Financial Mathematics
Bilinear forms and quadratic forms




Definition:
A polynomial Iin «

IS a (finite) linear combination of

z,x2, 3, % x2, 2%, 27, .

\5 \ \ \ degree
e.g.. P(x) .

—|—4:U—|—6:r:

Definition:
A polynomial in z,y
is a (finite) linear combma’uon of
1) £ y’ 382 :L.y y ?

x3, 2%y, xy?, y3,

monomials in x,y of
(total) degree = 3




Definition:
A polynomial In z,y, 2
is a (finite) linear combination of

1 constant monomial
y (total degree 0)

linear monomials
LY, 2, (total degree 1)

P 2 2 quadratic monomials
LY 2, LY, Lz, Yz, (total degree 2)

x37 y37 Z37 x2y7 xz'z) xy27 y2Z7 $Z2, yz27 wyz7

\ cubic monomials
(total degree 3)




Definition:
A polynomial In z,y, 2
is a (finite) linear combination of
1,
.CU, y? Z)

2 .2 2
L 9y 7Z )xyﬁxz7y27

2 2 2 .2 2 2
$37y3ﬁz37x yﬂx Zﬂxy 7y Zﬂxz 7yz 7:Cyz7

\ cubic monomials
(total degree 3)

Definition:
A homogeneous polynomial
in z,y,z of degree = 3

IS a linear combinatiqn of
3.3 .3 .72 2 2 2 2 2 4

XL 7y 7Z 733 yﬂm Z)xy 7y Z7$Z 7yz 7$yz'




R-valued

e.g.  F(x,y,z) =523+ 3222 — 4xyz  corr oo
three inputs one output

R2-valued
vector-valued

degree= 5

Definition: A function G : R3 —
is a homogeneous polynomig

IN X,y z & — 9,
{;y, and B(x,vy, zl),

such that G(z,9,2) = (A(x,y,2) , B(x,y,2) ).

Definition:
A homogeneous polynomial
in z,y,z of degree = 3

IS a linear combination of

23 3. 23 p2y 2 2 .2 5

L Y©, 27, Y, T2 a:y y 2, T2°,Yz<, xYZ2.




e.g.. F(x,y,z) = 523 + 3222 — 4ayz
three inputs one output

Definition: A function G : R3 — R?
IS a homogeneous polynomial of degree—=5

T there are two homogeneous polynomials
in s,p,w of degree = 5,
A(s,p,w) and B(s,p,w),

such that G(s,p,w)= (A(s,p,w), B(s,p,w) ).

etc., etc., etc.

Definition:
A homogeneous polynomial
in z,y,z of degree = 3

IS a linear combination of

23 3. 23 p2y 2 2 .2 6

TN a:y,acza:y yz.:vz,yz , LYZ.




Polynomial approximation
General mathematical theme:
Given a function, e.9.: f(x) = €%,
even If it's not a polynomial,
we can approximate it by polynomials.

E.g.. f(x) =e* =1,

f(zx) =€t =~ x,
flz) =eT~ 14+ x4+ («2/(21),
f(@) =~ + a4+ (@2/(2D) + @/(3Y),

|agree at O to order three|

Works with any number of input variables,
and any number of output variables.

e.qg.. Black-5Scholes gives a function that maps
(spot, strike, risk-free rate, volatility)

two output




Denote this function by F'.

I?:SDQLE K= K/p

= strike

p = risk-free rate dy = In(S/K") | o
o = yolatility, | o2

iIghly nonlinear

e.g.: [Black-Sch ives a functionthat maps
(spot,  strike, ee rate, volatility)

F two output




Denote this function by F'.
Say we've computed F(100,97,0.01,0.2).

Say we want to,M/

F( 100.1 , 97.03, 0.0102 , 0.204 ).

More generally, say we want to compute
F(100 + w,97 + z2,0.01 + y,0.2 + z)
for “small’ values of w, x, vy, z.

e.g.. Black-5Scholes gives a function that maps
(spot, strike, risk-free rate, volatility)

four input — (price, Delta) :
F two output




Denote this function by F'.
Say we've computed F(100,97,0.01,0.2).

