Financial Mathematics
Basics of vector spaces
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Ifv:=(aq,..

The Dot Product

.,an) and w = (bl,,bn) are

ntuples then the dot product of v and w,

written

V- W

- is defined by:

v-w i =aiby + -+ anbn.

£.g.:(2,3,4) (56,7)=2-54+3.-64+4-7

= 10+ 18 + 28 = 56

Note: ntuples are often called vectors.

SKILL: Vector dot product °




(ala”'aa’n)'(blv'”ab?’b) .= a’lbl_l_“'_l_anbn'

Game: I pick and tell you an integer n > 0.
I pick a secret vector u € R™.
Your goal is to find wu.

You pick and tell me finite sequence
v1,...,0p € R"?
and I tell you u-vq,...,u- vp.

How can you figure out u?




I'm thinking of a secret vector
u= (a,b,c,d) € R*.

Then u- (w,x,y,z) is equal to
aw + bx + cy + dz

Then v-(1,0,0,0) = a, so you can find
the first entry of u. The other three entries
can be found by asking for

v-(0,1,0,0), v-(0,0,1,0), u-(0,0,0,1).
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Definition:
The linear operations are

vector addition
and scalar multiplication.

SKILLS:

Vector addition is done entry-by-entry:

(1,2,3) +(4,5,6)=(1+4,2+5,3+6)
= (5,7,9)

Scalar multiplication is done as follows:

2.(6,8,7) =(2-6,2-8,2-7)

— (12,16, 14)




Definition:
A vector v IS a
linear combination of vectors wq,...,w
T it can be obtained from them
by linear operations,
I.e., I there are scalars cq,:--,cp such that

V= clwi + -+ cLwg

'\ ...... /‘

coefficients

“v is a linear combination of wy,...,wy
with coefficients cq,...,c."

SKILL: Linear combinations




Def'n: A nonf) subset S C R" is a subspace
(a.k.a. vector subspace, linear subspace)

T 1t's closed under the linear operations,
l.e., 1T both of the following hold:
efor all v,w € S, we have: v+ w € S,
efor all ce R, for all ve& S, we have: cv € S,
[.e., if any linear combination of elements of S
IS again an element of S,
[.e., if, for all integers k > 0O,
for all scalars cq,...,c,
for all vy,...,v €5,

we have: cijv1 + -+ cLvp € S.

e.qg.. Any
ANy

ANy

ine through the origin in R2
ine through the origin in R3

blane through the origin in R3




Question:
Subspaces (except {0}) are infinite,
so how can I discuss one with you?
I can’t list all the elements.

So how do I communicate to you
a particular subspace of interest to me?

Definition: Let A C R™.
The span (a.k.a._linear span) of A
denoted [(A)),
IS the set of all
linear combinations of elements of A

e, (A):={civi+ -+ crvr|ct,...,c € R,
V1,...,0 € A},
i.e., |[(A) is what one obtains after
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“closing A under linear operations’,




Definition: Let A C R",
The span (a.k.a._linear span) of A
denoted [(A)),

Is the set of all
linear combinations of elements of A

e, (A):={civ1 + -+ crvp|c1,...,cp €R,
Definition: Let A C R". V1,...,V € A},
iThe span (a.k.a._linear span) of A

“clodenoted [(A)| linear operations’,

_ic t-l-n:—co'l- nf all
l.e., {A)| the smallest of all the, . . _ ~f A

“'"™Subspaces of R"™ containing A.

e, (A):={civi+ -+ crvrl|ct,...,c, € R,
V1,...,0 € A},

i.e., |[(A) is what one obtains after
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“closing A under linear operations’,




Definition:

Let A C R"™.

The span (a.k.a._linear span) of A

IS the set of all
linear com

.= {Cl’Ul + - -

I.e..

I.e.,

I.e.,

(A)

(A)

denoted |(A)

IS what one

binations of elements of A

-+ cpvp | c1,..., ¢ € R,
V1,...,0 € A},
obtains after

“closing A under linear operations’,

(A)

the smallest of all the
subspaces of R™ containing A.

Notation: Say A is finite: A ={vq,...,vi}.

Then (A) = ({vq, ..

(v1,...,VE)|, dropping the braces.| u

., UL }) is usually written




Example (of a subspace):
The subspace of R* spanned by
(1737472)7 (271727_1)7 (47771073)

Question:
Subspaces (except {0}) are infinite,
so how can I discuss one with you?
I can't list all the elements.
So how do I communicate to you
a particular subspace of interest to me~?
Answer:
I can give you a (finite) spanning set.

