)r}, having branch points z = £(,/p — V&)mi. It is these

two singularities approaching the real axis as p — 6T, which causes the formation of the

|z

singularity z = 0 of the peakon ¢,(z) = —e V5.

Next, we show that the sequence {5 ,} is uniformly convergent to ¢, on the real axis,
and {ps,}, {¢5,} and {(0ps,, + p)¢s ,} are Li-convergent to ¢,, ¢, and 6(p, + 1)@y,
respectively, for any ¢ > 1. Here (¢, + 1), is defined as the difference of the two

2111
distributions % and (¢},)? such that (¢, +1)* € H?, (¢,)> € H' and

(op(@) + 1)} () = =

almost everywhere. These results help understand that the limiting equation

¢ — 09" + 309" —6(20'¢" + ") =0 (7.6)
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of the equation

o' = p" + 309" = 6(2¢'¢" + ") =0 (7.7)
has the peakon solution ¢, as the limit of solitary solutions ¢, s satisfying Equation (7.7)
when p — § and p > 0 > 0. Furthermore, the combined terms —d((¢, + 1)p,)" and
(gop—f— %gpz— g ((p;)z)/ are well defined LP-functions such that they are continuous everywhere
except at = 0, but the limit

3 b
lim (¢p + 2<pp - 5(%) 2 —5((pp + 1)) | =0

exits at this point. Thus, the peakon ¢, is another example of pseudo-classical solutions
proposed in this paper.

The solution t = =5 ,(x) = Zs,,,i(z) of Equation (7.3) satisfies the equivalent equation
tanh 3 ! — tanh t“ tanh 220! which leads to the estimates

25
=]
t d tanh
tan \/_| f é tan hM, and (p—é)coshx-i_\[ 2‘/|_‘ . (7.8)
2yp —p 2\/p VP 1 — tanh \x/_
The identity
(D5 p 1(2) — (D5 p 2(2) — (79)
o o z+V5t
(p—é)coshT +p+0
and (7.8) yields the inequality
2 2
[ps.p()] < o |/|) ;(1 — tanh |\/|_)
72f _|_ 28

1—tanh 5—

This implies that the functions gp(;,p(a:) decay exponentially to zero at infinity. Then for
any € > 0 and for a fixed py > ¢, there is an N > 0, when |z| > N and § < p < po,

[ps,p()] <€ (7.10)
Since
d Psp _ ws.p(p—0)signz { >0, >0
dr ©p VS op\/50s, + p(\/0Ps. + p+ /005, + 0) <0
®5.0(0)

and 2 (0) =1, one has

0 < ©s,0(2) _1< ©s,0(IV) — pp(N)

pp(z) T~ ¢p(N)
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for any = with |z|] < N. Because ¢s5,(N) — ¢p(IN) as p — 0 and |pp(x)| < 1, the
inequality 0 < ¢p(x) — @5, () < % < € holds when p is sufficiently close to
9. Combined with (7.10), this shows the uniform convergence of the sequence {ys,}. It

follows from (7.5) that 8“5‘;” <0, i.e.

02> 9p > Psp1 = Ps,p0 (7.11)

if 0 < p1 < p2. In addition, the integral transformation x = 4,05_7;(3;) yields the estimate

o —1 —1
yl* oy +p
x qu:2/ dy < 0o
| tesptarae =2 [ HEA

— o0

for any ¢ > 0. These results together with the other estimates |5 | < W\%",

03 ,(p—9)

< 3|ps,pl
2(5905,p +p) g

(65,0 + P)E5 | = + ©5.0(1 + ©s,p)

and Lebesgue’s Dominated Convergence Theorem leads to the conclusion that the limits

i [ (o) = papla)ftde =0, lim [ [gple) - ¢ (o)l ds =0,
i [ 130 () + Do) = Bs,p(a) + p)f ()] = 0

exist. We summarize the above results in the following theorem.

