Financial Mathematics
Sequences and series




Definition:
A (real) sequence is
an infinite ordered list of real numbers,
eparated by commas.

e.g.. 1,2,/3,4,5,6,..] * [2,1,3,4,5,6,...

Freverse Same
~1,-1,-1,...

1,(1/2),(1/3),...

nth term  (277)>2 4




Definition:
A (real) sequence is
an infinite ordered list of real numbers,
separated by commas.

e.g.. 1,2,3,4,5,0,...

=N

Tails of t
Oth: 1,2,
1st: 2
2nd:
3rd:

4th:
etc.




e.g.:liminf0,1,0,1,0,1,... =0

YYYY

Oth tatail infima:; 0,0,00,... — 0
Next: limsup

Def'n: liminf aml|is the limit of

m —000

| ?a“ < inf{a4,a5,a6,a7,a8,...
e inflas, ag, a7, ag, .
inf{ag,a7,ag, ...
\ ) i
liminfaml:= |IIim Inf an
1M,— 00 m—0o0 [p>m

‘inf{aqy,an,a3,a4,as,ag,a7,asg,..
inf{ao, a3, a4,as,aq,a7,ag, ...
inf{az, aq,as,ag,ar,ag, .




e.g.:limsup0,1,0,1,0,1,... =1

tail suprema: 1,1,1,1,... — 1

Def'n: limsup am| is the limit of
(11 5md®.©,

suprema

\

liM sup aml: lim | sup an

—
M— 00 m—0ao0 | n>m

‘'sup{aq,an,as,as,as,ag,a7,ag, ...
sup{ao, az, as, as,ag,ar,as, . ..
sup{as, a4, as, ag,a7,as, ...
tail < sup{ags,as, ag, a7, ag, . ..
sup{as, ag, a7, asg, . . .
sup{ag, a7, as, . ..




e.g.:limsup0,1,0,1,0,1,... =1

Fact: lim exists iff
liminf and limsup are equal

Def'n: limsup am| is the limit of
(11 5md®.©,

[SUD{CL]_, az,asy, aq, as, ag, a7y, dg, . ..
SUD{an az, a4, as, ag, a7y, ag, . ..
SUD{CL3, aq,as, de, a7, Aag, . . .

}
h
- h
Suglge”ma< sup{ag,as, ag,a7y,asg, - - -}
SUD{CLS, ag,a7,as, . . }

h

sup{ag, a7, as, . ..

\

liM sup aml: lim | sup an -

—_—




Problem: Find liminf and limsup of
1 1 2 2 3 3 4 4

9,3,9-5,34+59-%534+%59-33+39-%23+%,...

Note: blue sequence— 8, red sequence— 4

Def'n: limsup am| is the limit of
(11 5md®.©,

sup{ai,as,as,as,as,ag,a7,as, ...+
sup{aop, as,ays,as,ag,a7,as, ...}
sup{as, aq,as, ag,a7,as, ...+
Sup{a4,a5,a6,a7,a8,”.%

}

sup{as, ag, a7, asg, . . .
sup{ag, a7, as, . ..

liM sup aml: lim | sup an -
m—oo M=o n>m




Problem: Find liminf and limsup of
1 1 2 2 3 3 4 4
9,3,9-5,34+59-%534+%59-33+39-%23+%,...
Note: blue sequence— 8, red sequence— 4

Tail suprema:
1 1 2 2 3 3 4 —
9’9_5’9_7’9_3’9_§’9_Z’9_Z’9_§’_>9_1_8

limsup = 8

Tail infima:
&&3+%3+%3+%3+%3+%3+%w,43+1=4

liminf = 4

Fact: limsup = sup{limits of subsequences}
Fact: liminf = inf{limits of subsequences}
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Definition:
A (real) series is
an infinite ordered list of real numbers,
separated by plus signs.

eg: 1+24+3+4+54+6+4---
FD+ED+HED)+

1+ (1/2) + (1/3) + -+
1+1/2)+ /D) +Q/8) +- -
|

00
>, 27"
n=0




Definition:

A (real

) series is

an infinite ordered list of real numbers,
separated by plus signs.

eg: 14+24+3+4+54+6+---

-1-1-1---- IR
1+ (1/2) +(1/3) +
1+1/2)+ /D) +Q/8) +- -

00
>, 27"
n=0
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Definition:
A (real) series is
an infinite ordered list of real numbers,
separated by plus signs.

eg.:. 1+2+34+44+54+6+---

sequence of partial sums:

1,
1+2)3
1+2+3)°

1+2+3+4+5+6+7)28




Definition:
A (real) series is
an infinite ordered list of real numbers,
separated by plus signs.

eg: 1+24+3+4+54+6+4---
sequence of partial sums:
1,3,6,10,15,21,28,...
3

6
10
15
21

28
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Definition:
A (real) series is
an infinite ordered list of real numbers,
separated by plus signs.

eg: 14+424+34+44+54+64+--- =
sequence of partial sums:
1,3,6,10,15,21,28,... &

" Definition: Rl:=RU {—00, 00}
An extended real number is

a real number or oo = 400 or —oo.
Def: We say s1 + s> + s3 + --- converges to L
and write|sy +so +s3 4 --- = L[| If

im (s1+ - +sp)=L. | "

n—r 00




A series may converge (to a real number),
or diverge.