There are / /

a constant C € R?, /
a homogeneous linear L ;: R* — [@9/

£ a homogeneous quadratic Q : R* — R=?,
agrees, at (0,0,0,0), to order two|, with
F(100 + w, 97 + z,0.01 45\@, 0.2 4 2).

defined in topic
on multivariable
polynomial approximation

e.g.. Black-5Scholes gives a function that maps
(spot, strike, risk-free rate, volatility)

four input 'F_> (price, Delta) 10

two output




Denote this function by F'.
Say we've computed F(100,97,0.01,0.2).

T here are

d

constant

degree O

C e

degree 1

IR{Q degree 2

a homogeneous Ilnear L|:

£, a homogeneous

R4+ — R2,

quadratic Q : R* — R2,

st. C + L(w,xz,y,z) -+

agrees, at (0,0,0,0), to order two, with
4F(1OO + w,97 +2,0.01 +vy,0.2 4 2).

‘“2nd order Maclaurin

G(w,z,y,z)

Q(w,z,y, 2)-

approximation” of ¢

e.g.. Black-Scholes gives a function that maps

(spot,

four input

strike,

= (

risk-free
price,

rate, volatility)

Delta) 1

two output




d
d

& a

degree O

degree 1

constant/ C € R?,| [degree 2

homogeneous inear

L|:

R4+ — R2,

homogeneous [quadratid Q : R4 — R2,

Constants are easy to understand.

Homogeneous linear functions are studied by
“Linear Algebra”

Do we need new subjects called

“*Quadratic Algebra’,
“Quartic| Algebra”,

)

degree 4

degree 3

“'Cubic| Algebra',
etc.7?
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NO! There's a subject called
tensor algebra
which can be used to reduce
questions about degree > 2 polynomials
to questions in linear algebra.
So linear algebra suffices!
It is the study of EVERY THING!

We'll only need quadratic approximations,
where tensor algebra is particularly simple. \

Constants are easy to understand.

Homogeneous linear functions are studied by
“Linear Algebra .

d 3
Do we need new subjects called S
“Quadratic Algebra”, “ICubic| Algebra’,
“Quartic| Algebra”, etc.?
/ 13

degree 4




Quadratic tensor algebra (naive formulation)

vector-valued

Let Q : R* — R4 be homogeneous quadratic.
Then there are homogeneous quadratics

Q1 :R*—[R and Qo :R* >R

such that scalar-valued scalar-valued
Q(waxayv Z) —

( Ql(waxayaz) ; QQ(W,$,y,Z) )

It's enough to understand quadratic functions \
R" - R

‘Definition: A homogeneous quadratic function
R™ — R is called a quadratic form.

e.qg.. F(s,t,u,v,w,z) =
43t—2uv—|—u 3’02—|—fwaz

e.g.: F(ml,...,xn)—aﬁl—l—---—l—x%

Also denoted: vi— [v]2 R - R| "




Bilinear Forms

Def'n: Afn B:RP x R? — R is a bilinear form
T both of the following two conditions hold:
e for all v € RP,
the function B(v,e) : R? — R
IS linear; and,
e fOr all w € RY,
the function B(e,w) : RP — R
IS linear.

Let e1,...,ep be the standard basis of RP.
e1 .= (1’0’}[{’0)’ N (O,.r.h.,O,l)

Let f1,...,fq be the standard basis of RY.
f1:=(1,0,...,0), ..., fq:= (O’°rh"0’1)

]{{?qﬁ \ R

15




Bilinear Forms

a bilinear form

et B:RP x R? — R be bilinear]
_et e1,...ep be the standard basis of RP.
et f1,... fq be the standard basis of RY.

The matrix of B is
the p x ¢ matrix whose (4,k) entry is

B(ejafk)

The matrix of B is denoted ([ B].

[B] := [B(ej, fk)]fi%:.':.‘,’g'

16




Bilinear Forms

a bilinear form

et B:RP x R9 — R be bilinearl

_et ep,...ep be the standard basis of RP.
et f1,... fq be the standard basis of RY.

