Financial Mathematics
Eigenvalues and eigenvectors




The world of Ramagrog

On Ramagrog, there live
Ramatins and Grogali.

Ramatins and Grogali take
one year to mature. No old age deathl

Each spring, each Ramatin produces
14 Ramatins and 28 Grogali.
Each fall, each mature Grogalus eats
6 Ramatins and 11 Grogali.

Current population (just before production):
35 Ramatins and 79 Grogali.

Questions:

How many Ramatins and Grogali
one year from now?

and ten years from now?
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Exercise: Do the arithmetic.
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Current population \
(just before production):
35 Ramatins and 59 Grogali. —¢ |
- [28 —11
o
Pn .=
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15 —6 | T
Pn+1 = B B = =
nr pn 28 —11| | " |gn
Current population 35
(just before production): Py =
35 Ramatins and 79 Grogali. 79
Question: How many Ramatins and Grogali

ten years from now??
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= p10 = Bpg = B?pg = B3p7 = -
= B

Exercise: Compute B2, (B%)?2, ((B?%)%)2.

Compute B0 = [((B?%)2)?][B?]

Compute p1g = B19%q 10




Cultural note: . _
Ramatins and Grogali run in herds!

A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.
Current population (just before production):
35 Ramatins and 79 Grogali.
Cultural note:
Current population has

\ 9 big herds and 3 little herds.
(35 3 1
79 7 T 2.
|| I I
PO h* Fux
po = 9 h* + 8 hx
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Cultural note:
A big herd begets a big herd.
A little herd begets three little nherds.

Exercise: [Do the arﬁhme%/

15 | —61[3]_ R
_28 —11_ _7_ _7_
_ ¥ - - - _ -

1 — 1 1

> =0 — 3 Bhy = 3 hs
_28 —11_ _2_ _2_ -




Cultural note:
Ramatins and Grogali run in herds!
A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.

Cultural note:

A
A

Cultural note:

A
A

D1g herd
Ittle herc

Dig herd

begets a big herd.
begets three little herds.

Degets a big herd.

ittle hero

begets three little herds.
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Cultural note:
Ramatins and Grogali run in herds!
A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.

Cultural note:
Current population has
O big herds and 8 little herds.
Cultural note:
A big herd begets a big herd.
A little herd begets three little herds.

Population after 10 years has

9 big herds and 8310 |ittle herds.
T - —

1
= 9 + 8.310
910 7 2
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+ 8.3%0

(472,419 |

044,847

+ 8.310
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i} i g oh
101= 9 + .30
| 910 | { _ 2
472.419
o 944,847
X % ‘i . % 11 “h* IS an
Bh™=h B fixes h™. eigenvector for B
with eigenvalue 1.”
Bhy= 3 h.| “B triples hy.” | "h« IS @n
eigenvector for B
with eigenvalue 3.”
Po = O h* + S Ry

“po IS a linear combination of h* and hx "

with coefficients 9 and 8.”




The big idea of eigenvectors and eigenvalues:

[T you want to apply a matrix many times to
a one-column matrix
(a.k.a. a “column vector"),
the computation becomes much simpler
T you can write the column vector as
a linear combination of eigenvectors.

e.g.:
Computing B19y looks hard,
but becomes much easier if you note that
PO = O h* -+ 8 hs
Bh*=h* Bhy« = 3 hx
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A big herd

has 3 Ramatins and 7 Grogali.

A little herd has 1 Ramatin and 2 Grogali.

Transition from big herds/little herds count )

to Ramatin/Grogali count:

Assume x big herds and y little herds.
Count the number r of Ramatin

e number g of Grogali.
- Y

and th
r = 3x
g=1Trx -
1 13
9] L

N,

_2y
1] |z
2_ Y |

_—

Il C : bh/lh - R/G

C 18




A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.

Transition from Ramatin/Grogali count )
to big herds/little herds count:
Assume r Ramatin and g Grogali.

Count the number x of big herds
and the number y of little herds.

o . 3 1] [x]
9] |7 2|y
3 1171 ] |
7 2] |9 Y
o C : bh/lh > R/G
c—1 c-1: R/G — bh/lh|®




1 O

0 3] |y, 3y |
-

D

D is a diagonal matrix.
D fixes top entry, triples bottom entry.