14+ (1/2)4+(1/4)+-- -+ (1/2n" ) =2—(1/2")

n — OO
eg.:. 1+1/2)+1/4)+(1/8)+---=2
eg: 14+424+34+44+54+64+--- =
sequence of partial sums:
1,3,6,10,15,21,28,... &
Definition: [Rl:=R U {—o00, oo}
An extended real number is
\ a real number or oo = 400 or —oo.
Def: We say s1 + s> + s3 + --- converges to L

and write|sy +so +s3 4 --- = L[| If

im (s1+---+sp)=L. "

n—r 00




A series may converge (to a real number),
or diverge. It may diverge to oq or tao.—

eg.. —-1—-1—-1—... = <=0
.9 1+ (1/2) +(1/4) + (1/8) A\ -

eg: 14+424+34+44+54+64+--- =
sequence of partial sums:
1,3,6,10,15,21,28,... &

Definition: [Rl:=R U {—o00, oo}
An extended real number is
a real number or oo = 400 or —oo.

Def: We say s1 + s + s34+ --- converges to L
and write|sy +so +s3 4 --- = L[| If

im (s1+ - +sp)=L.|"

n—r 00




A series may converge (to a real number),
or diverge. It may diverge to oo or to —oo.
It may have no sum at all.

eg: —-1—-1—-1—... = -
eg.:. 14+(1/2)+1/4)+(1/8)+---=2

— . = OO
- ... has a sum.
has NnoO sum.

or oo = 400 or —oo.

Partial sums: 1,0,1,0,1,0,1,0,...

does not converge 0




Definition:
A (real) series is

an infinite ordered list of real numbers,
separated by plus signs.

eg: 14+424+34+44+54+64+--- =

—1-1-1—--- =—0 |
more on this later. ..
1+ (1/2)+(1/3)+(1/4)+--- =77
I+@/+a/H+0/8) 4 =2

00
). 27"
n=0

17




Infinite linear combinations of
functions and expressions

Def'n: The linear operations are
scalar multiplication and addition. \

“Def'n: Vintegers j > 1,
let f; 1 A; — R be a function.
Let ¢q,c0,c3,... € R be a sequence.
The (infinite) linear combination

of f1,/2,/3,---
with coefficients c1,co,c3,...

IS c1f1+cofot+cafz+---

expressions of gq. ..

Domain:
{s € Rlc1[f1(s)] + calfa(s)] + c3lf3(s)] + -

18

converges}
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Infinite linear combinations of
functions and expressions

Def'n: The linear operations are
scalar multiplication and addition. \

“Def'n: Vintegers j > 1,
let f; 1 A; — R be a function.
Let ¢q,c0,c3,... € R be a sequence.
The (infinite) linear combination

of f1(q), f2(q), f3(q),. ..

with coefficients cq,co, cg,... &XPressionsofs....
is c1[f1(@)] + calfa(@)] + e3lf3()] + - -
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Infinite linear combinations of
functions and expressions

Def'n: The linear operations are
scalar multiplication and addition. \

“Def'n: Vintegers j > 1,
let f; 1 A; — R be a function.
Let ¢q,c0,c3,... € R be a sequence.
The (infinite) linear combination

of fl(s)a f2(8)7f3(8)7 K

with coefficients c1,co,c3,...
is c1[f1(8)] + colf2(s)] + c3[f3(s)] + - --.
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Power series
Def'n: A polynomial In z is a

finite linear combination of 1,z,22,23 2%,

e.9.: 4+ 7Tx + 8x°2
2—6:C—|—3:r:2—|—7r:c3—e.§c4

3
,,1000000

> _ 7,90090l plex

Def'n: A power series in x is a (possibly)

infinite linear combination of 1,z,22,23,2%,. ...

21




Power series
Def'n: A power series in x is a (possibly)

infinite linear combination of 1,z,22 23, 2%,. ...

e.9.: 4+ 7Tx + 8x°2
2—6:C—|—3:r:2—|—7r:c3—e.§c4

3
1000000
> _ 7,90090l plex

| | 9 | q |
Def'nl A power series in z is a (possibly)

infinite linear combination of 1,z,22,23,2%,. ...
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Power series
Def'n: A power series in x is a (possibly)

infinite linear combination of 1,z,22 23, 2%,. ...

e.9.: 4+ 7Tx + 8x°2
2—6:C—|—3:C2—|—7T:c3—ezc4

3 expressions of wu. . .

1000000
> _ 7,90090l plex

l+a+az?+234--.
1——56—-%2624—%5834—”'
1424 (2Dz2 + (323

1—:1:—|—%332—%:c3—|—--- =




Power series

Def'n: A power series in u is a (possibly)
infinite linear combination of 1,u,u?,u3 u?,. ...
e.9.: 4+ Tu+ 8u?

2—6u—|—3u2—|—7ru3—eu4

3
,,1000000

> _ 7,,90090l plex
14+u4u?+ud+---
1——u——%u2—l—%u3—l—---

1+ u—+ (2D)u? -(3!)1,,3 .

1—u—|—%u2—%u3—|—---