The matrix of B is

' B(e1,f1) B(ei,f2) --- B(e1,fq)
. B(€27f1) B(€27f2) B(QQJfCI)
[B] - : : :
Next: _B(epvfl) B(epan) B(epa fQ)_

A Dbilinear form is determined by its matrix

17




A Dbilinear form is determined by its matrix
Let B :R3 x R® — R be bilinear.

A Dbilinear form is determined by its matrix

18




A Dbilinear form is determined by its matrix
Let B:R3 x R> — R be bilinear.
Suppose the matrix of B is

3 7 -5 6 -2

1 $
2 5 F—=9—311—2
[B] = |E8——4—2—31—06{—2
7 -6 4 -5 2] 1
Problem: Compute
B ( (27271) 9 (3779_5767_2) )

|
(2)(3)(2) + (5)(7)(2) +(3)(~5)(2)+(~9)(6)(2) + (1)(~2)(2)
+(=5)(3)(2)+ (N2 +@(-5)(2)+ (1)(6)(2) + (0)(~2)(2)
+ (7)(3)(1) +(=6)(7)(1) +(4)(~5)(1) +(~5)(6)(1) + (2)(~2)(1)

19

Exercise: Show B(v,w) = (L[B](w)) x




Symmetric Bilinear Forms
equal«

Let B: R x R?” - R be bilinear.
Def'n: We say B is symmetric if,
for all v,v" € R",
B(v,v") = B(@',v).

~e.g.: The dot product
(v,v) — v -0 R*" x R" = R.

e.g.: Let B:R3 xR3 = R be the bilinear form
whose matrix is

1. 2 3
’)<l symmetric
[B] = |2 O matrix
3 5 6]

" Fact: A bilinear form B : R" x R" — R

20

IS symmetric iff its matrix Is symmetric.




First study how to go from [B] to Q
Symmetric Bilinear Forms

Let B:R" x R" — R be bilinear.
Def'n: We say B is symmetric if,
for all v,v" € R",
B(v,v") = B(@',v).

Note: If B: R" x R" — R is a bilinear form,
then the function Q : R — R
defined by Q(v) = B(w, 1)
IS @ quadratic form. on the “diagonal”

Question:
Can we go from @Q to B, (i.e., to [B]),
thereby reducing questions about ¢

to matrix questions? o1




First study how to go from [B] to Q Different [B] lead to the same Q

e.g.:Let B:R3 x R3 — R be the bilinear form
whose matrix is

1 1 4]
Bl = |B 4 7
2 3 6

Let Q : R3%- R be defined by Q(v) = B(v,v).
Problem: Compute Q(x,vy, z).

Solution: Q(z\y,z) = B ((z.y,2)+(z,y,2) )
T Y z—x| |

"1 A7 o lex + lxy + 422
4 7| y~“ +H3yz—- 4 ‘/7.92
2 3 6l% T 32y 622

22

.’L'; —|—4y2 + 6z +4lxy + 62 + 10yz




First study how to go from [B] to Q Different [B] lead to the same Q

e.g.:Let B:R3 x R3 — R be the bilinear form
whose matrix is

-1 2 -
2 3 6]

Let Q : R3 — R be defined by Q(v) = B(v,v).
Problem: Compute Q(x,vy, 2).

Solution: Q(z,y,2) = B((w,y,2), (x,y,2))
T Y Z [

1 2' U1 o lex + gjy Az

2 4 7|y +Hlyx + 4yy + Tyz

2 3 6]z +H2zx + 32y + 622

/Y

12 + 4y2 4 622 4+ dry +Blrz + 10yz| ~




First study how to go from [B] to Q Different [B] lead to the same Q

e.g.:Let B:R3 x R3 — R be the bilinear form
whose matrix is

-1 5 Zl-
3 3 6

Let Q : R3 — R be defined by Q(v) = B(v,v).
Problem: Compute Q(x,vy, 2).