Notation: Say A is finite: A ={vq,...,vi}.
Then (A) = ({v1,...,vi}) is usually written

(v1,...,VE)|, dropping the braces.|




Example (of a subspace):

The subspace of R* spanned by

(1737472)7 (271727_1)7 (47771073)

I.e.:
<(1737472)7 (271727_1)7 (43771073) >

Note: linear combination

Supposé v IS all.c.|of vy,...,vp_1.
Then (TE,...,vk) = (V1,..-,Vg_1),

O v was redundant.

e.g.; 1 " J,
2 - (1737472) _l_ (27 1727 _1) — (4777 10:3)1
so (4,7,10,3) is a l.c. of

(1,3,4,2) and (2,1,2,—1).




Example (of a subspace):
The subspace of R* spanned by
(1737472)7 (271727_1)7 (47771073)
I.e.:
<(1737472)7 (271727_1)7 (47771073) >

e.d..
2- (1737472) _I_ (27 1727 _1) — (4777 1073)1
so (4,7,10,3) is a |.c. of
(1,3,4,2) and (2,1,2,—1).

€.9:(1,3,4,2), (2,1,2,-1), (4,7,10,3))
2-(1,3,4,2) + (2,12, -1) = (4,7,10,3),
so (4.7.10.3) is a l.c. of
< 1,3,4,2), \—7(27’ 17’23_-1)j>(271727_1) B




Note: linear combination

sSuppose v is afl.c.jof vy, ..., vp_1.

Then (v1,...,v) = (V1,...,V_1),
SO v was redundant.

Definition: (1.d.)
We say vy, ...,v, are linearly dependent

if 47 s.t. v; € (’Ul,.. 3 Vj—1,Vj41,-- .,’Uk>.

<(1737472)7 (271727_1)9 (4:791093) >
|

((1,3,4,2), (2,1,2,-1)) .




Note: linear combination

sSuppose v is afl.c.jof vy, ..., vp_1.
Then (v1,...,v) = (V1,...,V_1),
SO v was redundant.

Definition: (1.d.)

We say vy, ...,v, are linearly dependent

if 47 s.t. v; € (’Ul, e V51, V415 - - ,’Uk>.
Definition: (1.i.)

We say vq,...,v, are linearly independent

T they are notll.d.

linearly dependent 16




Fact: Let F be a finite subset of R".
Suppose F is |.i.

Say v € R™\(F), i.e., v € R™ and v&(F).
hen FU{v} is L.i.

Proof:
Let fq1,..., fr be the distinct elements of F'.

v & (F), sowvis not al.c. of fi,..., fi.

Say some vector in F U {v}

IS a I.c. of the rest. MULTIPLY
Want: Contradiction- E%L\J(AlT/ION
Say, e.g., f1ida l.c. of fo,..., fr,v l

sSay, e.g., f1 = a1v+axfo+ ""|‘a-kfk-
fi,..., fr 2re l.i., so a1 #= 0.
(1/a1)fi=v+ (az/a1)f2 -l- -+ (ag/a1) fx
(1/a1)f1 — (az/a1)fo— - — (ak/al)fk =

v € (F'y. Contradiction. QED




Fact: The vectors vq,...,v, are |.i. Iff
the only I.c. of vy,...,v that is =0

iIs|the one with all coefficients = 0.
1

the ‘“trivial’ |.c.

Proof of “only if" (=):
Say v1,...,U are L. and
C1V] + CQUD + - -+ T CRUE

VD —
—(ep/c1)v2 — -+ —(cp/c1) vk
Then vy is a l.c. of vy,...,v;.

U1 p—
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Contradiction.




Fact: The vectors vq,...,v, are |.i. Iff
the only I.c. of vy,...,v that is =0

iIs|the one with all coefficients = 0.

1
the ‘“trivial’ |.c.

Proof of “if" («):
Say the only |.c. of vy,...,v; that is =0
Is the one with all coefficients = O.

Want: V1,...,V are l.i.
say, e.g., vy is a l.c. of vy, ..., vp.
Want: Contradiction.
’011: Co VD —+ -I- 1+ CL VL
’01—62”02—---—Ckvkzo

Contradiction. QED
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Definition:

Let S be a subspace of R™.
A spanning set for S is a subset

AC S sucht

A basis of S is a

nat (A) = S.

S

panning set for §S.

linearly independent

S = <(1737472)7 (27 1727_1)9 (4777 1073) >

<(1737472)7 (271727_1) >

Question:

Is {(1,3,4,2), (2,1,2,—1)} a basis of S7
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Definition:

Let S be a subspace of R™.
A spanning set for S is a subset

AC S sucht

A basis of S is a

nat (A) = S.

S

panning set for §S.

linearly independent

e.g.. The standard basis of R" is

(1,0,...,0), (0,1.0,...,0), ...,
(0,...,0,1,0), (0,...,0,1).

Questions: Why a spanning set? .

Why linearly independent?




