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(a) e*[(cos3) 4+ i(sin 3)]

(b) e*[(sin 3) + i(cos 3)]
(c) e3[(sin4) + i(cos 4)]

(d) none of the above
0% 0% 0% 0%

N 9 % v
1 2 3 4 5 6 7 8 9 10 | 11 12 13114 |15 )16 |17 | 18 | 19 | 20
21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35| 36 | 37 | 38 ] 39 | 40
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i i=+—1

e(IN2)4+(m/2)i — 27

(a) 2

(b) -2

(c) 2i

(d) none of the above
0% 0% 0% 0%

N 9 % v
1 2 3 4 5 6 7 8 9 10111 12131141516 |17 |18 ] 19 | 20
21 | 22 | 23 } 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40
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i i=+/—1

e~ 1T =77

(a) i/e
(b) —i/e
(c) 1/e

(d) none of the above

0% 0% 0% 0%

Correct answer: —1/e

1 2 3 4 5 6 7 8 9 10111 12131141516 |17 |18 ] 19 | 20
21 | 22 | 23 } 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40

N v %> ™
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i i=+—1

34+ 5; = re?
(r>0,0<6<2r)
Find r.
(a) r = 324 52
(b) r = /32 4 52
(c)r=3+5
(d) none of the above
0% 0% 0% 0%
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
)
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1= +—1 | ;

—3 = ret
(r>0, 0<6<2n)
Find r.

(a) —3
(b) O

(c) 3i

(d) none of the above

0% 0% 0% 0%

Correct answer: 3

1 2 3 4 5 6 7 8 9 10111 12131141516 |17 |18 ] 19 | 20
21 | 22 | 23 } 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40

N v %> ™
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1—|—i='rew
(r >0, 0<6<2m)
Find r.

(a) 1
(b) 2

() v2

(d) none of the above

0% 0% 0% 0%

N 9 % v
1 2 3 4 5 6 7 8 9 10111 12131141516 |17 |18 ] 19 | 20
21 | 22 | 23 } 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40
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3—|—5i=rei9 \
(r >0, 0<6<2m)
Find 6.

(a) tan(3/5)

(b) arctan(3/5)

(c) arctan(5/3)

(d) none of the above
0% 0% 0% 0%

N 9
1 2 3 4 5 6 7 8 9 10 | 11 12 13114 |15 )16 |17 | 18 | 19 | 20
21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35| 36 | 37 | 38 ] 39 | 40
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1= +—1 | ;

—3 = ret
(r>0, 0<6<2n)
Find 6.

(@) O
(b) ™/2
(c)

(d) none of the above

0% 0% 0% 0%

N 9 % v
1 2 3 4 5 6 7 8 9 10111 12131141516 |17 |18 ] 19 | 20
21 | 22 | 23 } 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40
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1—|—i='re7;9
(r >0, 0<6<2m)
Find 6.

(a) 7/4
(b) 7/2
(c) =

(d) none of the above

0% 0% 0% 0%

N 9 % v
1 2 3 4 5 6 7 8 9 10 | 11 12 13114 |15 )16 |17 | 18 | 19 | 20
21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35| 36 | 37 | 38 ] 39 | 40
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(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dimim

O O =

o+ O

o O O

o O O

0%

Y

0%

%

0%

>

0%

D
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(@) O

(b) 1

(c) 2

(d) none of the above| 3

Oof 5

dimim

O O =

o+ O

= O O

o O O

0%

Y

0%

%

0%

>

0%

D

12




(@) 1

(b) 2

(c) 3

(d) none of the above

Oof 5

dimim

o O o+

o O+~ O

o = O O

o O O O

0%

Y

0%

%

0%

>

0%

D
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(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dimim

oo O O =

o O +~ O

o O = O

o O O O

0%

Y

0%

%

0%

>

0%

D

14




(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dimim

O O =

o+ O

o O +

o O~

0%

Y

0%

%

0%

>

0%

D

15




(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dim ker

O O

o+ O

o O O

o O O

0%

Y

0%

%

0%

>

0%

D
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(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dim ker