Theorem 7.3. Let q be any constant with ¢ > 1. Then as p — 0, the sequences of
functions {ps,}, {#5,} and {(6ps, + p)ps ,} converge to the peakon @y, its derivative
¢y, and §(pp + 1), in the Banach space L%, respectively. Therefore, o, € Wha for any
q > 1. In addition, {ps,,} converges to ¢, uniformly on the real azis and for any positive
integer n, the derivatives gpglp) converge to gpg,n) uniformly on any compact set contained in

(—00,0) U (0,00), and

pp(0) +1= lim (03 () + 3pp(x) @) (2) — 200, () 0y (2))

= lim (i} (2) + 3pp(w)ipy, () — 200}, (x) ), () = 0.

In consequence, the peakon solutions ¢, and ¢, = 2% — [2(B+cv) — §(a+c)lpp satisfy
Equations (7.6) and (3.7) on the intervals (—o0,0) U (0,00), having limits at x = 0,

respectively.
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8. Convergence to solitary wave solutions of the KdV equation.

In this section, we examine behavior of solitary wave solutions of Equation (4.1) or (5.1)
as functions defined in the complex plane when nonlinear dispersion terms are vanishing or
the parameter 6 — 0. We shall demonstrate that these functions converge to solitary wave
solutions of the KdV equation on the real axis, but not necessarily on the entire complex

plane, due to the different definition of their branch lines.

Theorem 8.1. Let O, 50(z) be the solitary wave solution of Equation (4.1) as defined in
Theorem 6.1, and for any zy € {z € C; |Sz| = /en}, let

(‘D:&O(zo): lim  ®c50(2) and (‘D;&O(zo): lim @, 50(2).

zZ—Z0 zZ—Zz0
|Sz|<vem |Sz|>Ver

Then the following limit

z
sech? =
}i_r)% Qe s50(2) = 2y/€

00, 1S2| > Ve,

ISz < Ver

exists, and the limits

lim & ,(z) = sech” Z_ and %ii% P_50(2) =00

5—0 & 2\/E
hold for any z with |Sz| = \/er.

Proof. Let v > 0 be any fixed constant. It follows from Lemma 4.1 that

inf  [$(0c50(2)] = [S(Oc50(Vom +i(ve+v)m))| =y,
92| > (Vetv)m

and O 50(Vdm+i(y/e +v)m) = —Z —in,, such that

cos Oy sinh 7, (Ve+v)m —Vén,
; = tan
sin 6y coshn, — 1 Ve
with 0 < (v/e+v)m —Vdn, < y/em. Equivalently, S < ("+\/\§)”, which implies that
%iH(l)’I]V = 00. Since @, 50 = 52436 (sin ©¢ 5,0 + sinby),
0+e€ 0+e€
|Pc.50(2)] = 25 (coshn 4 cos(& — 6g))(coshn — cos(§ + 0y)) > 55 (coshn — 1),
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where 77 = (O 5,0(2)) and § = R(Ocs,0(2)) for any z € C. When [Jz| > (Ve + v,
|®c50(2)| > &£ (coshn, — 1) — 0o as § — 0. Because v > 0 is chosen arbitrarily, the limit

5lirr(1)<1>6’570(z) = 00 holds for any z with |Sz| > /e.

To show }in%)cbe_& o(2) = oo for any z with |z| = /e, one uses the streamline (4.8)

Vén
7

sin§{ = — sin 6§y cosh ) — cos 0 sinh 7 cot

Since |n| < ns, where 75 satisfies the equation

Ver =Vons + Qﬁtan_l(\/gtanh 772—6)

and has the limit limns = no with 2 tanh 2 = 1, |3(O,s5,0(2))| are uniformly bounded
6—0

for all z with |3z|] = /ew. Equation (4.7) then implies %ir%(x +V6(£— %)) = 0. Taking

the limit on both sides of the equality

2€

Q. 5:(2) = - , 1=0,1 (8.1)
(0 + €) cosh z+\/g(@i’/‘;l(z)_5) —d+e
for l =0 as 6 — 0, one obtains
2e
lim |®, 50(2)| = lim — ‘ = 00.
00 =0\ _(§ +¢€) cosh m+\/3(§_\/g)+\/5m —d0+e
. . . _ 1 . J’_ _ 1
The limits }13(1)@6,5,0(2) = ot for |Qz| < /e and (%13%(1)6’570(2) = o,z are

direct consequences of the identities ®. 50(z) = P 51(2) for any z with |Jz| < /en and

