Financial Mathematics
Diagonalization of matrices




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
complex diagonalizable are different.

e.g.: 0 1
M=11 0 Me= -1
Suppose PMP~—1:=|“ O

0 b
a® 0
S = (PMP 12 =ppm2p-1
‘ -1 0 ]
=P(-)P7l=-I=
- O _1_

a? = —1 = b2, so no real solution. 2




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
omplex dlagonahzable are different.

_ _ 1 —2 1442
Y . i | . 1__7/\]._7;_
I 1 | I - ,_1\—72
— 1
142
T
= —1
1 —2
C'/_?z 1—1}
_1 1| 3




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
complex dlagonahzable are different.

€.9.. _ O 1 i O — 1—2 142
i =+/—1 _—]. O : _1—|—’L 1 —1
0 1|[1—d|_| 14 :Z_l—z
—1 O 1+ 142 14
0 1"1——7,_:_ 1 —2 :_Z_l—l-z
-1 Of|1—2] |—-1-—2 1 —2
c-ive | Hl=ctm | T |=dem T
0 141 142 4




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
complex dlagonahzable are different.




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
omplex dlagonahzable are different.




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
complex dlagonahzable are different.

e.qg.. _ 0 1 i O — 1—2 1412
i = /=1 -1 0 | 1471 1—14
0 1|[1—d|_| 14 :Z_l—z
—1 O 1+ 142 14
0 1"1——7,_:_ 1 —2 :_Z_l—l-z
-1 Of|1—2] |—-1-—2 1 —2
c-me |t =il et |l
0 _O: 0 7




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
omplex dlagonahzable are different.

e.g.: 0O 1 : _ -
M = | C:: 1 ’L. 1+Z
Ve T e N RO & L+i 1-i]
0 1l[1—4| | 144 _ |1
-1 Ol 1+ 1+ 2 14

0 11434 | 1=z __Z,_l—l-z
—1 O 1—7l_ —1 — 2 1 —1
1 1 0
c—imcC =L|_lcimcC Ol= 3| °
_O_ O_l 1 _1_ 8




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
complex dlagonahzable are different.




Question:How to identify and diagonalize
the matrices that are diagonalizable?

Note: Real diagonalizable and
omplex dlagonahzable are different.

e.g.: 1 : _ -
g A — O O 1 z. 1—|—7.,
i=ym1 LTt 00 L L+i 1-d]

c-1ypo = |t ©
0 —i
- . 10 1 0
1104 — |t O _
c—1p10¢ 0 i 0 -1
—1 0 | —1 0 |
M0 =C c1 =
0 -1 0 -1




The diagonalization algorithm

Say xar(A) = (r1 = A (g — A%,

\ with rq,..., 7, distinct complex numbers.
The char. poly. of M has roots r1,...,rs,
with multiplicities eq,. .. ,e..
Definition:

IT r is a root of a polynomial in A,
then the multiplicity of r is the largest e
such that (r — A\)€ divides the polynomial.

e.g.. The roots of (1 — M)*(3 =X)"(10+ )
are: 1, 3, —10.
Multiplicities are: 4. 7, 1.

11




T he diagonalization algorithm

Say xp(A) = (rg — AL (r, — A,
with r1,...,r. distinct complex numbers.
Suppose, for each integer j € [1, k],
that the eigenspace E; := ker(M — r;I)
satisfies e; = dim Ej;.
Write out a basis for E4q, then one for Eo,

etc., until you list a basis for E;.
The full list has e; + - 4+ e, column vectors.

Make these into a matrix C
with e; + - 4+ e, columns.

Then C—1MC will be diagonal with entries
7“1,...,7“1, ] 7“2,...,7“2 g oo ey ”I“k.,...,’)“k.

- | -

e1 times e times er. times

12




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

Subquestion: Why doesn’'t the algorithm from
the last slide work on the following matrix?

R
T 0 0
-1
M) = det
X () 0 —a
= (-A)?

= (0—\)” z




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

Subquestion: Why doesn’'t the algorithm from
the last slide work on the following matrix?

|01 X (A) = (0 — A)?
M= 0 0
XM ()

Xar(A) = (g = X)L (g = )

= (0 — \)? X




Question: How to identify

and diagonalize

the matrices that are complex diagonalizable?

Subguestion: Why doesn’'t the algorithm from

the last slide work on the

following matrix?

R RS xar() = (0 - 1)
|0 O k=1 r11=0 e =2
\ Suppose ri1 =0 \

that the eigenspace

satisfies e; = dim E7.