No such simple description of what
B — 15 =6 | goes|
28 —11

Diagonal matrices are
much easier to understand
and much easier for computations

than non-diagonal matrices. *0




To apply B to an R/G population count p

change to a bh/lh count
(multiply by C—1),
then fix top entry, triple bottom entry
(multiply by D),

then change to an R/G count
(multiply by C).

Bp = CDC1p B=CDC™ 1
B is “conjugate” or “similar’ to D
via (left) C.

B is not diagonal, but is “diagonalizable’.

C  bh/lh - R/G

c-1: R/G — bh/lh|*
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eigenvector ™M M~ — (N eigenvector

eigenvalue ™M eigenvalue
| |
* _ _ *
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O ™M eigenvalue
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— O eigenvalue

|
Q

BlO — 277277

eigenvector M M~ — (N eigenvector

eigenvalue ™M eigenvalue

— (N ejgenvector

O 00 .
— (N M M~ eigenvector




15 —6 |
B = B0 — 727777
28 —11
O — 3 1 H— 1 O
2 0 3
B=C/Z{C_1 727777 C—l=r77777
'3 11 O] ~2xR1 — R2 '3 1 1 O
7 2|0 1 1 0|-2 1
1R1<—>F\>2
1 0oll—-2 1 '—?:leeRz 1 0Oll—-2 1
0 7 -3 3 1|1 O
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15 —6 |
B = 28 _11 Bl0 = 272777
o 3 1 H_|1 O
7 2 0 3.
B=CDC™1 727272727 C—1 =
cp=|> 3 ct=|7
7 6 7 -3
-2 1
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15 —6
B = 10 _
28 —11 B0 = 27272727
o 3 1 D — 1 O
7 2_ _O 3_
B=CDC~1 727272727
oD — 3 3 -1 — —2 1
7 6 7 -3
cho-1 — 3 3][-2 1]_[15 -6 _ 5
7 6|7 -3| |28 -11]|—




1 -
B= | ° Bl0 = 272777
28 —11
(31 n_|1 O
7 2 0 3
B=cDCc—1
“““ Bis “conjugate” or “similar’ to D
via (left) C.

B is not diagonal, but is “diagonalizable”.
B2 = (cpe~DHY(w'Dc—1) = cp2c-1
B0 = (cpc—1)...(cbc—1) = cplo%c—1




- -
B — 5 © B].O: P??7?7?7?
o8 —11|  BO=7ow
c=13 1 p=|" "
7 2 0 3

1 o

10
D T 0 310

'3 111 o0 =2 1]

— EXxercise
7 2jj0 3197 -3

B]_O —

B2 = (CDEN)(¢'DC 1) = 0D

B10 — (¢pCc~1Y)...(cDC~ 1) = cDOC- 1




B — 15 —6
28 —11
Questions:

How to find C, D so that B=CDC1,
with D diagonal?
I.e.: How to diagonalize B~”
I.e.: How to find eigvects & eigvals of B~?

Are all square matrices diagonalizable?

How to identify and diagonalize
the matrices that are diagonalizable?

form”, even for those matrices e.g.: |

i i ? 1 tenth
that are not diagonalizable- | power !
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Question:
Are all square matrices diagonalizable?

0 1 Say PMP~1 is diagonal.
M = L
0 0] ()WGot: Contradiction.
""" ;;’:'-;,j"(;‘"_'“(;“(3'-”,“15;\/_;;;—'1';“““
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Question:
Are all square matrices diagonalizable?

0 1 Say PMP~1 is diagonal.
O O Got: Contradiction.

Definition:
A (square) matrix is nilpotent if
some power of it is zero.

e.qg.. M, any strictly upper triangular,
any conjugate of a str. upper triangular

Fact: Any nilpotent diagonalizable
matrix is 0. 31
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e.qg.. M, any strictly upper triangular,

any conjugate of a str. upper triangular
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15 6 Question: How to find the

B = eigenvectors & eigenvalues
28 =11 of B?