1

(IDZ&O(Z) = @ 51(2) for any z with |Jz| = /e, as well as the limit %iir(l)q)w;,l(z) =

z

2V

O]

for any z € C, which will be verified in the next theorem.

Theorem 8.2. Let ®.51(2) be the solitary wave solution as defined in Theorem 6.2,

satisfying Equation (4.1) on the domain Y.s51. Then ginéie,(;,l(z) — sech? 2\25 for any
z € C.

Proof. Let p be any fixed constant with 0 < u < \/sﬂ, and let

M, =C\ k:‘ijoo{z €C; Sz — (2k + D)Wer| < p, |Rz2| < p}.

Since O 5,1 is a periodic function with the period T' = 2\/e i, O, 51 maps M, to the set

as shown in Figure 9, which is bounded by the streamlines y; = /em — u = y(§,n) and
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ya = Ver+ u=y(& n), and the equipotentials 1 = p = x(&,n) and —z1 = —p = 2(€,n)
of the single-valued branch ¥,. Because

ZZ%[)H |%(@e,5,1(2))‘ = ‘%(@e,é,l(i(\/gﬂ- - N)))‘ = N

and O, 51 (i(vem — p)) = 5 — iny, it follows from (4.5) that

Ver —pu=dn, +2/€ tan_l(\/g tanh%).

In other words, \/g tan \/Eﬂ_zu—\/_g\/gn“ = tanh 2 with 0 < v/§7,, < /e — p, which implies

%iH(l)’l]M = 0. In addition, |R(Oc,s1(2))| < 2L. Therefore, taking the limit on both sides of
Equality (8.1) for I = 1 as § — 0, one obtains

2€ 12 z
= sech” —
€(cosh 2 +1) 2,/€’

51% O, 51(2) =

for any z € M. Since p > 0 is chosen arbitrarily small, the above limit holds for any
z€ C\{(2k+1)y/emi; k =0,£1,£2,---}. To show %%@67571((216' + 1)\/emi) = oo, one
uses the identities R(Ocs1((2k + 1)y/emi)) = Z, |F(Oc,51((2k + 1)y/emi))| = ne, and
\/g cot /2 2 = tanh = with 0 < Vone < yJem. It follows that }12%776 = 1o exists and

€

B tanh > = 1. Then taking the limit on both sides of Equality (8.1) for [ = 1 yields

2€
lim |®, 2k + 1 D = i _
5li%| 51((2k + 1)Vemi)| s 6+ 0 cosh (2k+1)\/27zii\/5n€i i %)

NG

for any integer k. U

Theorem 8.3. Let @5, 1 be the solitary wave solution as defined in Section 5.2, satisfying

Equation (5.1) on the domain Vs ,1. Then lim®s , () = — sech? 3 Jor any z € C.
§—0

Proof. Let v be any fixed constant with 0 < v < ,/pm, and let
M, = @\k_‘fj’ (2 €C; [Sz— (2k+1)/pr| < v, |Rz| < v}

Then Z5 ,,; maps M, to the region bounded by the streamlines yo = \/pm—v = y(§,n) and
y1 = /p7+v=y(,n),and the equipotentials x; = v = z(£{,n) and —z; = —v = z(§, 1)
of the single-valued branch Ay, as illustrated in Figure 12. It follows from Lemma 5.1 and
(5.3) that

S%’( |%(E57p,l(z>)| = Eé,pd(” +Vpmi) =&y,
ze v
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and
tanh & — tanh 5”

