Financial Mathematics
Polynomial approximation




Jets

The n-jet of f(x) at a is

J&”’f\\ the ordered (n 4+ 1)-tuple

(" H(a) := (f(a), f'(a), f'(a),..., F{™(a)).

e.qg.: f(x) =sinx

f'(z) = coszx
f'"(x) = —sinx
f'"(x) = —cosx
FfM)(2) =sinx
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Jets

The n-jet of f(x) at a is

J&”’f\\ the ordered (n 4+ 1)-tuple

(7P ) = (f(@), f'(a), f(a),..., f™M(a)).

Note: If f(x) = f(—=), then
fl(x) = —f'(—x)
7'(2) = ()
F(a) = —f"(~a)

etc.,

SO

(J£)(0) = (a0,01,02,03,....an)

(Jnf)(O) — (a09 —al1,a2, —a3z, ..., (_1)na”n) ’




Jets
“f and g agree to order n at 0"

(J"£)(0) = (J"g)(0)
f(z) = f(-z) and g(z) = g(—z)
\

(J")(0) = (Jng)(0)

“f and g agree to order n at Q"

(Jng)(O) E (b()a bla b27 b37 JEICN bn)
(Jng)(O) — (b07 _bla b27 _b37 JEICN (_1)nb’n)

(Jnf)(o) j (GJOa ai,a2,azy,. .. 7a’n)
(Jnf)(()) — (a’Oa —al1,a2, —a3z, ..., (_1)na”n)




Maclaurin approximation

The second order Maclaurin approx. of f(x)
IS the second degree polynomial

p(x) = a + bx + ca? (degree < 2)
such that
£(0) =p(0), f'(0) =p'(0) and f"(0) = p"(0)
l.e., such that
| (J2£)(0) = (J?%p)(0),
I.e., such that
f and p agree to order 2 at zero.




Maclaurin approximation

The second order Maclaurin approx. of f(x)
IS the second degree polynomial

p(2) = a + bx + ca? (degree < 2)
such that

f(0) = p(0),/f'(0) = p€0) and f"(0) = p(0).

p(0) = a p'(0) p"(0) = 2c

p\(x 20:1:—|—b\T p”(m§=/2c—(
b

Next: Third order. ..




Maclaurin approximation
The third order Maclaurin approx. of f(x)
IS the third degree polynomial

p(x) = a—+ bx + cx? 4+ dx3  (degree < 3)
such that
f(0) = p(0), f'(0) =p'(0), f"(0)=p"(0)
and  f"(0) = p"'(0)

l.e., such that

(J3£)(0) = (J3p)(0),
l.e., such that

f and p agree to order 3 at zero.




Maclaurin approximation

The third order Maclaurin approx. of f(x)
IS the third degree polynomial

() = a+ bx + cx? 4+ dx3  (degree < 3)
such that
f(0) = p(0), f'(0) =p'(0), f"(0)=p"(0)
\ and  £(0) = p"'(0).
p(z) = a + by + cx? + da3

7'0)] 5, [£"O)] 3

= [f(0)] + [A(0)]z + S| | @

_[FO] o, [AO@] 1, [/O)] 2 [/7(O)] 3

o '1\' L2t T 3]
Next: nth order. .. 8




Maclaurin approximation

The nth order Maclaurin approx. of f(x)
IS the polynomial of degree < n

p(x)
such that
£(0) = p(0), f'(0) = p/(0), ..., f(M(0) = p(™(0)
l.e., such that
(J"f)(0) = (J"p)(0),

l.e., such that
f and p agree to order n at zero.




Maclaurin approximation

The nth order Maclaurin approx. of f(x)
IS the polynomial of degree < n

p(x)
such that
£(0) = p(0),£'(0) = p'(0), ..., £ (0) = p\™(0)

p(x) =

— _f(O)_ O _f,(O)_ 1_|_ | -f(n)(O)_ n

__O!_.GC '_1!_33 cee nl T
/i ] (,n)

= OO+ 52 a2 | L0
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Maclaurin expansion
The Maclaurin expansion of f(x) is

f"(0)

[£(0)] + [£'(0)] A

2!

1(0)

3rd partial sum =

2nd order Maclaurin approximation

3!
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Maclaurin expansion
The Maclaurin expansion of f(x) is
the power series whose (n + 1)st partial sum
is the nth order Maclaurin approx. of f(x),
for all integers n > 0.

