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Properties of determinants
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Eq,...,Ey, By, ..., E; primary elementary
Say M =E;---ExCE]--- E;. Then

det(M) = [det(FEq)] - [det(FEL)] x
[det(C)][det(E))] - - - [det(E))]

Also, M' = (E))t--- (E))ICYER) - (E1)t.

T hen
det(M?) = [det(E))?] - - [det(E])!]X

[det(CH)][det(E)"] - - [det(E1)t]
Also, for all integers 5 € [1,1],
det(E}) = det((E;-)t)
Also, C = Ct.
Also, for all integers 5 € [1, k],
det(E;) = det(E;?)

— Then det(M) = det(M?).




det(C @ D), with C, D diagonal
Fact: det(C' @ D) = (detC)(det D), vdiag. C, D
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det(C @ D), with C, D diagonal
Fact: det(C ¢ D) = (detC)(det D), Vdiag. C, D

Cor:det(I ® F) = detFE, Vid. I, pr. elem. E
det(E®I) =detFE, Vid. I, pr. elem. E




det(L & M)

Let L € RPXP M € RI%9,
Obtain a diagonal matrix C from L, via

primary row and col. ops|, w/ []dets = a.

a-(detl) =detC e/
Obtain a diagonal matrix D from M,

primary row and|col. ops

b-(det M) =detD e
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det(L & M)
Let L € RP*P, M ¢ RI%49,
Obtain a diagonal matrix C' from L, via
primary row and col. ops, w/ []dets = a.
a-(detl) =detC

Obtain a Nagonal matrix D from M, via
primarywrow Qnd col. ops, w/ Hdets_b

b-(detM) = detD

[det(L @ M)] = det(C @ D)

(a- (detL)] [b- (det M)]




det(L & M)
Let L € RP*P, M € R9%49,
Obtain a diagonal matrix C' from L, via
primary row and col. ops, w/ []dets = a.
a-(detl) =detC
Obtain a diagonal matrix D from M, via
primary row and col. ops, w/ [[dets = b.

b-(det M) =detD

wh - [det(L ® M)] = [& - (det L)][k- (det M)]

det(L & M) = (det L)(det M)
= [a - (det L)][b- (det M)]




det(L & M)
Let L € RPXP M € RI%9.
Obtain a diagonal matrix C from L, via
primary row and col. ops, w/ []dets = a.
a-(detl) =detC
Obtain a diagonal matrix D from M, via
primary row and col. ops, w/ J]dets = b.

b-(det M) =detD

The determinant of the direct sum
is the PRODUCT of the determinants.

det(L & M) = (det L)(det M)

Next topic: Determinant is alternating and multilinear
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Notation: If v = (a,b) and w = (¢, d),

then [v  w] means

so sv(v,w) = det

Then: sv(v,w) = det|v w].
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detlv w] = sv(v,w)

= —sv(w,v)

sv(v,w) = det|v

w]
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detl[v w] = sv(v,w)

= —sv(w, v)
= —det[w ]
det | “ b = —det boa
d | d c

“The determinant is alternating in columns.”
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transpose_matric_:es on left and righ:c hand sides
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det a b — —det b a
c d d c
transpose matrices on left and right hand sides
det A e — det b d
b d a c
\ “The determinant is alternating in rows.”
a b_: ‘a b ‘a b
det — det - SO det =0
a b_j: a b a b
r=—-xx = x=20
“If two rows are equal, then det = 0.
Transpose:

“IT two columns are equal, then det = 0.
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Next topic: multilinearity of determinant




det

area = det|u W]

area = det|u v+ w]

area = det|u v]

u v] 4+ detlu w] = detlu v+ w]
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detlu v] + detlu w] = detlu v+ w]

interchange first and second columns all through

detlu v] + detlu w] = detlu v+ w]
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detlu v] 4 detlu w] = detlu v+ w]

interchange first and second columns all through

—detlv u] — detlw wu] =—detlv4+w ]
multiply by minus one

det[v wu] 44 detlw wu] = detlv4+w u]

“The determinant is additive in columns.”
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det

det

det

a—+ 4a’ 4+ 7d”
c+ a4 + 7"
det | “
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“The determinant is multi
In columns.”
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a--Ta