O O

o+ O

= O O

o O O

0%

Y

0%

%

0%

>

0%

D

17




(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dim ker

o o o+

o O - O

O = O O

o O O O

0%

Y

0%

%

0%

>

0%

D

18




(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dim ker

o O O =

o O~ O

© O~ O

© O O O

0%

Y

0%

%

0%

>

0%

D

19




(@) O

(b) 1

(c) 2

(d) none of the above

Oof 5

dim ker

O O

o+ O

o O+

o O =

0%

Y

0%

%

0%

>

0%

D

20




(a)10

(b)18

(©)(18)(—4)

(d) none of the above

det

0%

Y

0%

%

0%

>

0%

D

0of 5
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(@) O

(b)10

()14

(d) none of the above

det

0%

Y

0%

%

0%

>

0%

D

0of 5
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(a) 14

(b) O

(©)10

(d) none of the above

det

S W -

O N O

~N O O

0%

Y

0%

%

0%

>

0%

D

0of 5
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(a)10

(b)18

(c) 0

(d) none of the above

det

(@ IO TN

= O O

0%

Y

0%

%

0%

>

0%

D

0of 5
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(a)10

(b)18

(c) —1

O

det

O = =

A~ NN

N W W

(d) none of the above

0%

Y

0%

%

0%

>

0%

D

0of 5
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(@) O

(b)10

(©)18

(d) none of the above

det| 1

0% 0%

Y

%

0%

>

0%

D

0of 5
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(a)10

(b) O

(©)18

(d) none of the above

det| 1

0%

Y

0%

%

0%

>

0%

D

0of 5

27




(a)10

(b)18

(c) 0

—5

det| 1

(d) none of the above

0%

Y

0%

%

0%

>

0%

D

0of 5
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(a)10

(b)18

(c) 0

(d) none of the above

'3 6 17

det |5 10 3
5 10 7.

0% 0% 0% 0%

Y

%

> D

0of 5
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(a) 99

(b) O

(¢) (3)(33—-060)

(d) none of the above

'3 0 O]

det |5 11 6
7 10 3.

0% 0% 0% 0%

Y

%

> D

0of 5
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(@) O

(b) (3)(15 —42)

(©) (—=3)(15—42)

(d) none of the above

0 3 0]

det |5 11 6
7 10 3.

0% 0% 0% 0%

Y

%

> D

0of 5
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(@) O

(b) (3)(42 — 15)

7
det | 5
0

10 3

11
3

6
O

(©) (=3)(42 — 15)

(d) none of the above

0%

Y

0%

%

0%

>

0%

D

0of 5
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7 10 3]
(@) 0 det O 3 O
5 11 6]

(b) (3)(42 — 15)

(©) (=3)(42 — 15)

(d) none of the above
0% 0% 0% 0%

Y v > D

33

0of 5




sv( (0,3,0),

(a) 0 (5,11,16),
(7,10,3) )

(b) (3)(15 —42)

(©) (—=3)(15—42)

(d) none of the above
0% 0% 0% 0%

Y v > D

34
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sv( (7,10,3),

(@) 0 (5,11,6),
(0,3,0) )

(b) (3)(42 — 15)

(©) (=3)(42 — 15)

(d) none of the above
0% 0% 0% 0%

Y v > D

35
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sv( (7,10,3),

(a) O (0,3,0),
(5,11,6) )

(b) (3)(42 — 15)

(©) (=3)(42 — 15)

(d) none of the above
0% 0% 0% 0%

Y v > D

36
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(d) none of the above

MINOors

3 4
6

0%

Y

0%

%

0%

>

0%

D

0of 5
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4
(a) 6 3 cofactor 3 }
4 3 6
(b) N
3
O —4
(c) 5 3
6 —5
—4 3
(d) none of the above
0% 0% 0% 0%