PO+ O+ |32 24 | T52 234

4th partial sum =
3rd order Maclaurin approximation

etc.
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Maclaurin expansion
The Maclaurin expansion of f(x) is

the power series whose (n + 1)st partial sum
is the nth order Maclaurin approx. of f(x),

for all integers n > 0.

[£(0)] + [£'(0)] A

f"(0)

2!

17(0)

3!

34

e.g.: | N

2

COS x 1—le |

21

le3

Sin x: x — I
_____________ 31 _5 7

2

In(1 4+ x) z— = |
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Maclaurin expansion
The Maclaurin expansion of f(x) is
the power series whose (n 4+ 1)st partial sum
is the nth order Maclaurin approx. of f(x),
for all integers n > 0.

_f//(o)‘ >, ']c///(o)_

! 3
[£(0)] + [(0)] A 21 B
2! 3!
“e.q.. 2 3 We will
’ er =1 Lo v | a: L. ) address this
________________ 21 ° 31 [question soon.
cos 2 & AN A DO
______fff___éﬁ_Lfﬁ__jy_l___> get
[ S equality
SIN x=x — i — L. .. here
_____________ gr 5 71 ?
2 3 4
als I T X
In(1 . | — L ... 14
( _I_':U) X 2 I 3 4 | j




f is decreasing on I if:Vu,ve I, u<wv = f(v) < f(u)

. ks f
DECREASING TEST: g Y
If f/(x) <0, for all z in an interval I, (open, closed,

_ _ half-open)

then f is decreasing on 1. (bdd, unbdd)
_f Is nonincreasing on I it:vu,v €1, usv = flu) < flu)

. ofks T

NONINCREASING TEST: A oF Intaral
If f/(x) <0, for all z in an interval I, (open, closed,

: : : half-open)

then f is nonincreasing on I. (bdd, unbdd)

ANTIDIFF. OF INEQUAWLITIES: I an interyal, a =minI

If g(a) = h(a) and if ¢’'{&) < h'(2), forAll x €1,
then g(x) € h(x), fof all z € 1.

Proof: f :==g—~h
fi(x) =\[¢'(2)] — [A€)] <Q, for all z € T
f I1s nonincreasing on 1.
[g(2)] * [h(2)] = f(z) < f(a)=0, for all z €T
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f is decreasing on I if:Vu,ve I, u<wv = f(v) < f(u)

: ks f
DECREASING TEST: g Y
If f/(x) <0, for all z in an interval I, (open, closed,

_ . half-open)

then f is decreasing on 1. (bdd, unbdd)
_f Is nonincreasing on I if:Vu,v €1, uw<v = f(v) < flu)

: ks f

NONINCREASING TEST: oL A
If f/(x) <0, for all z in an interval I, (open, closed,

: : : half-open)

then f is nonincreasing on 1. (bdd, unbdd)

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < h'(x), for all x €1,
then g(x) < h(x), for all z € I.

f'(x) =[¢'(x)] = [A'(x)] £ 0, for all z € I
f Is nonincreasing on 1.
[9(z)] — [h(z)] = f(z) £ f(a) =0, for all z €1
g(x) < h(x), for all x € I
QED

16




Fact: Suppose f/(t) < 10, for all t > 0.

Suppose also f(0) = 0.
Then f(t) <10t, for all ¢ > 0.

Fact: Suppose f/(t) < 8t, for all t > 0.
Suppose also f(0) = 0.
Then f(t) < 4¢2, for all t > 0.

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < h'(x), for all x €1,
then g(x) < h(z), for all x € I.

Proof: f :==qg—h
fi(x) = [¢'(2)] — [A'(2)] <O, forall z €1
f IS nonincreasing on 1.

[9(2)] — [M(z)] = f(z) < f(a) =0, Tor all x eI
g(z) < h(x), for all x € I

QED
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Fact: Suppose f/(t) <10, for all t > 0.

Suppose also f(0) = 0.
Then f(t) <10t, for all ¢ > 0.

Fact: Suppose f/(t) < 8t, for all t > 0.
Suppose also f(0) = 0.
Then f(t) < 4¢2, for all t > 0.

Fact: Suppose f(t) < 8t3, for all t > 0.

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < h'(x), for all x €1,
then g(x) < h(z), for all x € I.

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < h'(x), for all x €1,
then g(x) < h(x), for all x € I.




Fact: Suppose f/(t) < 10, for all t > 0.
Suppose also f(0) = 0.
Then f(t) <10t, for all ¢ > 0.
Fact: Suppose f/(t) < 8t, for all t > 0.
Suppose also f(0) = 0.
Then f(t) < 4¢2, for all t > 0.

