Financial Mathematics
Completing the square




Collecting like terms \

We do not typically write
422 +3+6z+5+22+z2-10+8 =z

Instead:
4+1z2 + (6+2-Dz + (3 +5-10+8)
— 522+ 7x + 6 (decreasing degree)

or: 6+ 7x + 5x2 (increasing degree)

Problem: Collect like terms on
a,at—l—4ac2—2:r:—|—15:1:3—|—b:c—c—|—7——m:'2—|—k

Sol'n: 2

15234+ (4+1r)z?+(a—2+b)x—2x+ (—c+T7+k) B




General problem:
Graph some equation in z and y.
Given a number a.
Replace x by x — a In the equation.
Graph the new equation.

Example: L2t y? =9
Graph $2:9_y2. Ry
Replace x by x — 2. \/($—0)2+(y—0)2=3
Graph (z —2)2 =9 —y2. . 0

In R3: dist((a,b,c), (s, t,u))
— = /(s —a)2+ (t — )%+ (u — )




Example: gdist((a:,y),(0,0)) =3
Graph z2 = 9 — y2.
Replace x by x — 2.
Graph (z — 2)2 =9 — y2.

Example:
Graph z2 =9 =4y
Replace x by - 2.
Graph (z — 2)4'= 9 — 2.
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Translation
Example: z —>Oy 3 gdist((:c,y),(o,O)):?,
Graph z?
Replace x by

Graph (.:c—

—

Shift old graph 2 units to right
— to get new graph.




Translation
General problem:

Graph some equation in x and y.
Given a number a.

Replace @ by @ —=al In the equation.
Graph the new equation.

4

(o

1—4

Shift old graph a units to right
— to get new graph.




General problem:

Translation

Graph some equation in x and y.
Given a number a.

Replace

Y

by

Yy — al in the equation.

Graph the new equation.

Shift old graph a units upward

]

to get new graph.




Dilation
General problem:

Graph some eguation in x and y.
Given a number a > O.

Replace @ by/|x/al in the equation.

Graph the pew equation.

S’tretch old graph by a factor of a in z-direction

to get new graph. | s
]




General problem:

Dilation

A

Graph some equation in x and y.
Given a number a > O.

Replace

Y

by

y/a

In the equation.

Graph the new equation.

% ] 4|- ] |6 w
P+ (/22 =4

0 -

Stretch old graph by a factor of a in y-direction

]

to get new graph. | o




Goal: Eliminate the linear term.

Problem: Graph y = z?2

+ 4«

+ b.

the “linear’” term

Replace z by x + 5.

expand and collect terms

y=(z+5)°24+4(@x+5)+5
= (22 4 10z + 25) + (42 + 20) + 5

— 22 4+ 142 + 50

Question: Any easier to graph

y = 22|+ 14z

the *“
Question: Does this he

original prob

inear’”

+ 507
term

D In the
em of

graphing y = 22 + 4x 4+ 57 [ 1




Goal: Eliminate the linear term.
Problem: Graph y = 2 + 4x + 5.

Replace x by x 4+ 7. 7=-2

expand and collect terms

y=(x+2)°+4(x+7?)+5

=@|J+(2?+4)x+(?|+4?+
make zero

Replace x|by x—2. /

_ '
y=u +(4-8+5)

— g2 + 1 NO “linear” term

(22 + 272+ 72) 4+ (4 +47)+ 5

o)

)

Question: Does this help in the
original problem of

graphing y = 22 + 4x + 57| =




Problem: Graph y = 2 + 4x + 5.

Replace x by z—2.

y=(z-2)24+4(x-2)+5
=224+ 1 NO “linear” term

Question: Does this help in the
Replace xz original problem of

y = (9graphing y = z? + 4z + 57

Note: =(0,5) is on the graph ofn

Question: Does Y = z2 + 4z + 5.
original problem of
graphing y = 22 + 42 + 57

12




Problem: Graph y = 2 + 4x + 5.

Replace x by z—2.

y=(z-2)24+4(x-2)+5
=224+ 1 NO “linear” term

Question: Does this help in the
original problem of
graphing y = 22 + 4x + 57

Note: |(0,5)[is on the graph of
Gnits T right y = a°+ 4z + 5.
so [(0+2,5)|is on the graph of
y = (2-2)?+4(z—2)+5

13




Problem: Graph y = z? + 4z + 5.

IT we take all the points on
y =22+ 4z + 54(x—2) + 5
— 2241 NO “linear’ term

y=(2-2)2+4(z-2)+5
— 2241 NO “linear’” term

Note: |(0,5)|is on the graph of
Gnits T right y = a°+ 4z + 5.
so [(0+2,5)|is on the graph of
y = (2-2)?+4(z—2)+5

14




Problem: Graph y = z2 + 42 + 5.

IT we take all the points on
y = T2 +4x + 5
and shift them two units to the right,
we'll get the graph of
y= (z—2)2+4(z—2)+5
— 2241 NO “linear’ term

Note: |(0,5)|is on the graph of
oS 1Cright y =x*+ 4z +5.
so [(0+2,5)|is on the graph of
y = (2-2)?+4(z—2)+5

15




Problem: Graph y = z? + 4z + 5.

IT we take all the points on
y=ax°+4x+5

and shift them two units to the right,

we'll get the graph of

y=(z-2)2+4(z-2) +5
— 2241 NO “linear’ term

Replacing = by x—2
causes the graph to move
two units to the RIGHT.

16




Problem: Graph y = z? + 4z + 5.

