Financial Mathematics
Variations on Stokes’ Theorem




COS z = % (eiz —+ e_iz) Sinz 1= % (eiz — e_iz)
5+42
0042-1. a. Compute /2 cos(2z) dz.
1
4
b. Compute / cos(2z) dz.
544+

< 4
@ c. Compute /2 cos(2z) dz.
I I I ¢ —> 1

d. Show that the complex Iimit
cos(2(3+2i+ h)) —cos(2(3 + 21))

lim exists,
h—0 h

2

and is equal to —2sin(2(3 + 217)).




5+41

0042-2.a. Compute /2 2|4 dz.

(
4 4

D. Compute/ 1z|™ dz.
5444
4

c. Compute /2 12| dz.
(/

d. Show that the complex limit

: 13420+ h|*— 3+ 234
L h—0 h

does not exist.




0042-3. Let P :=p(x,y) = —v.

Let Q :=q(z,y) = .
Let V : R? — R? be the vector field
defined by V(z,y) = (P,Q). (The “tornado”.)

Let a(t) = (5,34+1t), B(t) = (5 —3t,4),

v(t) = (2,4 —1), 6(t) = (2+ 3¢,3),
for 0 <t<1.

Compute Uol V(a()] - [/ (1)] dt} n
[ e FOla| + | [ V- @) +
G 5 ar|

(To what extent does the current help us

as we swim around «, 3, v, then §.)




unassigned:
Let P:=p(x,y) = —v.
Let Q :=q(x,y) = x.
Let V : R? — R? be the vector field

defined by V(z,y) = (P,Q). (The “tornado”.)
Let R be a rectangle in the plane.

Let o, B, v and ¢ parametrize the four sides
of R, in the counterclockwise direction.

Show that { /O Y )] - [ (9)] dt} +

Jy V- @ ar| + | [ G- bl +

_/01 [V(S())] - [6'(¥)] dt} equals twice the area of R.

(The extent to which the current helps us .

is the area enclosed in our swim.)




0042-4. et P :=p(x,y) = —v.
Let Q :=q(x,y) = x.
Let a(t) = (5,3 +1), B(t) = (5—3t,4),

v(t) = (2,4 —1), 6(¢) = (2+ 3¢,3),
for 0 <t<1.

Let a ;= a(0) =6(1). Let b:=6(0) = a(l).
Let c:=~(0) =p6(1). Letd:=46(0) =~(1).

Let K be the 1-chain {(a,b), (b,c), (c,d),(d,a)}.
Let w = Pdx + Q dy.

Compute / w.
K




0042-5. Let P :=p(x,y) = —v.
Let Q :=q(x,y) = x.

_et R be the rectangle [2,5] x [3, 4].
et w:i=Pdx + Q dy.

a. Compute 9R.

b. Compute/ w.
OR

c. Compute /R dw.




Let ¢ 1= +/—1.
0042-6. Let P := p(x,y) = z? — y2.
Let Q ;= q(x,y) = 2xy.
Let a(t) = (5,34+1t), 8(t) = (5 —3t,4),
() = (2,4 —1), 6(t) = (24 3¢,3),
for 0 <t < 1.

Let a ;= a(0) =6(1). Let b:= 6(0) = a(l).
Let c:=~(0) =p6(1). Letd:=46(0) =~(1).
Let K be the 1-chain {(a,b), (b,¢), (c,d), (d,a)}.

Define f:C—C by f(x+1i1y) = P+ 1Q
(Note that f(z2) = 22.)
Let w:= f(2)dz.

Compute / W. 8

K




Let ¢ :=+/—1.
0042-7. Let P :=p(x,y) = 12 — y2.
Let Q = q(x,y) = 2xy.
Let a(t) =5+ (34+1t)i, B8(t) = (5 — 3t) + 44,
v(t) =24 (4 —1)i, 6(t) = (2+ 3t) + 34,
for 0 <t<1.

Let a:= a(0) =6(1). Let b:=3(0) = a(1).

Let ¢c:=~(0) =3(1). Letd:=46(0) =~(1).
Let K be the 1-chain {(a,b), (b,c), (c,d),(d,a)}.

Compute /K(P iQ)(dx + 1dy).

l.e., compute Pdx| — Qdy| +

? Qdx|+ 1 P dy




0042-8. (087 2
Compute / x dx + ye' dy — x<e” dz,
(7,8,9)

i.e., compute /L x dx + ye* dy — r2e? dz,

where L is the directed line segment
from (7,8,9) to (9,8,7).

0042-9. Let R := (2,4) x (6,9).
Compute /R (2% 73Y] dy A dz.

10




0042-10.

Letw = f(u,x,y,z,t) beany O-form inu,z,vy, z, t.

Show that d(dw) = 0.

0042-11. Let A, B, C, P, Q, R, E, F, G, H
be expressions in u,x,vy, z,t.

Let w:= Adx A dy
Pdx N dt

BdxNdz+ Cdy N dz—+
Qdy Ndt + Rdz N dt+

EFduNdx+ FduNdy + Gdu Ndz+ Hdu A dt.
SO w is a 2-form in u,x, vy, 2, t.

Show that d(dw) = 0.
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0042-12. i:=+—1
Define f: C — C by f(z) = e* + sin (\z\Q).
Define u,v : R2 — R by

fz +1iy) = [u(z,y)] + [v(z, y)li.
Let U :=wu(x,y) and V :=v(x,vy).

a.Find U and V.

b. Determine whether the
0.U = 8yV & 8,V = —g,u “AUShy Riemann
hold.

12




Sinz 1= %(eiz—e_iz) i =41

0042-13. Define f: C — C by f(2) = sin(z2).
Define u,v : R? — R by
flz+iy) = [u(z,y)] + [v(z, y)]i.

Let U :=wu(x,y) and V :=v(x,vy).

a.Find U and V.

b. Determine whether the

OxU = 0yV & OV = —0yU Caueccglgéﬁgenn;ann
hold.
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COSz = % (eiz + e_iz) ii=+/—-1

0042-14. Define f: C — C by f(z) = |z|? cos(z).
Define u,v : R2 — R by

f(z +iy) = [u(z,y)] + [v(z, y)]i.
Let U :=wu(x,y) and V :=v(x,vy).

a.Find U and V.
b. Determine whether the

0.U = 8yV & 8,V = —g,u “AUShy Riemann
hold.

14




COSz = % (eiz + e_iz) ii=+/—-1

0042-15. Define f: C — C by f(z) = cos(z).
Define u,v : R2 — R by

f(z +iy) = [u(z,y)] + [v(z, y)]i.
Let U = u(x,y) and V :=v(x,y).

a.Find U and V.
b. Determine whether the

0.U = 8yV & 8,V = —g,u “AUShy Riemann
hold.
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0042-16. Write
[(zz + y3)dx + 3yzdy + (2% + zyz) dz]
A (8 = 22yz3) de + (4y — 3) dy + (y" — =) dz]
in the form [f(xz,y,2)]dx A dy
+lg(x,y,z)] dx N dz
+[h(x,y,z)] dy A dz

0042-17. Write
[xy223 de Ax3y2z dy+dandz+ (y2+22yz) dy Adz]
A [(z — 29y) dx + 4x2y?22 dy + (52 — 2zy) dz]
in the form [f(z,vy,2)]dx AdyAdz
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0042-18. Compute d(z2e¥?),

the exterior derivative of
r2eY?
with respect to z, v, z.

0042-19.
Compute d(y° dx + 2e%¥% dy — de~ %% dz),

the exterior derivative of
y° dx + 2eTV% dy — de %% dz
with respect to z, v, z.

17