—v — = \/_y-l- lo 2
Ve oLt VP 5 ht—0+tanh€—v

Thus tanh 5” = tanh to coth Vo, tr , which leads to the estimate

55
: V3

0 1 \/7 \/\/7—1— 1— tanh T—tanh\//_)

el/

- 5 2 1—|—tanh
(1-/2)Ve 2
2
5—>0 tanhﬁ

Therefore, there is a g > 0 such that

sup [E,1(2)| < sup (&, +7) < ox.
zeEM, 0<6<do

Then taking the limit on both sides of Equality (7.9) for j = 1 leads to the convergence

—2
éiH(l) ®s.1(2) = lim P = —sech?

9=0 (p — §) cosh —ZJF\/S\E/%’”’l(Z) +p+9 2\p

for any z € M,. Since v > 0 is arbitrary, the above limit exists for any z € C\ {z =
(2k + 1)\ /pi; k= 0,41, 42,---}.

When z = (2k + 1),/pmi for some integer k, |Z5,,1(2)] = |R(E5,5,1(2))| = &, where &;
is the intersection point of the equipotential 0 =x(§,n) of Ag and the real axis. It follows
from (5.3) that tanh %5 = \/7 coth , and thus hm&; &o exists with %0 tanh %0 =1.
Taking the limit on both sides of Equahty (7.9) for j=1and z = (2k + 1),/pmi again,

one obtains

2p
lim |@s,.1(2)| = lim . = 00.
=0 0=0 ‘(P — d) cosh (2k+1)\/\ﬁ/gli\/g§6 +p+9
This completes the proof. 0

Remark. The nonlinear integrable Equation (1.1) has provided an interesting example
to show how singularities of solitary wave solutions change their nature when the nonlinear
dispersion terms vanish. Both functions ®. 51 and ®s , 1 have movable branch points of

order three. When 6 — 0, each pair of the singularities +v/6 7 + i(2n + 1)\/en, for n =
35



0,£1,£2,..., of the function ®. 51 becomes closer and closer, and the points eventually
collide with each other to form a movable pole of a solitary wave solution to the KdV
equation. The same situation also happens to each pair of singularities i[(2n—|—1)\/ﬁ:t\/g Its
of the function @5, as § — 0. Whereas the branch points i[(2n + 1),/p = V/§ |7 and the
branch lines {z = z +i[(2n + 1)\/p £ Vé]m x < 0} of the function @, collide such
that the limiting function becomes infinity on the line {z =z +i(2n +1),/pm; x < 0}, for

n=20,£1,+£2,..., as ¢ reaches zero.

Theorem 8.4. Let ®s ,5 be the solitary wave solution satisfying Equation (5.1) on the

domain Vs ,2 as defined in Section 7. Then

00, if Sz=02n+1)/pm and Rz <0

%i_r)% (Dé,p,2(z) =

— sech? otherwise

z
2\/57
for integers n =0, +1,4+2---.

Proof. 1t follows from the definition of @5, and ®s, 2 in Section 4 that @s,1(2) =
@5 ,.2(z) for any

zeC\ |J {z€CRe<0,((2k+1)y/p — Vo) < Sz < ((2k+1)yp +V5)r}.
k=—oc0
Therefore, for any z with Rz > 0, or z # (2k+1),/p i and Rz < 0, whenever ¢ is sufficiently
small, the equality @5 ,1(2) = D5, 2(2) holds. Hence, %il’f(l)q)g’p’g(Z) = %irr(l)d)(;,p,l(z) =

25

If 2 =2+ (2n + 1),/pmi for some integer n and x < 0, then Z5,2(2) = & > 0 and
tanh %’“ = tanh %0 coth ‘/3257\%“. It follows that &, 40, oo, and V&, + 020, ), Taking
the limit on both sides of Equality (7.9) for j = 2 and z = x + (2n + 1),/p 7i, one obtains

—sech?

