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Slide 19 of M 9/22

Linearization ofFF : /R-<R
, Lf"+ 5f+3f2 = 3 .1

[ at 1
.
Similmif"+Ef- F=0.

& [YR/= F(y))
L- um

Dontimesolutionspace VteIR
,
Y(A)= F(Y(A)

,
Y(A)

[Simila : F(yy) = 3-5x+3y7

Eg if F :-I is defd by Exye, Fo(x
,y)= -Ex+y[then SE is the solution set to = -Y+ Y?



um

traveling in IR, mass= 1

Say -Y+ Y2 second order ODE nonlinear·cate
a

-
-

m um
-

drag force field

CD" = 1 272=4 26
-> -: & Particlein fre

etc. "Visualize force field (i
,

Y)F(j)



VF:= R,

# : R--IR[ is defa by : Ex
,yelR,&F(Q(F(y, 4) .

"Special"

Eg
if Fo :R"-R is defd by ExyelR, Fo(x

,y)= -Ex+y
then ExyelR, =(x,y)= texty, *) .



F V :Hi.R
,

[ # = [(X
,
Y) : IR-XR2

- stxx,
= V(
, i))

(long-time) solution space
VAEIR
,
(Y(A, YA) = V(X(A), Y(AD

F
if V."-IR is defd by ExyeR, V(x,y)= Ex+y, X)

then SV is the solution st to (X
,
Y)=EX+

2

,
X).



V : Hi R
:

FIR-R

V(y) = () F(u
,
Y) = Y

particle in R2 I masi le in IR

position= velocity (position,velocity)
E

> force



Eg if V :R-I is defd by Exye, V
.
(x
,y)= EExty;*)[then Sv is the solution st to (X
,
Y)= E5X+ Y

,
X)

.

V
, 1) = (t) V(D1) = (, (

[
W
I
La

SPECIAL⑮ ⑫(1)= (5
,2) rise = X-coord of ftpt

S etc. . "Visualize Vo .·
X-coord&-)= (5, 0) Particle in a wind field
rise= VF

s SPECIAL VF



EFF :R
,
S> S

Fo(x
,y)= -Ex+ya Y>(Y, y)-v

=- I(X
,
Y)

= (x
, y) = Ex+y, X

f

L

=and i=XS(x
,i)Ex+ Y, X

=> i=X= - *X+Y=-y+ya
=> i = -



Th FV :R=R
,

-

5- -

(X
,
i)> (X(0, y(0)[

injective . (Bijectiveeie sens)is

-

RetImage of this
map

is EC
,
the

IR2 coordinate solution space of V-



DefFF :RIR, : CSE
IlE -detF :R=<R2

(0
,y --> (F(x,y),)
-

[ E ES--I same image

-
image=CSFER



Goal Find F :R<R
-

< R2

CSF is something like[ St
.

# Gain e



Too hard...



Easier Gal Find 6 :<IR2-

not necessarily special

CS isI #*↓disl



Def &G :R-IR" by

VyyeR, G(yy) = (x-
,

0).[C at special
=act: Co

,

is the
y-axis ; 1-deil



-

i
Fte(-o; 2), X(A) =e

,
Y() = Y -

the(o; 2), (X(A), YAD =(e , 0 = G(X(t, Y(A)
.

[t : (X, Y) is the maximal solu to (X, i) = G, (X) E(,)



-

i
Fte(2; a), Y(A) = et

,
Y(a)=

FteEzia)
, (X(A), YAD =( , 0 = G(X(t, Y(A)

.

[t : (X, Y) is the maximal solu to (X, i) = G, (X) Ef,))



*
Fte(-w; a), X(A) = 0

,
Y(a)=

Ete(o; a), (X(A), Y(t) = (02 , 0) = G(X(t, Y(A)
.

[t : (X, Y) is the maximal solu to (X, i) = G, (X*) E(0 ,i)



Vyzo, B(y) = 0[Refine B :R--IR by : &Vy so, ply-eve.

Eact : B is C".

Def & :R-IR" by[VyyeR, G(x,y) = (x-. (p(y)) , 07.



VyyelR, G(y,y) = (x = · (p(y)) , 07 .

↑

&
↑ -

-

S

↑

&
-
.

&
↑ -

-

F·&·
-> -- 3 rescale at (x

,y)
-- by B(y) to get G,(x,y)

Let c := B(i) ·

Def (XY) : IR--Ri by[Hte(zia), X(t)=t , Y(t) =-Y
Max solu to (X

,
Y = G (X

,
i) at (e

,

-*)



VyyeR, G(x,y) = (x-. (p(y)) , 07.

is↓disl







BACK TO

G Find F :RPR

< R2
st

. CSt is something like

# Gain e



Let <:R<R
,

Xo
,yoaR.

Assume Vx+ 0
,
x(x)+0

C VX*0 2x+ 0

eg .

3
,)! eg.

Xm>X

C = 4 -3 =-5

Choose CEIR st
. gph of x+ C

passes through (Xo
,y. ).[ h(z) +c = 4



<:R<R
,

X0
,yoaR 2+2 passes through (X-,yo)S

Findanfrom (x
,yo) to (x,yo)+ Crun, rise)

St
. x+C at (x0

,yo)IExecuis tergent to
&

and rise = X SPECIAL

Do this Ex
,yo ER.

particle in1R2
position- velocityF[ V: R2-R2

so F :/-R stV=F
particle in # Cvelocity, position) It force



Find a rector from (x
,yo) to (x,yo)+ Crun, rise)

St rector is tangent to 4+C at (x0
,yo)

Crun
,
rise)= (0,2) =(+CW] and rise = Yo

.[ rector is not vertical

Assume 400. Quexo=0 later)
Then &Go0 and rise to

.

Then runto
. wise=(0.

run-rise Crun
,
rise) = (x) , *)



Crun
,
rise) = (*) , *)

Do thisX
,Yo ER .

Get a special UF V:R-R?

VoyotR, V(x
,yo = (f ,) if x00.

Vx
,y
= IR, V(x

,y) = (af(x) , x) if x =0.



V(x
,y) = (af(x) , x) if x =0.

rise = X-coord of fept
((x)= X2

V(x,y) = (t, x) if X=0.I*ExelR
,

V(x
,y) = (5,4) .

all arrows have run I down arrows

↑ more a more

Important:lin) exists
less a less full

horizontal
-rise



* ar

y
= e
-x+C

Blue is complete. Rest is not.

Blue> solution space to (X, Y)=V(X, 4)
=(F(X
,
Y)
,
X)

=> solution space to Y= F(Y
,
Y)

.