38
0of 5




(a) {6 5} transposed cofactor 3 4}
4 3 6
(b) 6 4
5 3
6 —4
©1 5 3

(d) none of the above
0% 0% 0% 0%

Y v > D
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-8 -1
@|78
[-8 6
By s

-8 —6
@8

(d) none of the above

MINors

0%

Y

0%

%

0%

>

0%

D

0of 5
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-8 -1
@|78
[-8 6
By s

-8 —6
@8

(d) none of the above

cofactor [ =
6

0%

Y

0%

%

0%

>

0%

D

0of 5
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8 -1
(a) [—6 _5}
[-8 6
(b) 1 _s

8 -6
(©) [—1 —5}

(d) none of the above

transposed cofactor

0%

Y

0%

%

0%

>

0%

D

0of 5
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5 7
(a){ } transposed cofactor

s

(d) none of the above
0% 0% 0% 0%

Y v > D

43
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10
(a)( ) #monomials degree < 4
in SiX variables

(d) none of the above
0% 0% 0% 0%

Y v e} D

44
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N N

(a) ( ) #monomials degree <7

in two variables
(b)( )

N O

“(s)

(d) none of the above
0% 0% 0% 0%

Y v e} D

45
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N N

(a) ( ) Zmonomials degree < 2

in seven variables
(b)( )

N O

“(s)

(d) none of the above
0% 0% 0% 0%

Y v e} D
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(a)( 11) F#monomials degree = 4
8

In eight variables
(b) (8)
4

(Q(ll)
4

(d) none of the above
0% 0% 0% 0%

Y v e} D

47
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(d) none of the above

Oof 5

Z#monomials degree = 6
in four variables

0% 0% 0% 0%

N v % 3
48




(a)( 14) #monomials degree = 10
10 in five variables

(d) none of the above
0% 0% 0% 0%

Y v e} D

49
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(a) (7) #subsets of {1,2,3,4,5}
2 with two elements
4

(o) ( )
2

o

5
(d) none of the above (

0% 0% 0% 0%

Y v e} D
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(a) (g) #subsets of {1,2,3,4}

with three elements
4
(b) ( )
1

(© (;)

(d) none of the above
0% 0% 0% 0%

Y v e} D
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(a) (4
0

|

(b) (4
1

©) (4
2

)
)

(d) none of the above

Oof 5

#subsets of {1,2,3,4}
with four elements

0% 0% 0% 0%

N Vv 2 2

52



trace of

(a) —1 1 2
2 3

(b) 4

(c) 8

(d) none of the above
0% 0% 0% 0%

Y v > D
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Oof 5




(a) —1

(b) 4

(c) 8

(d) none of the above

determinant of

HH

0% 0% 0% 0%

Y v > D

Oof 5
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trace of

4 5
(b) 7
(c) —2

(d) none of the above
0% 0% 0% 0%

Y v > D
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determinant of

4 5
(b) 7
(c) —2

(d) none of the above
0% 0% 0% 0%

Y v > D
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(@ N2 47N—2

) N2 —T7A+2

(c) \2

2 X+ 7

(d) none of the above

A2 —TA—2

Oof 5

char poly of

2l

0% 0% 0% 0%

Y v > D

S7




char poly of
(@) N2 —4)\+1 1 92
2 3

() A2+ 44X+ 1

D N4+4)x—1

(d) none of the above

0% 0% 0% 0%

A2 —4)—1 N N 5 X

58
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eigenvalues of

(a) —1,2 [O 2]
1 1
(Hint: A2 —=X—2)
(b) 1,2
(C) 17'_42

(d) none of the above
0% 0% 0% 0%

Y v > D
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(a) __EL‘4

(b) 3,4

(C):3>__ZL

(d) none of the above

Oof 5

eigenvalues of

-5

iy
(Hint: A2 4+7X+12)
0% 0% 0% 0%
N v > ™

60




(a) 2,5

(b) :27__55

(c) —2,5

(d) none of the above

eigenvalues of

o

o

(Hint: A2 43X —10)
0% 0% 0% 0%
Y Vv > ™

Oof 5
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5 (—1)-eigenvector of
<a>{ }

v
o[t
o

—2
(d) none of the above { 1 }

0% 0% 0% 0%

or a multiple
N v > ™

62
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{2} (—3)-eigenvector of
(a)