Fact: Suppose f(t) < 8t3, for all t > 0.
Suppose also f/(0) = 0. Suppose also f(0) = 0.
Then f/(t) < 2t%, for all t > 0,
and f(t) < 2t2/5, for all t > 0.

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < KW'(x), for all z € I,
then g(x) < h(x), for all x € I.




Question: A car drives along a road,
starting at mile marker_O,

with velocity < 10 n.
Max distance tr edinl hr?

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < KW'(x), for all z € I,
then g(x) < h(x), for all x € I.




Question: A car drives along a road,
starting at mile marker O

starting at velocity O,
with acceleration < 5\xmphph.
Max distance travetéd In nre

Answer: Let f(t) be pasition attime ¢.
f(0) = 0"axd f(0)y= O:s
f'(t) <5, for a1t > 0.
fl(t) < 5t, 40r all t > 0.
f(t) <5t2/2, for all t > 0.
F(IY<5/2. W

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < KW'(x), for all z € I,
then g(x) < h(x), for all x € I.




Question: A train travels along tracks,
starting at foot marker 0O,
starting at velocity O

starting at acceleration O
with jerk < 7 fpspsps.

£(10) < 7000/6. M

ANTIDIFF. OF INEQUALITIES: I an interval, a =minI

If g(a) = h(a) and if ¢'(x) < KW'(x), for all z € I,
then g(x) < h(x), for all x € I.




Fact: p := the 3rd order Maclaurin approximation of g.
Assume, for a [0, 5], that \9(4)(.1:)\ < 8.

Then [[g(5)] — [p(5)]] 8- 5%/(4!).

Proof: fi=g—p D

@) = g(@ _
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Fact: p ;= the 3rd order Maclaurin approximation of g.
Assunie,fer all z € [0, 5], that [¢(*)(z)| < 8.
Then [lg(5)}= [p < 8.-5%/(4).

Proof: f : 4 =0
f(0) =#/(0) = f"(0O)y=4"(0) =0
g(0) , = p' (0, ¢"(0)"=/p"(0), ¢""(0) = p"'(0)

|

f(oy=o0, fi(oy=o0, fU0)=0, f"(0)=0

24




Fact: p := the

Assume, for all z € [0,

Then |ls@)] - [p@)] <B-BE

3rd order Maclaurin approximation of g.

)

- that

9@ ()] <8

-5%/(4) < f(5) <8

9(5)] £ ()| = 1£(5)T< 8-

F4/(4!) - _<:>_|a,|§'r
54/(4)) QED |?




Fact: p := the [3rd order Maclaurin approximation of g.
Assume, for all z € [0,5], that |¢) (2)| <8l
Then [[g@)] - p@E)]| <B-BE/@).

Fact:Let a >0, M >0 and let n > 1 be an integer.
p := the (n—1])st order Maclaurin approx. of g

Assume, for all z € [0,la], that |g('ﬁ')(93)| <M\
Then [[g@)] - [p@]| <Mla™/ (@)].
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Fact: p := the 3rd order Maclaurin approximation of g.
Assume, for all z € [0,5], that \9(4)(.1:)\ < 8.

Then [[g(5)] — [p(5)]] < 8-5%/(4!).

Fact:Let a >0, M >0 and let n > 1 be an integer.
p .= the (n—1)st order Maclaurin approx. of g

Assume, for all x € [0, a], that |gc”5(a:')| < M.
Then |lg(a)] — [p(a)]] <[M[a"/(nD)]. M - M,

Fact: Assume that g is infinitely diff. at =, Va € [0, a].
q .= the Maclaurin expansion of g

For all integers n > 0, let M, := r[r3a>]<|g(”)|.
N}
Assume that \Myla™/(n!)] — 0, as n — cc.

Then gla) = q(a).
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Fact: p .= the 3rd order Maclaurin approximation of g.
Assume, for all z € [0,5], that \9(4)(.1:)\ < 8.
Then [[g(5)] — [p(5)]] < 8-5%/(41).