IT we take all the points on
y=ax°+4x+5

and shift them two units to the right,

we'll get the graph of

y=(z-2)2+4(z-2) +5
— 2241 NO “linear’ term

"now work backward:

To graph y = T2 + 4x 4+ 5,
first graph y = z2 4+ 1, NO “linear” term
then shift all the points

two units to the |eft. 17




Problem: Graph y = 2 + 42 + 5‘g

ymlzaz‘Q

N
To graph y = z2 + 1;
first graph y = z2;
then shift all the points

one unit upward.

To graph y = w2 + 4z +
first graph y = T2 —+ 1 NO “linear” term
then shift all the points

two units to the left. 18




Problem: Find the translation that
eliminates the linear term in

y = 422 + 62 — 2
I.e., choose 7 such that
4(x+ 7)2 +6(a: ) —2
has no I|n r ter

Solution:
Linear term = 4(2'?.1:)

= (87 + 6)£U
—6/8 = —3/4 8

?

19




Problem: Eliminate the linear term in

eliminates they — 4m2 1 ﬁ,,, 9

i.e., choose ? Such’fhat™ 6% —
ey =a(z4+7)2+6(x+ 7

2,

— 2

has no linear termf (T + ’) — £ and collect
hélslllnoollllnea—r t%rm ?)2 —I— 6(35' —I— ?) —

7= -3/4

20




Problem: Eliminate the linear term in
y = 432 + 62 — 2,
I.e., choose ? such that

y=4(z+ )2+ 6(z+,7) — 2
has no linear t&m, then £xpand and collect
terms in y = 4%\5\4— ?%46& ?) — 2.
\ Solution: 7= ¥3/4 \
y=4(z— (3/4))?+6(x—(3/4)) — 2
= 422 + 4(—3/4)2 — 6(3/4) — 2—
= 42° + (9/4) = (9/2) =2 Skip linear
= 422 — (17/4) ™ terms

21




Problem: Find the translation that
eliminates the linear term in

Yy = a2 + bx 4+ c,
I.e., choose 7 such that

y=a(ac—|—?)2—|—b(:1:—|—?)—|—c
has no linear term.

Solution:
Linear term = a(27x) + bx
0= (2a7? 4+ b)x
7= —-b/(2a) M

22




Problem: Eliminate the linear term in

y = az? 4+ bx + c,
I.e., choose 7 such that

y=alz+)2+blz+7?)+c

has no linear term, then expand and collect

terms in y =a(z+ )2 +b(z+?) + c.

7= —-b/(2a)

23




Problem: Eliminate the linear term in

y = az? 4+ bx + c,
I.e., choose 7 such that

y=alz+)2+blz+7?)+c

has no linear term, then expand and collect

terms in y = a(z +7)2 +b(z +.7) + c.

Solution: e
( b
=a|r— —
4 2a

—b/(2a)

b

2a
? = —b/(2a)

24




? = —b/(2a)
Problem: Eliminate the linear term i

y = az? 4+ bx + c,
l.e., choose ? such that

y—a(a:—|—7)2—|—b(zr:—|—7 4 c

has no linear term, then pand and collect
terms in y = a(x —|— V24 b(x+7) +c.

Solution: 7= —-b/(2a)

yza(m—i)z—l—b(az— b) i c—a,a’;2-|-—2—£—|—

2a 2a 4a 2a
1
b2 — 4ac
2
= ax‘ — ] skip linear \
4a terms

25




—b/(2a)

Problem: Find the translation th
eliminates the linear term in

=|7(2%/2)|+ 19z
[.e., choose ~ ﬁuch that r.— x4+ 19
y = —((z+ 7)9/2) #19(x £7) + 5

has no linear term

&l

\

Solution: a = — é, b =
?="-b/ = +b/(+1)=1b
7=1910

NOTE: When the quadratic term is —z2/2,

x :— x + (the linear coefficient). | %




Problem: Find the translationthat
eliminates the linear term in

y =|—(x2/2)
l.e., choose 7 such th

y=—(z+7)?/2)+19(z+ 7) +

has no linear ter

Solution: a=-=1/2, b=19
7= —-b/(2a) = +b/(+1)=1b
7=19m

NOTE: When the quadratic term is —z2/2,

x :— x + (the linear coefficien

t) 27




Problem: Eliminate the linear temn in
y =|—(z2/2)|4+ 192 + 5
I.e., choose ? such tha
y=—((z+7)2/2)+ 19+ 7)+5

epyexpand and collect
2/2) +19(z 4+ 7) + 5.

has no linear term,
terms in y = —((x

Solution: 7 = 1/9
y=—((z4+19)2/2) +19(z 4+ 19) + 5
= —(2%/2) = (192/2) + (19%) + 5;

= —(22/2) + (371/2)m SKip linear

terms

28




I.e., choose ? such that
y=—(1/2)(z + 7)?

has no linear term, t

y:

—(22/2)

+7) +e

expdnd and col

terms in y = —(1/2(z + 7)2H bz + ?)

lect

C.

Solution:

7 =b

1
y = _§(x+b)2—|—b(a:+b)—|—c:_-____|_52

= —(2?/2) +

(b°/2)

+c B

\

+ ¢

%bQ

2

NOTE: When

Inear term

ad\ term is —z2/2, rep

by [(1/2)(linear coeff)?|

dCe

29




Problem: Eliminate the linear te N
y =|—(z2/2) +
I.e., choose 7 su

y=—((z+~
has no linear te#

x4+ 7)—3
expand and collect

terms in y = —( =/2) H8(x 4+ 7) — 3
Solution: 7 =8 half \ﬁhe square of
thellinear coeff.

T .— T +,8 | 7
y = —(22/2) + (82/:é>f‘3/

= —(22/2) + 29#

NOTE: When quad. ter/[n IS —332/2, re\\)lace

linear term by (1/2)(linear coeff)2.|*




