Financial Mathematics
Complex numbers




Convention on scalars
We're “real people”, meaning that,
unless otherwise specified,
number means real number, as does scalar.
However, sometimes we use. ..
Complex numbers
Def'n: A complex number is an expression
of the form a + bz, where a,b € R.

Re(3+4i) =3 Re(v2 —8i) =2 Re(e—7i) =e
e.g.. 34+ 4, V2 — 8i, e — i
Im(3+44i) =4 Im(v/2 — 8i) = -8 Im(e — i) = —m
Def'n: The real part of z = a4+ b: is
Re(z)|= a.
Def'n: The imaginary part of z=a 4+ b: Is

]




Addition of complex numbers

Definition:

(a +bi) +(c+di) =(a+c)+ (b+d)

l.e.. addition of complex numbers is
accomplished by adding together
real and imaginary parts.

eqg.:. (34+4i)+(7—-81) =10 — 4




The geometry of Question: Where is w + 27
complex addition Answer: ‘

w=a-+ b z=c+di

Make w and z
Into a parallelogram.




The geometry of Question: Where is w 4+ 27
complex addition Answer: ‘

w=a-+ b z=c+di

Travel out from w
by an arrow parallel
to the one from 0O to z.




The geometry of Question: Where is w 4+ 27
complex addition Answer: ‘

w=a-+ b z=c+di

Travel out from z
by an arrow parallel
to the one from O to w.




Absolute value of complex numbers

Definition: or modulus,
The absolute value™of z = a + b:
is 2] = /a2 + b2,

e.g.. [4—3i=+/164+9 =5




Absolute value of complex numbers

Definition: or modulus,
The absolute value™of z =a + b:
is 2] = /a2 + b2,

dist(z,0) = y/a? + b2 = |z
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Absolute value of complex numbers

Definition: or modulus,
The absolute value™of z = a + b:
is 2] = /a2 + b2,
U
~U—W
w ,[)\;,’t)—w
— W
dist(z,0) = |z|




Absolute value of complex numbers

Definition: or modulus,
The absolute value™of z =a + b:
is 2] = /a2 + b2,
u

Vu, ”U"".’UJ, Wii— v




Absolute value of complex numbers
e.qg.: dist(2 + 84,5 + 41)

N

(¥

dist(w, v) dist(u,v) = |u—v)|

— = |u—v|




Absolute value of complex numbers

e.qg.: dist(2 + 84,5 + 41)

U

-3

N

(¥

(24 8i) — (5+ 49)
(2-5) 4+ (8 —4)i

4i] = /(=3)?
=50

dist(u,v) = |lu—v
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Absolute value of complex numbers
e.g.. dist(2+4+8i,5+ 4i) = |(2+ 8i) — (5 + 44)]

(2—-5) 4 (8 —4)i

— 34 4i] =/(-3)?
=5 N

dist(u,v) = |lu—v




Fact:  [u+v| < |u| 4 |v] ;lr']relfé\lrlllgllciaty

U+ v

TwoO routes
from O
tou+wv ...

Which one
IS shorter?
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Multiplication of complex numbers

Definition:
(a +bi)(c+ di) = (ac — bd) 4+ (ad + be)i

I.e.: multiplication of complex numbers is
accomplished by expanding,

replacing 2 by —1
and collecting real and imaginary parts.

e.9.: (3 4N T=81r=
expl...g ( ',\\\\\
OO+ BT F )BT =

(BT E(4)(=8)) + ((3)(=8) + (A)(T)Yi =
534+ 4

15
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Properties of addition and multiplication

Facts:
Vu,v € C,
ut+v=v+u
addition is commutative
Uuv = vu
multiplication is commutative
Vu,v,w € C,

(u+v)+w=u+ (v+w)
addition is associative
(uv)w = u(vw)
multiplication is associative

uw(v +w) = uv + vw

multiplication distributes over addition
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Complex conjugation of complex numbers

Definition:

The complex conjugate of z = a + b

IS

€g.. 4 -3 =4+ 3

S
|
S
S

Fact: W

|
S
wl

Fact:

S

<

Z

‘= a — bs.