T U =z |
1 2 B lex + 22y + Bz
> 4 [ vy +2yx + 4yy +[lyz
B B 6] 2 +H3zx + 3y + 622
V/4

12 + 4y2 4 622 4 4zy + Blrz + 10z




First study how to go from [B] to Q Different [B] lead to the same Q

e.g.:Let B:R3 x R3 — R be the bilinear form

whose matrix Is ,
"1 2 37 symmetric

[B] = |2 4 [5| Coming up:
The Spectral
'3 |5 6 Theorem

Let Q : R3 — R be defined by Q(v) = B(v,v).
Problem: Compute Q(x,vy, 2).

T U =z |
1 2 37 =z lrx + 2xy + 3xz2
> 4 Y +2yz + 4yy + By
3 B 6| 2 +3zx + 5y + 622
_ _ Y

2 + 4y2 + 622 4+ daxy + 6xz + 10y=z >




First study how to go from [B] to Q Different [B] lead to the same Q

e.g.:Let B:R3 x R3 — R be the bilinear form
whose matrix is

[B] =

{square matrices}
S Ul

{quadratic forms} {symmetric matrices}

26




IDifferent [B] lead to the same Q> @ Different [B] lead to the same Qn Q to [B]

e.g.:Let B:R3 x R3 — R be the bilinear form
whose matrix is

1l 2 3]
3 5 6]

Let Q : R3 — R be defined by Q(v) = B(v,v).

{square matrices}

GJGYOWQ’
(\O&O(\ UI
{quadratic forms}. {symmetric matrices}

bijection

27




Different [B] lead to the same Q Now learn to go from @ to [B]
Symmetric Bilinéa and B
symmetry

Let B:R" x R™ — R be bilinear. 's needed:

We say B is symmetric if,
for all v,v" € R"™,

B(v,v") = BV, v).

{square matrices}

U

. ? . .
{quadratic forms}——{symmetric matrices}

bijection

28




Different [B] lead to the same Q Now learn to go from @ to [B]
Symmetric Bilinear Forms and B

symmetry

Let B:R" x R™ — R be bilinear. 's needed:

We say B is symmetric if,
for all v,v" € R"™,

B(v,v") = B(@',v).

From B to Q
Note: If nx R" - R is g’ bilinear form,
then the fu ion @ : — R
defined by Q) = B(v,v)

IS @ quadratic for

‘From to B

Goal T Q:R" IS @ quadratic form,
then 7.[] GBE] B : R* x R — R
unique/ / s.t. Vv € R",

symmetric Q(v) = B(v,v). z

bilinear form




Now learn to go from @ to [B]

e.g.. Define Q@ : R4 — R by symanrj]ztﬁ/
Q(w,w,y,z) = is needed!
w2 + bwx||— 4wzH 3y2 — 2yz|[+ 752
___________ w =y oz

1 3 7 — 21 w

3 0 0 0 | x

[B] =
72 0 3 -1y
-2 0 -1 7 ] =z

Goal: If @ : R" — R is a quadratic form,
then 9] [SBF B : R® x R* — R

unique/' s.t. Vo € R,
symmetric .
bilinear form Q(v) = B(v,v). 30




Now recall how to go from [B] to B Now learn to go from @ to [B]

e.g.: Define @ :R* — R by ek
Q(w,aj,yjz) — IS needed!
w2—|—6wx—4wz—|—3y2—2yz—l—7z2.
"""""" w o oy oz

1 3 0 —2 | w

3 O 0 O | x

[B] =
0 O 3 —1| Yy
-2 0 -1 7 | =z

{quadratic forms}—{symmetric matrices}

31




Now recall how to go from [B] to B

w T — 2

—2

Now learn how to go from B to [B]

B((w7 w? y? Z)7 (w,7 aj,? y,7 Z,)) —
ww' + 3yy’ + T2+

"2+ w2') —(vy'z + y2)

O O O/W

<
0/ 1=2]7 v
0 | 2
1|
23 7| 2

{symmetric b|I|n ar forms}

{quadratic forms}—{symmetric matrices}

if

32




Now recall how to go from B to @ Now learn how to go from B to [B]

B((w7 :I;, y? Z)7 (w,7 m,7 y,7 Z,)) —
ww' + 3yy’ + 722"+

3(zw’ + 2'w) —2(w'z + w2') — (v'z + y2)

w X Y z
1 3 0 27
3 0 0 o0 |4«
[B] — /
0 0 3 —-1|uw
-2 0 -1 7|7

{symmetric bilinear forms}

!

