Financial Mathematics

The Intermediate Value Theorem and
the Mean Value Theorem



Definition:
An output of a function is called a
value of the function.

Intermediate VValue Theorem:

Let f be continuous on [a,c].
Suppose f(a) = s and f(¢) = u.

[Let t be a number strictly between s and u.[*
Then, for some b € (a,c),

(Le., let m = min{s,u}, let M := max{s,u},
and let t € (m,M).)

Buzz phrase:
Continuous functions attain intermediate values.
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MEAN VALUE THEOREM:
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MEAN VALUE THEOREM:

A velocity = rate of change in position w.r.t. time
speed = |velocity|
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MEAN VALUE THEOREM:
A velocity = rate of change in position w.r.t. time
speed = |velocity|
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MEAN VALUE THEOREM:
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Pf. Always > 50 mph = overshoot |instantaneous
Sometimes < 50 mph velocity Is 50 mph
Always < 50 mph = undershoot |at some time (45 min)
Sometimes > 50 mph Sometimes more| 6
IVT:Sometimes = 50 mph QED| than one time.




MEAN VALUE THEOREM:
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Expect: Every avg. velocity is an instantaneous
instantaneous velocity. | velocity is 50 mph

Expect: Every sec. slope is a at some time (45 min)
tangent slope.

Sometimes more| 7

| than one time.




MEAN VALUE THEOREM.
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then 3¢ € (a,b) such that f/(c) = (f(b)z — if("’)).

SOME\IIMES

L oPE — (f(b)z ~ (@)
- a, ; z; : Every sec. slope is a

tangent slope.




MEAN VALUE THEOREM.
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Ze € (a,b) such that f(c) = () = (@)

SOMETIMES
THERE ARE
CHOICES. ..

(f(b)) — (f(a))
b—a

SLOPE =

a e cc b " Every sec. slope is a
tangent slope.




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b). 20

Then Je € (a,b) such that f(¢) = (f(b)) — (f(a)).

INCREASING TEST:

If f/(x) > 0, for all = in an mt#rval I,
then f is increasing on I.

ROLLE'S THEOREM:
Assume that f is co%mt/of [a, b],
that f is differentiablelon (a,b)
and that f(a) ="f(b).

Then He € (a,b) such that f'(c) L2 0.

Every sec. slope is a
tangent slope. L

Idea: If some secant line is horlzontal
then some tangent line is horlzontal.

CONSEQUENSES. ..




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Je € (a,b) such that f/(c) = (f(b)?) — ((lf(a)).
INCREASING TEST: orks for.any
If f/(x)[>]0, for all = in an interval I, (ODehnélfglgsggj
............................... then fisincreasingon f. . .J...(bdd unbdd)
Proof: Let a,be I. Want: f(a) </[f(b).
Assume a < b Assume f(a) >/ f(b).
Want: Contradiction.
Choose ¢ € (a,b) such that f'(c (f(b)) = (f(a)).
(S b—a
/\ <
.................................. Everysecsmpelsa 0
tangent slope. e ZONtradiction. | QED
[dea: If every tangent line runs uphill, 1

then every secant line runs uphill.




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

b —
Then Je € (a,b) such that f(¢) = (fC )?) (f(a)) .

—
“CPEACINC TECSCT. T T T T T T T T T T " " works for any
DECREASING TEST: works for any

If f/(z) <O, for all = in an interval I, (open, closed,
. . half-open)
_______________________________ then f is decreasingon . ~ (bdd, unbdd) |
Proof: Let a,be I. wWant: f(a) > f(b).
Assume a < b. Assume f(a) < f(b).
Want: Contradiction.
b —
Choose ¢ € (a,b) such that f'(¢) = (f(6)) = (f(a)) .
9 o b—a
VI
.................................. EveryseCS|Ope|Sa O
tangent slope. Jsontradiction.  QED
[dea: If every tangent line runs downhill, 1

then every secant line runs downh|ll




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

(f(b)) — (f(a))
b—a '

works for any
kind of interval

Then Je € (a,b) such that f'(¢) =

THEOREM (ONE-TO-ONE TEST):
(open, closed,

, . .
If f'(x) . 0, for all = in an interval I, T Eaen

then f is one-to-one on [I. (bdd, unbdd)

