Financial Mathematics
Technigues of one variable integration



Integration by Substitution
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Integration by Substitution

In problems, you're
often given_this, and asked

// | come up
d with this,

F@E) @)dz) = || f(u) du

U DON'T \

FORGET!
.. hoping that this — ’I,D(.CE)
will be easier than this.
For example. .. du ’
— = ' (x)
dx

du = [/ ()] dz|[




Integration by Substitution

du
elSinx[rCOSa:] dr = /e“ du = e*+ C
——
u — esina:_|_c.
u = SIiNx

du = [cos x] dx




Integration by Substitution

/‘}M continue to be arbitra%;/
»(b)

b
[ @@ @lde = [ 7 f) du

\ @b(a)\

e.g.
=

u=(@)|=1+5
du , .
£—¢($)—1

du = [/ ()] de = dz




Integration by Substitution

/ab £

S @)ds = [ f“f F(u) du
= —x+5

u=yY(xr) =
du , .
£—¢($)—




Integration by Substitution

b+5
b b
f(x +5) dr = flu) du
Y(a)
Nag 45
u=Y(x)=x+5
du_ , .
a—’éb(-fﬁ)—

du = [/ ()] de = dz




Integration by Substitution

u .—x

/b f(z + 5) doe = /b+5 O

a a-+5

du

£:¢($):1

du = [/ ()] de = dz




Integration by Substitution

then dxz is unchanged,
are DECREASED by the co




Integration by Substitution

e.qg.:

/ ® (a2/2)+5%
,

r.—x+5

T9dy = ‘ =2 e_($2/2)+(5i/2)
—5
3

— (5%/2)+9 / e—2/2 iy

2

If(b+5)

E?M/dm = /%‘C:U—I—S)‘ dx
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Integration by Substitution

e.g.:

3 5 8—5 5 5
/ —(22/2)+52- 9d.:c=/ —(22/2)+(52/2)49 4,
7 7-5

2 3 >
Def'n 2
dP(z) = — et /2 gr = - dt
\/QWJ—ww J— XD QW

IMPROPER
INTEGRAL
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Integration by Substitution
e.g.:
8 2 | | 8—5 2 2
/7 —(22/2)+52- 9d:13=/7 5 —(22/2)+(52/2)49 4,

3
— (52/2)49 / —x2/2 g

2

® () fx e /2 dt /w /2 dt

T) = —

—00 2T — 00 27T

IMPROPER _ i}
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D/ (x) =
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Integration by Substitution
e.g.:
8 2 | | 8—5 2 2
/7 —(22/2)+52- 9d:13=/7 5 —(22/2)+(52/2)49 4,

3
— (52/2)49 / —x2/2 g

2
oy = [F T2,
xr) = {
/—oo V27
IMPFRTOCEER SR .
CD/(:C) _ e—t / _ e—.’L‘ /2
vVer | V2w =




Integration by Substitution

e.g.:
/86—(:(;2/2) 52 9dx:/8_5 o—(@2/2)+(5%/2)4+9 4.
7 7-5
3 V2r(P(x))
_ (52/2)+9 /2 722 g
FTC (52/2) ,_
—z2/2 —z2/2
CD/(.CC) —_— © —_— ©

V2m V2m a




Integration by Substitution
e.g.:

8
/7 e—(:c2/2) 5249 1.

(5 /2)+9 {\/7@')(33))}

x.—2
. (R2/5\N_Lar ——. x:—3
—(52/240 [v2r[(®(3)) - (@),
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Integration by Substitution
e.g.:

3
/7 e—(:c2/2) 5249 1.

:e(52/2)—|—9 {\/ﬂ(q)(x))]x_ﬁ

Tr.—2

=e(5%/2)+9 |27 [(@(3)) — (®(2))]]
0.99865 0.97725

16




Integration by Substitution
e.g.:

3
/; e—(:c2/2) 52 Odr

26(52/2)_'_9 {\/ﬂ(q)(aj))}x_ﬁ

Tr.—2

e(5*/2 19 [V2r[(#(3)) — ((2))]] m

ACCEPTABLE ANSWER
ON AN EXAM
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old up oIdIdown

Integration by Parts

1G] = g(a)

new up

G(x)

1

f'(z)

new down

d

dx

f(@)] = f(x)

JO |eabajul ayl

snuiw

u

[ @ll@]de=lr@Nc@)] [l

For example. ..

new new

f'(@)]G(z)] dx

18




Integration by Parts

up up
d minus the integral of
—|[sin z] = cos z —
d.ﬂU -
Q
2
. Nno harder T
Isin x ill just a trig function <+~
T O
o -
/ os5zlde—=—2x [sin 2] — | -1 ’sinz dx
J o
o
polynomial of‘lower degree D
easler B

el =1
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Integration by Parts

/:C[COS:B]da:‘ = x [sin x] lV sin z dx

= x [sin z] rcosxz + C
| ooks strange, but it'p correct, as sets..
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Integration by Parts
I did it My Way

Problem: /:czcos(.:c) dx

= z° sin(x) -2z cos(x) —/—2 cos(x) dx

: I/

x“ sin(x) + 2z cos(x) — 2sin(x) + C 21




“Tabular” integration

Problem: /:15‘2 cos(x) dx

diff  antidiff
1 |z2| cosw
I
— Qm\sina: - 22 sin(z)
+ |2 |— cos z+—{+2x cos(x)
T~ |
O |—sinx 2sin(x)

22 sin(z) + 2z cos(x) — 2sin(z) + C 22