Pf: Exercise.
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Complex conjugation of complex numbers

Prg?of:
w=a-+ b w=a—b
z=c—+ di z=c—di
wz = (ac — bd) wzZ = (ac — bd)
—W +(~ad - be)i
exdl. .. eQUa\ /
4’/
— (CLC — bd) — acC — bd)
L (ad + bc)z"\equal “(ad + be)i
e __RKRED.
__©O__

Fact: wWzZ =Wz 5




Absolute value of complex numbers

Fact: |z| =+Vzz

DI—a q.— bt
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Absolute value of complex numbers

= + - | — . /.=
Fact! Huol =Tullv
Fact: |z| =+Vzz
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Absolute value of complex numbers

Fact:

Proof:

uv

uv

Fact:

S

S

<

N
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Exponentiation of complex numbers

Definition:

Z — W
e [=|exp(z)|:= nl|_>moo(1 + (z/n))
22 23
=1+z+ 4= -
21 3
Fact: efe? = e*TY
n mn B T
Pf:[l—l—i} ﬂ1+9] =14+ >4+ =+
nJd n | i n n n
ZW - S
O 1= — B PR ""’| QED
n L n ‘
C r .—@ 2 w
Fact: Vo € K, Von — O, [1 d 6”} — et 22
|:| The exponential limit n n




T I— 1T 2! 3!
332 564 . 5133 €XT
CoOSx =1 — | ... SIN t = o — '

14l

e @2 (@) (), (@)°

=lrat =TT,
i 32 i3 4

2 3 4

=1+ irE= il £ |4 T

2! 3! 41

5!
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" = 1o+ _—+_
T — 1T 2! 3!
332 584 . h 335
cosz = 1— | | sine = x — | |
21 4 31 51
1L — 1+ZCU | ((Laj) (Zx) : (Za:) I (ZCU)
21 3! 4] 51
2 3 4 5
. €T T €T o
=1+4w—- — + — 4+ i— —
21 31 41 51
- 332 | CU4 | _I_Z T :U3 | $5 |
_ 21 ' 41 31 51
COLLECT COLLECT 1o
REAL IMAGINARY
PARTS PARTS
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1L

— 0

COS x

e = cosx + isinx

Sin x
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e'T = cosx +isinx
[ e? =cosf+isind |
re' =|(rcos@) + i(rsin )

the absolute value or modulus of z

the argument of z
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The geometry of Question: Where is wz?
complex multiplication Answer:

w = re’

wz = (frs)e":(‘g‘l'?b)

1 Use angle 6 4+ ¢ arguments add
and distance rs.moduli multiply

wz

0 < — seigb
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Exponentiation of complex numbers

Fact:

e.g.:

]

e = cosx + isinx

e0Th —= el — ca(cosbh + isin b)

e6—|—7Ti

= e%(cosm +isinm) = —e

6
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Exponentiation of complex numbers

Definition:
Z e - H n
e” |=|exp(z)|= nl|_>moo(1 + (z/n))
22 23
=14z
2| 3!
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Exponentiation of complex numbers

Prpof:

2!

3!

Faadt: w+z=w-+z

Fackt: Wz = W2

| — _
Corollary: e = e~

]
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Exponentiation of complex numbers

Prpof:

2 3l

Faadt: w+z=w-+z

Fackt: Wz = W2

| — _
Corollary: e = e~
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Exponentiation of complex numbers

PI’POfI v

|
1
N

2 3l

Faadt: w+z=w-+z

Facﬁ:

| — _
Corollary: e = e~
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Exponentiation of complex numbers

Prpof:

Faqt: w -+

Fac't: wz =

|

Corollary:

]