. . 2p
lim |@s,2(2)| = lim ‘ = 0.
5—0 5—0 (p . 5) cosh (2n+1)\/ﬁ\7;%+\/35x+m fp+6

O

Remark. It is worth observing how the mass of the solitary wave solution changes as
0 — 0, when their definition is restricted to the real axis . The computation on partial

derivatives of ¢, s and s , with respect to d provides the following expressions,

Opes(z) (04 €)(5 —0)cosf(sinb + sin )

a5 462(1 +sin6)
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and
Opsp(x)  ptsinht

a6 462

where § = O, 50(z) = Ocs51(z), t = Z5,1(z) = :5p2( ) for any 2 € R. Since —F <

—90<9<—Whenaz<0and”<9<7r—l—90< T if ¢ > 0, 8“0585(36)>0f0rany336]1§

While [t| < tg for all z € R, and thus aw%g(x) > 0. In consequence, for any = € R, the

following inequalities

(tanh2 %0 — tanh? %),

x
sech? == < @e5, () < e, (2) and  — sech? NG < 951,0(7) < s,,p(x) <0

\/_

hold if §; < d2. Therefore, the solitary wave solutions of the KdV equation attains the

minimum mass 1nf{ =5 ¢es(x)dz} among those of Equation (4.1); whereas it attains the

maximum mass Sup{ [7°_ |¢s,p(x)|dz} among solitary wave solutions of Equation (5.1).

9. Conclusion. It is worth comparing solitary wave solutions of Equation (1.1) with

those of the perturbed evolution equation
Uy + €Ugay + (U)z + 6(u?) ggz = 0 (9.1)

whose travelling wave solutions, including the compacton

4\ 21 — A\t
Hcost =2t |z — M| < 2o T
w(x — M) = 3 4v/5

0, |z — Xt| > 267

have been studied by Rosenau and Hyman [2] when € = 0 and § = 1. Substituting a
travelling wave solution u(x,t) = ¢(z — ct) into Equation (9.1) for some constant ¢ > 0,

one obtains the equation
—C¢, + E¢m + (¢2>/ + (5(¢2)/” —0. (9.2)

For €¢,§ >, this is a counterpart to Equation (4.1), and has an analytic solitary wave
solution decaying exponentially to zero at infinity. Equation (9.2) may be studied in a way
similar to that we have used to deal with Equation (3.7), i.e. reducing Equation (9.2) by

integration to obtain the equation

0% (y2 — &) (¢ — y1)
(269 + €)? '
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We then apply the transformation ¢(z) = L5 (sinf(x) + sinbp), where

206 — € — /(26 — €)% 4 9bce _2¢0 — €4 /(2¢6 — €)% + 9dce

and sinfy = % and |0g] < m/2. Integrating the resulting equation to derive the
expression
tan 2 4 tan %
—x:2\/5(9—z)+\/§10g T (9.4)
2 c 1+ tan 2 tan §

which implicitly determines 6 as a function of z.

Although Equations (9.4) and (4.3) look quite similar, there are still differences between
corresponding solitary wave solutions in these two systems. Extending the solution 0(z)
of (9.4) to the complex plane, one finds that the extension has singularities as movable

branch points of order two, taking the form

. 6—6
+_ 7P B e hl € :
2 =+V6 ((4k + 1) +20 — /5 log T ) + \/:(271 + 1)mi

for some integers k and n. Here sin § = sin 0y + 2—\\/[537 cos by and 0 < 6 < /2. The solitary
wave solution ¢ of Equation (9.2), when extended to the complex plane, has a Puiseux

series expansion near each branch point z,, taking the form

6(2) = _2_65 +3 an(z - 2n)% e e ifelet 400) (z— =)
k=1

Nf=

-+
26 26v/36

In contrast, any extension of the solution 6(x) to Equation (4.3), and in consequence, the
corresponding solitary wave solution ® of (4.1) have branch points of order three, taking
simpler expressions as (2k + 1)v/d 7 4 /€ (2n + 1)mi for some integers k and n. Near each