A IS an eigenvalue of B
iff dJa vector v #0 s.t. Bv = \v

iff Ja vector v #0 s.t. (B—Xl)v =0
iff det(B—Al)=0
15 — )\ —6

iff det =0
28  —11—X

iff (15 —X)(—11—-X) —(-6)(28) =0
iff A2—4Xx43=0

ff A=1orAx=3 ”




15 —g | | Question: How to find the

B = eigenvectors & eigenvalues
28 —11 ong? ’

A IS an eigenvalue of B
ff A=1orA=3

The eigenvalues of B are 1 and 3.

ff A=1orAx=3 .




15
28

B =

_6 || Question: How to find the

—11]| of B?

eigenvectors & eigenvalues

A IS an eigenvalue of B
ff A=1orA=3

The eigenvalues of B are 1 and 3.

Subqguestion: How to find
the eigenvectors of B with
eigenvalue 17

Subquestion: How to find
the eigenvectors of B with
eigenvalue 37
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15 6 Subquestion: How to find
B = the eigenvectors of B with

28 —11| | eigenvalue 37

v IS a 3-eigenvector of B

Subquestion: How to find
the eigenvectors of B with

36

eigenvalue 37




15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11]| eigenvalue 37

eigenvector with eigenvalue 3

v IS a|3-eigenvector|of B

iff Bv=3v and v#0

iff (B—3I)v=0and v# 0
iff v e [ker(B —3I)]\{0}

37




15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11]| eigenvalue 37

v IS a 3-eigenvector of B

fF e Tker(l R — QT“\IO}
21 - '

B_ 37— 12 —6 |
|28 —14
iff v € |ker(B =3I)]\{0}
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15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11]| eigenvalue 37

v IS a 3-eigenvector of B
iff v e [ker(B —3I)]\{0}

12 —6 ] @@/6)xR1 [2 —1]
B—3I= >

_28 —14_ (1/14) x R2 _2 —1_
2 —1]lz]| [0 - 2x—y| [0
2 —1__y_ _O_ _2:1:'—y_ _O_

ff y=2x
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15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11]| eigenvalue 37

v IS a 3-eigenvector of B
iff v e [ker(B —3I)]\{0}

12 -6 | (@@/6)xR1 [2 —1
B—3I= >
_28 —14_ (1/14) x R2 _2 —1_
2 —1]lz| [0o] . B
> 1z [0 i y=2x
2 —1|ly O[> _1q°
ker(B — 31) = ker
2 —1_2
- 111 by} :U
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15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11]| eigenvalue 37

v IS a 3-eigenvector of B
iff v e [ker(B —3I)]\{0}

12 -6 ] (/O)xRlL [2 -1
28 —-14| (1/14)xR2 |2 -1
2 —1]lz| [0o] .
> _1|y = 0 T y=2x

B —31 =

2 1] o
_ — R
ker(B — 31) ker_2 1 {_233_ T € }
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15 —6 |
28 —11

B =

Subquestion: How to find
the eigenvectors of B with

eigenvalue 37

v IS a 3-eigenvector of B
iff v e [ker(B —3I)]\{0}

R
iff v 1S a nonzero multiple of 5
15 —6"1'__3'1
28 —11]|2 2

ker(B — 31) = ker

PN —
v r € R
_2 —1_ _2.:1:'_

42




15 6 Subquestion: How to find
B = the eigenvectors of B with
28 —11] | eigenvalue 17

14 -6 (1/2) x R1 7 -3
28 —12| (1/49)xR2 |7 -3

B —1=

ker(B — I) = { 35” a:GR}
XL

v IS a 1-eigenvector of B

iff v IS a nonzero multiple of




15 6 Question: How to find the

B = eigenvectors & eigenvalues
28 —11 ong? ’

The eigenvalues of B are 1 and 3.

v IS a 3-eigenvector of B

R
iff v IS a nonzero multiple of 5
v IS a 1-eigenvector of B
3

iff v IS a nonzero multiple of

_7_ 44




15 —g | | Question: How to find the

B = eigenvectors & eigenvalues
28 =11 of B?

The eigenvalues of B are 1 and 3.