B

1
(d) none of the above >
0% 0% 0% 0%

or a multiple
N v > ™
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2-eigenvector of

o o)

N W

(a) {

w N

}
ok

(©) -2
3 -

(d) none of the above
0% 0% 0% 0%

Y v > D
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- " q _2} tr-cof of
10 [0 2}
1 1
0O 2
(b) 11
1 1
© 12 o

(d) none of the above
0% 0% 0% 0%

Y v > D
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() -5 1
-2 -2
5 -1

(b) o o

© 2 -1

2 -5

(d) none of the above

tr-cof of

B

0% 0% 0% 0%

Y v > D

Oof 5
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tr-cof of

P

( _

a) 5 1 1 2
- - 6 -2
2 2

®le _1

(C){—z —2}

-6 -1

(d) none of the above
0% 0% 0% 0%

Y v > D

67

Oof 5




inverse of

(a) e 0 2
22 0
2 o H
10 2
®r 750 1
11 -2
) _2{—1 0}

(d) none of the above
0% 0% 0% 0%

Y v > D

68

Oof 5




inverse of

o

(d) none of the above

0% 0% 0% 0%

Y v > D

Oof 5
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1 [—-2 —6]
(a) —

10|-2 -1

1 [—2 2]
®10l6 -1

1 |—2 =2
(c)
10| -6 —1

inverse of

o o)

(d) none of the above

0% 0% 0% 0%

Y v e} D

Oof 5
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L[l 2 s 1]
@ [-1 2[4 1 Tl e =2 10 4
6 —-2|[0 4 C:=A1BA
AClOOA_1=
4100 0 1 1
b
© %5 oo 1)
4100 0o 1 1/2
(C) 0 4100 0 1
(d) none of the above
4100 100 - 499 0% 0% 0% 0%
[ 0 4100 ]

71
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(a) [—5
—2

317

(b)[ i

1 (|3 1
—2110 3

o ][1 1
317110 1

(©) [

317
0

317

(d) none of the above

Oof 5

C:=A"1BA
AOITA—l —

0% 0% 0% 0%

Y v > D

72



0 2
1 1
C:=A"1BA
AC?2 AL =

oy
|

7 0
0 7

72> 0 1
(C)[ 0 '725] [o

1

(d) none of the above

25/2]

|

725
O

Oof 5

0
725

|

0%

Y

0%

%

0%

>

0%

D
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Review definitions:
partition

A= BI[C]I]D

closed, open, compact
dense

Ty, T—

Injective, surjective, bijective
upper bound, lower bound
supremum, infimum

maximum, minimum

a1 T a2 +az =+ - =a

rearrangments converge”?

75




Review definitions:
Injective, surjective, bijective
upper bound, lower bound
supremum, infimum

basis of a subspace
dimension of a subspace

linear transformation
iImage, kernel of a linear transformation

matrix of a linear transformation
quadratic form

matrix of a quadratic form
equivalence of quadratic forms

positive semidefinite, positive definite

oriented paralellogram, oriented parallelpiped
determinant

characteristic polynomial, eigenvalue

76

eigenvector, eigenspace




Definitions:

symmetric matrix
anti-symmetric matrix
nilpotent matrix

standard nilpotent matrix

scalar matrix
Jordan block
orthogonal matrix
rotation matrix

reflection matrix
BN(U'} ’LU) —
Qn(v) =
[B] =
Q] =

Q form <« SB form < symm matrix

77




Definitions:
jet in one-variable calc
jet in multi-variable calc
Maclaurin approximation

conjugate matrices
def'n of eM
rotationally diagonalizable

78




Fact:

left inverse iff right inverse
'ff injective Iff surjective
'fF nonzero determinant
Questions:
Can a nonsquare matrix have both
a left inverse and a right inverse?
Cavley’s Theorem

Spectral Theorem

Can every matrix be made diagonal
through row operations?
How to check diagonalizability?

