Financial Mathematics
Topology




Boundary of a subset of R"

Definition: Let S be a subset of R", and
let p € R™. We say that p is a boundary point

of S if there are sequences sj in S and

t; in R"\S s.t. s;, - pand t; — p, as j — oo.

e.g.. Boundary points of [0,1) C R
are O and 1.

Question: Why not _1/2?no sequence in [0,1)

Question: Why not 1/27_ " = e g )
Question: What are the boundary points of
(3,4] x (1,2) CR?? :
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Open, closed and compact sets

Definition: A subset S of R" is open if
it contains none of its boundary points.

e.dg.. (O, 1) /6 i\ boundary

non-€.4g.. [O: 1) /6 i\ boundary

in the set

e.qg.:




Open, closed and compact sets
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Open, closed and compact sets

Definition: A subset S of R" is open if
it contains none of its boundary points.

e.qg..(0,1)

@]
= 0

(3,4) x (1,2)
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Open, closed and compact sets

Definition: A subset S of R"™ is open if
it contains none of its boundary points.

e.qg..(0,1)

@]
= 0

etc., etc., etc.
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.qg..[0, 1] /6 i\ boundary

non-€.4g.. [Oa 1) /6 i\ boundary

not in the set

e.qg.:

[3,4] x [1,2]
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.g.:|0, 1] 5 :
non-e.g.: [0, 1) > -
non-e.g.: | etc., etc., etc.
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.g.:10, 1] 5 1

non-e.qg.: [0, 1)

— O

0

e.qg.:
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.g.:10, 1] 5 1
non-e.qg.: [0, 1) 5 1

etc., etc., etc.

non-e.g.:

“most” sets are
neither open nor closed
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.g.. (—oo, 1] s

1
ncpé‘g{(—oo, 1) N

e.qg.:
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Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

e.g.. (—oo, 1]+ 1

non-e.g.:(—oo0, 1) o

etc., etc., etc. ..~
non-e.qg.:




Open, closed and compact sets

Definition: A subset S of R"™ is closed it
it contains all of its boundary points.

Definition: A subset S of R" is open if
it contains none of its boundary points.

0 and R™
Can a set are both
be both e n'
closed and SlCJt?spe?cs
?
OREll of R™.
clopen = closed and open here are

Nno others.
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Open, closed and compact sets

Definition: A subset S of R"™ is compact if
It I1Is both closed and bounded.

non-e.9.:(—oo, 11 : :
- . g ( 0, ] lclosed, but not bounded

n_on-e.g.:(—oo, 1) b 1 neither closed
nor bounded

non-e.g.:

closed, but not bounded
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Open, closed and compact sets

Definition: A subset S of R"™ is compact if
It I1Is both closed and bounded.

. PA . >

e.g.:10, 1] 0 1 closed and bounded

non-e.dg. ( o0, 1) :'i neither closed |

‘ ]l nor bounded

non-e. 2 T '
g.. (O 1) 0 % bounded, but not closed

I.e., the same, ontin., with contin. inverse,

homeomorphic f(xz) =1 — [tanz]
to a topologist j.e., homeomorphism

“Intuition: A compact set'is not just bounded,

but SO bounded, that all of its homeom.—;

iImages continue to be bounded.




Open, closed and compact sets

Definition: A subset S of R"™ is compact if
It I1Is both closed and bounded.

. P o >
e-g-- [Oa ]-] O 1 closed and bounded
non-e.qg.: 1 - ° :
g [O’ ) O 1 bounded, but not closed
4 closed and bounded
e- g- : o e ann
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Open, closed and compact sets

Definition: A subset S of R"™ is compact if
It I1Is both closed and bounded.

e.qg..[0, 1]

closed and bou ndeé

— @

0

non-e.g.: - : :
g [O’ 1) O 1 bounded, but not closed

bounded, but not closed
NoN-e.4g..
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SKILL

Identify, from a picture, whether a given

subset of R" is open, closed, both or neither.

SKILL

Identify, from a picture, whether a given
subset of R" is compact.

For pictures,
usually n < 2.

SKILL

Identify, from a description, whether a given

subset of R" is open, closed, both or neither.

e.qg.,
[1,2] x [3,4] x [5,6]
SKILL

Identify, from a description, whether a given
subset of R" is compact.

Question:

Are there any subsets of R
that are both open and compact?

23




Compactly supported functions

Let f: IR{" — R be a function.

Def'n: Let C C R"™ be a closed set.
We say that f is supported on C If,

for all z € R™M\C, f(x) = 0.

Def'n: We say f is compactly supported

or has compact support if
there exists a compact set
such that f is supported on C.

e.g.: t .
fZR—>R
e /\.

N~ Cz4

f is supported on C'. f has compact support.