SR
_7_ _2_

Question: How to diagonalize B? |1

_2_

=




15 6 Question: How to find the
eigenvectors & eigenvalues

28 —11] | of B7

The eigenvalues of B are 1 and 3.
3 R
4 2

Question: How to diagonalize B7?

3 117715 —-61[3 1
7 2 28 —11||7 2
0 0 1 1
:3 4—3 < — O
3 1 2 2] 1|




15 —6 | | Question:
b = 08 —11 How to diagonalize B7

3 117115 —61[3 1
7 2 28 —11||7 2
1
Question: How to diagonalize B7? 0
---------- S T T T s p——
o] _,[0] 2L J[1P_—°[1P_To
3| 1| 2] 7|2 “TYof {1
0 0 1 1
—3 —3 — O
3 1 2 2] |1]




15 —6 | | Question:
b = 08 —11 How to diagonalize B7

3 1] 15 -6][3 1] _[1 O
7 23 1]7'{15 -6 3 1] 3
7 2 28 —111(|7 2
1] 3 3] 1]
o 7 7] |o
0 - 0 — 3 1 Ly 10
3 1 2 2 1
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15 —6 | | Question:
b = 08 —11 How to diagonalize B7
3 1]17'[15 -617[3 1] [1 O
7 2| |28 -—11]|7 2 0 3
3 117 '[15 -6 13 1] [1 o]*
7 2 28 —11| |7 2 0 3
1 o
- |0 310




Definition:

square matrix

/

T he characteristic polynomial of M

is [xar (M) 1=

= det[M — \I].

Note: It is an expression of A; in fact,
It Is a polynomial in \.

he underlying function xps IS

a polynomial function,
sometimes also called the

characteristic polynomial of M.
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Definition:
T he characteristic polynomial of M

IS

square matrix

/

XM()\) = det[M )\I]

Definition:
r 1S an eigenvalue of M

scalar

means that xps(r) = 0.

I.e.:
l.e.:

l.e.:
le.:

le.:

det(M — rI) = 0.
M —rI is not invertible.
ker(M — rl) # {0}.
Jcolumn vector v =0

s.t. (M —rl)v=0.
Jcolumn vector v =0

s.t. Mv = rv. 51




Definition:
r 1S an eigenvalue of M
means that xps(r) = 0.

[.e.. dcolumn vector v #% 0 s.t.
M simply multiplies v by r Mv = ro.
Definition:
r 1S an eigenvalue of M
means that xps(r) = 0.

[.e.. dcolumn vector v # O

s.t. Mv = rv. 52




Definition:

r 1S an eigenvalue of M
means that xps(r) = 0.

[.e.. dcolumn vector v # 0 s.t.

M simply multiplies v by r

My = ro.

Definition:

The r-eigenspace of M is ker(M — rI).

Definition:

v IS an r-eigenvector of M

means that v € [ker(M — rI)]\{0}.

lLe.. (M —rI)v=0 and v+# 0.
l.e.: Mv=rv and v+ 0.
I.e.: v is a nonzero element of

the r-eigenspace of M.
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Definition:

r 1S an eigenvalue of M
means that xps(r) = 0.

[.e.. dcolumn vector v # 0 s.t.

M simply multiplies v by r

My = ro.

Definition:

The r-eigenspace of M is ker(M — rI).

Definition:

v IS an r-eigenvector of M

means that v &€
lLe.. IMv=rv

I . S
M simply multiplies v by r

|ker(M — rI)]\{O}.
and v# 0.
and v+ 0.
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Definition:

r 1S an eigenvalue of M
means that xps(r) = 0.

[.e.. dcolumn vector v # 0 s.t.

M simply multiplies v by r

My = ro.

Definition:

The r-eigenspace of M is ker(M — rI).

Definition:

v IS an r-eigenvector of M

means that v &
lLe.. |Mv=rv

M simply multiplies v by r

|ker(M — rI)]\{O}.
and v# 0.

Note: O is never an eigenvector, but is In
every eigenspace.

55




SKILL:

Given a square matrix,
find its eigenvalues and
for each eigenvalue r,

find a basis of the r-eigenspace.
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