How to check diagonalizability
over the reals?

e.qg.. diag over C but not over R

e.qg.. not diag over C

79




Skills:
Sum (A+ B)
Product (AB)

Direct sum (A ® B)
Tensor product (A® B)

S
_3 6_
xA(A) =

A =

80




SKills:
Gram-Schmidt
e.d., uy = (1,1), up = (2,3)

Find o.n. vy,vo
s.t. u1,u> and vq1,vo have the same flag.

wq =

V] =

wo =uo — vy L v
? —

Wo =

81




Skills:
Inverse (A~ 1)

= N O

~N A e

w O O

= 77

82




Skills:

Exponentiating a matrix

exp

=3
O

1
-3

O
1

-3

83




Skills:

Exponentiating a matrix

exXp

O
2

1
1

84




Questions:

determinant of direct sum
of square matrices

product of direct sums
of square matrices

inverse of direct sum
of square matrices
Example of non-diagonalizable matrix

Example of complex diagonalizable matrix
that is NO'T real diagonalizable

85




Skills:

Counting subsets with a given size.
Counting monomials of a given degree,

—iNC

Finc
—1NC

—1NC
—1NC

—1NC

INg
ing
ing
INg
INg
INg

with a given number of variables
Row canonical, column canonical forms
—ully canonical form

kernels and images

dimensions of kernels and images
inverses

characteristic polynomial
eigenvalues
eigenspaces

.e., bases of eigenspaces

PCA: KM has orthogonal rows
PCA: KML is diagonal

86



Skills:
Counting subsets with a given size.
Counting monomials of a given degree,
with a given number of variables

Finding eigenvalues
Finding eigenspaces

.e., bases of eigenspaces
PCA: KM has orthogonal rows
PCA: KML is diagonal

87



Questions:
determinant of direct sum
of square matrices

product of direct sums
of square matrices

inverse of direct sum |
of square matrices

88




Discussion:

What is a spanning set of a subspace?

Define linearly independent.

nat is a basis of a subspace?

nat is the the dimension of a subspace?

nat is the determinant. of a. matrix?

nat is the image of a matrix?

nat is the kernel of a linear transformation?
nat is the image of a linear transformation?

_ist all monomials of degree = 4 in x and y.
_ist all monomials of degree < 4 in x and y.

_ist all monomials of degree =4 in zx, vy, z.

222222

89




A homogeneous polynomial

of degree k£ In x1,...,xn
a linear combination of monomials
of degree k In x1,...,xn.
A monomial
of degree k£ In z1,...,xn
IS an expression of the form
Tiy T,

with 11y -yl € {1,...,n}.

A monomial
of degree k£ In z1,...,xn

IS an expression of the form

€1 e
331 ...ajnn’

with eq1,...,en > 0 integers

and e1 +---+en = k.

90




Q: How many monomials are there
of degree <k in x1,...,xn?°

SEORES

Q: How many monomials are there
of degree =k in x1,...,xn?

(PO

A monomial
of degree k£ In z1,...,xn

IS an expression of the form

€1 e
331 ...ajn’n’

with eq,...,en positive integers

and eq1 + -+ e, = k. o




Q: How many monomials are there
of degree <k in x1,...,xn?°

SEORES

Q: How many monomials are there
of degree k in x1,...,xn?

(PO

Q: Inside a set of n elements,
how many k element subsets are there?

n|

A (k): 1 [(n — ko)1) .




Review definitions:

orthogonal
quadratic form

matrix of a quadratic form
equivalence of quadratic forms

positive semidefinite, positive definite
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Questions:

Cayley'’'s Theorem
Spectral Theorem

How to check diagonalizability?
How to check diagonalizability
over the reals?
Example of non-diagonalizable matrix

Example of complex diagonalizable matrix
that is NO'T real diagonalizable

94