/

c+ ¢

.-
d_

— det

a

C

.-
d_

+ det

transpose matrices on left and right hand sides

det

“The determinant is additive in rows.”
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det

e a O

If a row Is zero, det is zero
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det

If a row Is zero, det is zero

/

g h 1]

0 0 0V
/ +
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If a row Is zero, det is zero

det

e a O

o> o O

S < O
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If a column iIs zero, det is zero
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det

If a column iIs zero, det is zero
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If a column iIs zero, det is zero

N\

O -+ det
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e f
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Next topic: determinant formulas
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det(A) = det — det
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det

A =

det(A) = det

S
_O d_

det(A) = det
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A =

det(A) = det

det — det

S
_O d_

— det

det —N0
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det

C

d

= ad — bc

3 X 3 case”?

NOTE: 21=2
monomials,

half with -+,
half with —
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a b c
det|d e f| =
g h 1_
adet | = ddet
_h Z_
adet|® 7 d det
_h Z_

Expanding along the first column

g det

g det

O
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det@
%) _

o det | © f}

+ |d det b C}

g det

“ a

Note the alternating signs

(1,1) entry; 141 is even = 4+ sign
(2,1) entry; 2+1 is odd = — sign
(3,1) entry; 341 is even = 4 sign

Expanding along the first column
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a b c
det|d e f| =
g h 1
adet|¢ T|= dget|? ©
h 1 h 1
—a(ei — hf) —  d(bi— hec)

g det

T

e [

+  g(bf —ec)
— aet — ahf — dbi + dhc + gbf — gec

NOTE: 3!=6 monomials,

half with 4+, half with —
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Expanding along the first column




- . INOTE:
a b oc d 41=24
det | € fg hi _ monomials,
i 5 k1 half with 4,
half with —
™ mn O joul
S g h e g h]
+adet|y k | —-bdet|: k 1
n o P 'm o p._
e f h] e f g]
+cdet| ¢+ 45 [l|—ddet| i 4§ k
Lm n p._ ‘m n o

Expanding along the first row

Exercise: Work out formulas for expanding
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along the second row & third column.




g b ¢ Z f g R
det fog —agdet|0 k I
O 0 k I 0 0 p.
0 0O O »p|
— af det ko
0 p
— afkp

Expanding along the first column

~Fact: The det. of an upper triangular matrix
IS the product of the diag. entries.

Fact: The det. of a lower triangular matrix

IS the product of the diag. entries. | s




Theorem: Let M € R*xX™,
Then the following are equivalent:
(o) M is a product of elem. matrices
(e) M is reducible to I via

elem. row & col. o
(e) M is reducible to I via elem. row 0O

(e) M is reducible to I via elem. col. ©
(e) M is invertible

DS
DS

DS

_ (o) ker(M) = {0}
(o) M has a left inverse () Lys is 1-1

(o) M has a right inverse (o) im(M) = R**1
(o) Ly : R* - R" is onto  (e) det(M) # 0

Proof: True for diagonal matrices.

All etever properties are invariant under

elementa@\row & column operations.

twelve QED
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a7

aa' — bb + e/
ga' — hb' + i
da' —eb + fc

= da' —eb + fc
ga' — hb' + i
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MAT RIX
OF MINORS

COFACTOR
MAT RIX

TRANSPOSED
COFACTOR
MAT RIX

Qa

d
g

b ¢l [ d

e
h

MULT.
A MATRIX BY

f

1

“f, 7;/ )

ITS TRANSP.
COFACTOR

IS

C
—f/
]
g
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ITS DET. | 51
SCALAR




‘a b ¢ . Cad  —d ¢ 1 0 O
d e fl |-t ¢ —w|=l0 1 0
g h ) L —f ) L0 0 1

ITS TRANSPOSED
COFACTOR MATRIX
DIVIDED BY

THE INVERSE OF A MATRIX IS
ITS DETERMINANT

PROVIDED THAT
ITS DETERMINANT IS NONZERO.

Say D#0.
'a b c] [ d —d’ g D 0 O]
d e f —b e/ K l=10 D O
g h ]| ¢ —f/ . 0 0 D,
MULT. ITS TRANSP. ITS DET. | 52
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ITS TRANSPOSED
COFACTOR MATRIX
DIVIDED BY

ITS DETERMINANT

PROVIDED THAT
ITS DETERMINANT IS NONZERO.

FIND y
ONLY
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