{quadratic forms}—{symmetric matrices}

33




Now recall how to go from B to Q Last: Q to B

Note: If B: R" x R" — R is a bilinear form,
then the function Q : R — R
defined by Q(v) = B(v,v)
IS @ quadratic form.

—> UV

four terms

)

0@\ {symmetric bilinear forms}

St
{quadratlc forms}—{symmetric matrices}

34




Last: Q to B

Note: If B: R" x R™ — R is a bilinear form, ©
then the function Q : R — R
defined by Q(v) = B(v,v)
IS @ quadratic form.

[O(U + 'w)] — [O(fv)] [Q(w)]

B(v,w) = -Formula involving @
Z

= Q) + 2[B(v,w)] + Q(w)

2 {symmetric bilinear forms}
a\’a <
{quadratlc forms}—{symmetric matrices}

35




Def'n: The SBF B s.t., Vv, Q(v) = B(v,v)
is called the polarization of Q.

T he Polarization Formula

Qv+ w)] — [Q(v)] — [Q(w)]
2

B(v,w) =

Qv+ w) # Qv) n Q(w)
Qv+ w) = Q(v) + 2[B(v, w)] + Q(w)

the "“‘cross term”

«2{symmetric bilinear forms}
NS 0
S H
< Q\fa‘
Q

{quadratic forms}—{symmetric matrices}
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Def'n: The SBF B s.t., Vv, Q(v) = B(v,v)
is called the polarization of Q.

T he Polarization Formula

Qv 4+ w)] — [Q(v)] — [Q(w)]

B(v,w) =

2

Def'n: For any quadratic form @ : R" — R,
with polarization B, the matrix of @,

denoted

Q]

Is the matrix of B.

By(v,w)=(Lp(v)) - w . .y
O (W) =(Lar(v)) - o {symmetrlc Igﬂlnear forrns}
— [Q] H

{quadratic forms}—=={sym metrlc matrices}

37
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Polarization of squaring is multiplication

e.g.:
Define Q : R — R by Q(z) = 2.

The polarization formula:

I LG R GO RICIO)

_(e+y)? -2 —y?
2

_ P i A ey T

On your calculator,
if the x button breaks, but not the z2 button,

you can still multiply!

38




Polarization of length squared is dot product

e.g.:
Define Q : R" — R by Q(v) = |v]%.

The polarization formula:

PR Y LGt B ) R CIE0)

o4 w|? = |? = |w|?
o 2

_ WP+ + 20 w) P Aw
2

If you know how to compute | e |2,

then you know how to compute dot products. 5




The BIG IDEA:
Questions about quadratic forms reduce to
questions about (symmetric) bilinear forms,
which then reduce to
questions about (symmetric) matrices.

Thus “quadratic algebra” reduces to
linear algebral!l

homogeneous polynomials
Similarly: of degree = 3

Questions about cubic forms reduce to
questions about (symmetric) trilinear forms,
which then reduce to

questions about (symmetric) 3-tensors.
Thus “cubic algebra” reduces to

linear algebra!l 40




The BIG IDEA:
Questions about homogeneous polynomials
of degree k reduce to
questions about (symmetric) k-linear forms,

which then reduce to
questions about (symmetric) k-tensors.
Thus “polynomial algebra” reduces to
linear algebrall
Similarly:

Questions about cubic forms reduce to
questions about (symmetric) trilinear forms,

which then reduce to
questions about (symmetric) 3-tensors.

Thus “cubic algebra” reduces to

linear algebra!l 41




The BIG IDEA:
Questions about homogeneous polynomials
of degree k reduce to
questions about (symmetric) k-linear forms,

which then reduce to
questions about (symmetric) k-tensors.

Thus “polynomial algebra” reduces to
linear algebrall

Concluding remark: .

Since any reasonable function is
well-approximated by polynomials,

these observations turn linear algebra into
the study of everything!!

42