Fact:Let a >0, M >0 and let n > 1 be an integer.
p := the (n— 1)st order Maclaurin approx. of g
Assume, for all z € [0, a], that |g(”)(93)| < M.
Then [[g(a)] — [p(a)]| < M[a™/(n!)]. M :— My pi— pn

Fact: Assume that g is infinitely diff. at =, Vx € [0, a].
g .= the Maclaurin expansion of g
or all integers n > Oylet M, := IEna>]<|g('”’)|.
O0,a
ssume that Mp[a™/(n!) 0, as n — oo.




e.g.: g(z) =e%, a=9, q:= the Macl. expansion of g

o)
~ 0
10000

Fact: Assume t g is infinitelywdiff. at =, Vz € [0, a].
g .= the Macglaurin expansion_of g
For all integers n > 0, let M, := IEna>]<|g('”’)|.
O0,a
Assume that Myla™/(n!')] — 0, as n — .

Then gla) = q(a).

Pf. pn := the (n — 1)st order Macl. approx. of g.
[9(a)] — [pn(a)]| < Mpla™/(n!)] — O
¢(a) = 1M pp(a) =g(a) QED >

n—aoo




e.g.: g(x) =e%, a=9, q:= the Macl. expansion of g

g™ (z) = €
My, = max]g(”)| = max_ |e?| = max_ e¥ =¢”
[0,9] 0<z<9 0<z<9

Mpla"/(n!)] = €2[9"/(n})] — O

eP = g(9) =q(9) =149+ [92/(2D)] 4+ [93/(BN] + - --
\ 9i—a q(z) =1+ + [ﬂLQ/(Q!)] + [a3/(BD] + - -
Fact:For all ¢ > l "

e =1+ a+ [a?/(2D] + |

Q

3/(30)] + -

eg..g(x) =e %, a=9
e™? =1-9+[92/(2)] - [9°/(8D] + -+
=14 (-9) 4+ [(-9)2/2D] + [(-9)3/(BN] + - - -

Fact:For all a > 0,

e~ = 1+ (—a)+[(—a)?/ @V +(-a)3/(B3D]++ [




Fact:For all a > 0,
e’ =1+a+ [a®/(2D] + [a3/(BD] + - --

Fact:For all a > 0,
e~ = 14 (=a)+[(=a)?/ ()] +[(—a)3/(3N]+- -

Fact:For all x € R,
e =14z + [¢2/(2N)] + [=3/(BD] + - -

Fact:For all a > 0,

e =14a+ [a?/2N] + [a3/BN] + - -

Fact:For all a > 0,

e % = 1+(—a)+[(—a)?/(2D]+[(-a)3/BD]+ -+ [=




Fact:For all a >

" =1 +a+[a?/(2)] + [a3/(3D)] + -

O,

Fact:For all a >

e = 14+(—a)+[(—a)?/(2D]+[(—a)3/(3)]+ - -

0,

Fact:For all x € R,

" =1+ + [2/(2D)] + [23/(3)] + - -

sine = o — [23/(30] + [25/(5)] - [a7 /(7)) 4
W cosz = 1—[2/(21)] + [2%/(41)] — [5/(61)] + -
e.g.:g(x) =In(l4+=x), a =0.5

In1.5 = (0.5) — [(0.5)?/2] + [(0.5)3/3]—[(0.5)%/4] + - --

e.g.: g(x) =In(1

IN0.5 = —(0.5) — [(0.5)2/2] —

—x), a=0.5

[(0.5)3/3]-[(0.5)"/4] —

Fact:For all ¢

Nn(l4+z) =z — [z

(_19 1]|l

2/2] + [x3/3] -

[x4/4] + ...
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Th'm: Suppose that ¢’ is continuous at O.
p .= the 2nd order Maclaurin approx. of g

Then de(x) — 0O, as O'
such that ()] + [e(x)]z2.

ig(fc)) — (p(z))

— o) -
) Jhm (¢'(2) — (/)

x—0 2x

e (07(2)) = ()

x—0 2

O|lOoO O|O

1 (4"(0)) — (»"(0))
2

=0
QED
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Th'm:Suppose that ¢ is continuous at O.

p ;= the [2hd order Maclaurin approx. of g

Then de(x) — 0, as ¢ — 0
such that g(x) = [p(x)]

2.—n

[e(z)]a2.

34




Th'm:Suppose that g(”) is continuous at O. ) (;D;_;l
p := the nth order Maclaurin approx. of g>Q‘°

Then de(x) — 0, as ¢ — 0 ag

such that g(z) = [p(x)] +|le(z)]z". J 55

error o S

oS

Key idea: error — O faster than z™.
g(z) = [p(x)] + [o(z")]

a function that
tends to O
faster than 2",
i.e., x" times some function
that tends to O.