movable branch point 2y, the Puiseux series of the function ® takes the form

€ > 2k e 1 /92%(e+6 s 2
@(2):—g+zbk(z_zo)3k:—g‘f’g(%) (2 —20)3 4.
k=1

Another difference is that the derivative of solitary wave solution of Equation (9.2) has
more zeros than that of the solitary wave solution to Equation (4.1). It follows from (9.3),
(9.4) and the transformation ¢ = 25 (sinf + sinfy) that when ¢(z) = y2, ¢'(x) = 0,
0(x) =2kn+7/2and x = 4k:7r\/5—|—2n\/§i; whereas if ¢(z) = y1, then ¢'(x) = 0, sinf(x) =

—1 and 2 = 2V/6 (2k + 1)1 + v/ <(2n + 1)7i for some integers k and n, which are located
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on the same horizontal lines as branch points 2= of the function ¢. Nevertheless, solitary
wave solutions to either Equation (9.2) or Equation (4.1) converge to the compacton of the
corresponding limiting equation as e — 0, and they converge to the solitary wave solution
of the corresponding limiting KAV equation as § — 0.

Included in our further studies are also singularities of solitary wave solutions to both

Equation (5.1) and its counterpart equation

¢ —pd" +(¢%) = (") =0 (9-5)

whose solitary wave solution exists when p > 46 > 0 and converges to the peakon ¢, =
—26;|—f3| as p — 44. Extensions of solitary wave solutions of Equation (9.5) to the complex
plane have branch points of order two, having different structure from that of branch points
of solitary wave solutions to Equation (5.1). Our inquiry is to understand how different
nonlinear dispersion terms in these evolution equations influence behavior of their solitary
wave solutions and other travelling wave solutions. As we have also mentioned in Case
IT of Section 3 that when a € (—o0, =3 — cv) U (ﬁ_;o‘, 00), System (3.7) has a cuspon at
the fixed point (a,0,0). That means there exists a function of the form a + ¢,(z) such

that ¢, (x) is an even, continuous function, approaching zero at both —oo and oo, and
infinitely differentiable everywhere except at x = 0 at which the graph of ¢, has a cusp,

i.e. |lilm |¢! (x)| = co. In addition, ¢,(x) satisfies Equation (3.11) everywhere except at
z|—0

x = 0 and the trajectory (¢q(z), ¢, (x)) is an orbit in the stable manifold of System (3.11)
at the origin when z > 0, while the trajectory (¢.(z), ¢, (x)) is an orbit in the unstable
manifold of System (3.11) at the origin for x < 0. The function ¢, may be obtained

B—va

implicitly in the following way. If a € (55

to that used in the beginning of Section 4.2 to reduce (3.11) to (5.1). Since 0 < p < §

5 -, one needs to use the transformation ¢ = 52_—5’) cosht — pQ—? to Equation

(5.1) to derive the expression (5.3) with the parameter ¢y defined as coshty = gf—ﬁ and
V8 (1—cosh t)

cosh t—cosh tg

,00), one may adopt a procedure similar

when a >

the derivative expressed by ‘fi—f = . Therefore, Equation (5.3) still determines

t = t(x) as a continuous function of x defined on the real axis implicitly, but having a

singularity at z = 0. In consequence, ¢,(z) = [3a + v(a + c)](% cosht(z) — p2_—|(-55) is

the function we have described above. In a similar way, one may obtain the continuous
function ¢, implicitly for a < —08 — cv in Case II or for a # —( — cv in Case IV as
discussed in Section 3, such that ¢, also has the character of possessing a singularity at

x = 0 in the form of a cusp in its graph and thus called a cuspon. Since these cuspons

oo
also have Puiseux series expansion of the form Y apz?*/? near their singularity = = 0
k=0
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and ¢, exponentially to zero at infinity, they are weak solutions of Equation (3.7) in the
sense as defined in Definition 3.1. The singularities we have discussed above are caused by
the nonlinear dispersion terms in Equation (1.1), a different feature from travelling wave

solutions of the KdV equation and worth being studied further.
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