Proof: Let a,be I. Want: f(a) #/f(b).
Assume a #= b

Want: Contradiction
b _

Choose ¢ € (a,b) such that f'(e) (f(6)) = (f(a))

2
I:
.................................. EveryseCSIOpelsa O
tangent slope. oocontradiction.  QED
Idea: If every tangent line is not horizontal, 13

then every secant line is not horlzontal




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

b _
Then Je € (a,b) such that f(¢) = (fC )?) (f(a)).
— a

T T T T PR AL A oo
THEOREM (CONSTANT TEST): works forany

If f/(z) =0, for all z in an interval I, (open, closed,

. half-open)
............................... then f Is constanton /. |  (bdd, unbdd)

Proof: Let a,b e 1. wWant: f(a)

Assume f(a) & f(b). aF*b
Want: Contradiction.
Choose ¢ € (a,b) such that f'(¢) = (f(b)) = (f(a)).
(S b—a
Y|«
.................................. EveryseCSIOpelsa O
tangent slope. e ONtradiction. | QED
[dea: If every tangent line is horlzontal 7

then every secant line is horlzontal




MEAN VALUE THEOREM:
Let a,b € R and assume that a < b.
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Ze € (a,b) such that f(c) = () = (@)

b—a
TILEAPEMCANMCSTANT THECcTY- 7 works for any
THEOREM (CONSTANT TEST): l\é\{ﬁg ?)f?;tae?\sflal

If f/(x) =0, for all z in an interval I, (open, closed,
) half-open)
______ then fiscopstanton /. ____________(bdd, unbdd) _
EQUALITY OF DERIV works for any
/ kind of interval
If ¢'(x) = (open, closed,
then g —his ! (bddh,aLfB%%%r)])
that js, dc &
............................................................................................................................................................................. 7 S
Proof: Let £
Then Vo €
So f is constant on 'k =con I.
That |S, Va - I, C 15

Thatis, Vo e I,  (§(2)) —'(h(a;)) — ¢. QED




f is decreasing on I if:Vu,ve I, u<wv = f(v) < f(u)

DECREASING TEST: works for any

kind of interval
If f/(z) <O, for all = in an interval I, (open, closed,
_ ) half-open)
then f is decreasing on 1. (bdd, unbdd)
_f Is nonincreasing on I if:Vu,v €1, u<v = f(v) < f(uw)
. ks f
NONINCREASING TEST: l‘g’ﬁg ?)f(i)r';tae?\)//al
If f/(z) <0, for all = in an interval I, (open, closed,
: . : half-open)
then f is nonincreasing on 1. (bdd, unbdd)
fis increasing on I if:Vu,v €1, u<v = f(u)<f(v)
: ks f
INCREASING TEST: l‘g’ﬁg ?)f(i)rztae?\)//al
If f/(x) >0, for all z in an interval I, (open, closed,
. : half-open)
then f is increasing on I. (bdd, unbdd)
f is nondecreasing on I if: Vu,v €I, u<v = f(u) < f(v)
NONDECREASING TEST: works for any

kind of interval
If f/(x) >0, for all = in an interval I, (Opehnélfcgsggj
then f iIs nondecreasing on I. (bdd, unbdd) 16




f is decreasing on I if:Vu,ve I, u<wv = f(v) < f(u)

DECREASING TEST: WOrks for any

kind of interval

If f/(z) <O, for all = in an interval I, (open, closed,

_ _ half-open)

then f is decreasing on 1. (bdd, unbdd)
f is nonincreasing on [ it vu,v €1, usv = f(v) < f(u)

: ks f

NONINCREASING TEST: oL A
If f/(z) <0, for all = in an interval I, (open, closed,

: : : half-open)

then f is nonincreasing on 1. (bdd, unbdd)
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