Financial Mathematics
The binomial formula




(3;_|_y)ogy#o 1 20 =1 terms
(33 1 y)]': T —|— Y 21 — 2 terms
(a: L y)2: 33(33 1 y) duplication . .
+ y(z +y) ST ATy
— zxr +xy + yxr 4+ yy 22 — 4 terms
(x+y)°= z (zz +zy +yz + yy)
+ y(zz +2y +yx 4+ yy)
. rxx+xrxy4+rxyr+xyy
uplications 23 — 8 terms
+ YT+ YTy +Yyyxr+yyy
(z 4 y)* = r( rrxrtrry+ryr+ryy
+ YT +YrY+yYyYTr+yYyy )  duplications
4 __
4 y( rrr4xry -+ ryr +ryy 2" = 16 terms
= + yrr+yxry+yyr+yyy )=etc.| °
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Lots of duplications. . .e.q.

—+ y)5: TLLLL

+ yyxrxx -

T Yyyxrr -

TTY -

TLYTY
TYTLY
TYYyry
YLLLY
yryry
yyrry
yyyry

25 — 32 terms

TITTYL
TILYYL
TYTYL
LYYYyx
YTLTYL
Yyryyx
yyryx
yyyyx

TTTYY

LTYYY
LYTYy
TYYYY
Yyrryy
Yyryyy
Yyyryy
YYyyy

Start over, avoiding duplications. ..




(.GU L y)Oiﬂ#o 1 — 1

(x + y)l— r + Y = lr 4+ 1y

(z +y)°= 224 2zy+¢y2 = 12242zy + 142
(z + )3 123+ 322y + 3xy’+1y°
(z4+y)°=(@+y) (z+y)?

(z 4+ y)( 1z°42zy+1y?)
z (122 4+2zy+1y?)

+ v (1z?42zy+1y°)
123 4+ 222y +1xy?

+ 1$2y —|—23:y2 1y3

123 +32°%y + 3zy°+1y° *




(z+y)°="" 1 = 1
(z + y)l— r + Y — le + 1y
(z + y)z_ ;U2—|—2:L'y—|—y2 — 1332—|—2:L'y -+ 1y2
(z+y)3 123 4322y + 3zy°+1y°
(z + y)3 — 123 2:132y —|—1a’;y2
+ 1:132y —|—2:13y2 1y3
— 1,:133—|—3a:2y + 3:cy2——1y3
— 13 —|—%a:2y -|-1*.:r;y2
+1 3Ty T3TY 1Y
— — 123 432%y + 3zy’+1y3 °




(z 4+ )O:c_ﬂ;éo 1 _ 1

(z + y)i= r + Y = lx + 1y

(2 +y)?= a°+2ay+y? = 1x2+2wy + 1y°
(z 4 y)°= v> 4322y + 3a?y2+1y
(z+ )* /]
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(z+ y)°= 1 — 1
(z+y= = +y = 1z + 1y
(2 +y)2= 2242zy+y2 = 12242y + 142
(x + y)j: 123+ 322y + 3xy’+1y°
(z +y)
1 2 1
1 2 1
1 3 3 1
1 3 3 1
1 3 3 1
1 4 6 4 1




(CL' L y)O:r:w#o 1 1

(z +y)i= lz + 1y lz + 1y

(x + y)2: 122 4+ 2zyla? +Rxy + 1y2

(x + y)3: 1g3 —|—3:U23_;la—|——|3:r:y2y —+ Ely32—|—1y3

(z + y)*= lz* +4a3y +622y% + 4oy + %y4
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(z +y)P=""" 1

(z+y)'= lz + 1y

(z+ y)°= 122 4+ 22y +  1y°

(z+ y)°>= 1234322y + 3ay? + 14°
(z + = e +4e3y+ 62y + dryd + 1y?

Start with four xs.
Change an x to a y.

Continue. . .
until. . .
four ys.
1 3 3 1
1 3 3 1
1 4 S 4 1

=

Easier:

1 3 3
NS NSNS
1 4 6 4




(.GC L y)0£-l-y#0 1

(z +y)1= lx + 1y

(z+ y)°= 122 4+ 22y +  1y°

(z+ y)°>= 1234322y + 3ay? + 14°
(x+y)t= 1zt 4423y +62%y° + 49> 4+ 19°

1
1\ /1

1 2 1
NY O/
1 3 3 1

. \41’ N3/ N3/ 1
NSNS N _
1 4 6 4 1




11




-y)P="" 1

=) 1= lr + 1y

- y)2= 122 + 2zy +  1y°

L )3= 1234322y + 3zy° + 1y°

)= 12 +4xy + 622y + dayd + 1y°

- y)°=12"450"y+102%y*4102%+ 5 2y +1y°
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Question: How many z2y3 in (z + y)°?

(xz + y)5: LTI

TLYTIL
TYLTIL
TYYLT
YT LLIL
YTYLT
YYT LT

yyyrx

TLITLY
TILYTY
TYLTY
TYYyry

YTLTY

Yyryry

Yyyxrxry

yyyry

TITTYL
TILYYL
TYTYL

LYYYX

YTLYT

Yyryyx

Yyyryx

Yyyyyx

TTTYY

LXYYY

LYLYY

LYYYy
Yyrryy

Yyryyy
Yyyryy
YYyyy
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yyyrx

TYYyry

yryry
yyrry

LTYYY

LYTYy
LTYYyyx

Yyrryy
Yyryyx
yyryx
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position

12345

LXYYY
LYTYY
LYyry
LYYyx
Yyrryy
yryry

YTUYX
yyyrx

yyrry
yyryx

yyyrx

TYYyry

yryry
yyrry

LTYYY

LYTYy
LTYYyyx

Yyrryy
Yyryyx
yyryx
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position

12345

suollisod x
suolyisod fi

TTYYY 12,345

ryryy  13,245| For z,

choose two from
ryyry 14,235 11 345)

ryyyxr 15,234

yrryy 23,145

yryry 24, 135| For y,

YTYY T 25’ 134 choose three from

{1,2,3,4,5)
yyxxry 34,125

yyryr 35,124
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YYYTx 45,123




Question: How many z2y3 in (z + y)°?

For x,
choose two from

{1,2,3,4,5}

For v,
?—Q;C?O;?e three from

{1r2_v3_v_4;5_}two from
{1,2,3,4,5}

For v,
choose three from

{1,2,3,4,5}
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Question: How many z2y3 in (z + y)°?

For x, For v,
choose two from choose three from
{112131415} {112131415}

Question: How many ways of choosing
two objects from among five?

three

Answer: “5 choose 2", written (;)

(5) — 10 .
2




Question: How many z2y3 in (z + y)°?

For x, For v,
choose two from choose three from
{112131415} {112131415}

Question: How many ways of choosing
three objects from among five?

Answer: “5 choose 3", written (2)

DR
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Question: How many z2y3 in (z + y)°?

(z +y)° =

+ (2)%2?;3 + -

Answer: “5 choose 3", written (2)

(3)=x




Question: How many z2y3 in (z + y)°?

. o Ca nfrre_ve rtse \
X — e coefficients,
(z+y) by symmetry. ..

(5

The binomial formula

Answer: “5 choose 3", written (2
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Question: How many z2y3 in (z + y)°?

(z +y)° =

B

5
1

|

(

5
3

|

Binomial
coefficients

rly _|_(5)x2y3 4

342 + (5):1:4;:;1 n (5

2
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The binomial formula

Answer: “5 choose 2", written (2

(

5
2

) =10
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