= ker(M — ?“1[)
e1 = 2

X (3) = (ry = N - (g = )

\ Suppose, for each integer j € [1,k], k=1

that the eigenspace
satisfies e; = = dim E;.

E;:=ker(M —r;I)

15




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

Subquestion: Why doesn’'t the algorithm from
the last slide work on the following matrix?

R RS xr(A) = (0 - A)?
|0 O E=1 7r1=0 e1 =2
\ Suppose r1 =0

that the eigenspace Fq := ker(M)

satisfies 2 = dim E;.

e1 = 2

X (3) = (ry = N - (g = )

\ Suppose, for each integer j € [1,k], k=1

that the eigenspace E; := ker(M — r;I)

satisfies e; = = dim E

16




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

Subquestion: Why doesn’'t the algorithm from
the last slide work on the following matrix?

oo v xar(2) = (0 - A)?
|0 O E=1 7r1=0 e1 =2
\ Suppose ri1 =0
that the e|genspace Fq := ker(M)
satisfies .o lep =2 dimFE; =1
—_ 1_ — — — — — — — — |
O o I e T I L T
0 Ofly] |O 0| |0
ker(M) = ; Basis:{ } Dimension: 1




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

Subquestion: Why doesn’'t the algorithm from
the last slide work on the following matrix?

O 1

M = _O O_

Answer to subquestion:
Because the dimension of the O-eigenspace
IS not equal to the multiplicity of the root O
iIn the characteristic polynomial.

Fact: A matrix is diagonalizable iff
for any root of the characteristic polynomial,
Iits multiplicity i1s equal to

the dimension of its eigenspace. | *




Question: How to identify and diagonalize
the matrices that are complex diagonalizable?

SKILL:
Given a matrix, use the fact below
to determine if it is diagonalizable.
If it is, use the diagonalization algorithm
to diagonalize it.

Fact: A matrix is diagonalizable iff
for any root of the characteristic polynomial,
Iits multiplicity i1s equal to

the dimension of its eigenspace. |




‘Can we find a “computationally good __
Liztstion: form”, even for those matrices €9
. . that are not diagonalizable? | p3wer

Lo jo 1 6 1] 7 1]
g@ 0 O 0 6 0 7
N o[8 1 0] [2 1 O
ZZulo 8 1 0 2 1
¥Z-2|0o 0 8. 0 0 2
Lo - ] AN
>0R19 1 0 O Exercise: Show that,
('-}J)§<E 0 9 1 0 in char poly, the root
N2 o 0 o 1 2 has multiplicty 3
— but the 2-eigenspace
O [0 0 0 9 has dimension 1.
Z
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‘Can we find a “computationally good

Last 1 form’, even for those matrices €.9..
q“eSt'On! that are not diagonalizable? | 53er
‘9 1 0 O] [9 O O O] o 1 0o o
O 9 1 O _ O 9 0 O O O 1 0O
O O 9 1 O 0 9 0 T O O O 1
0 0o 0 9/ o o o 9/lo o o0 o
ol

Definition: A matrix is scalar if it is a scalar
multiple of the identity.

e.g.. 91
PN

scalar identity 2




‘Can we find a “computationally good

Liztstioni form” , even for those matrices.fs‘;bfgh"
: . that are not diagonalizable? ;p%(}ver
9 1 0 01 [9 0 0 010 1 0 O
0 9 1 0/_|0 9 0 0| 0 0 1 O
O O 9 1 O O 9 O O O O 1
0 0 0 9] [0 0 0 9] [0 0 0 O

o

N

Definition: A matrix is standard nilpotent if
It’s square and has 1s just above the diagonal
and 0s everywhere else.

e.g.. N

22




‘Can we find a “computationally good

Last 1 form’, even for those matrices €.9..

q“eSt'On! that are not diagonalizable? | 53er

‘9 1 0 O] [9 O O O] o 1 0o o
O 9 1 O _ O 9 0 O O O 1 O
O O 9 1 O O 9 O T O O 0 1
o 0 0 9/ |lo oo 9/|o o o o

. __
e il

-| |-
B

Definition: A matrix is a Jordan block if
It's the sum of a scalar matrix and a
standard nilpotent matrix.

e.qg.. B,INote: A J. block is diagonalizable

23

4] ffit's 1 x 1.




Last

question:

‘Can we find a “computationally good

form’” , even for those matrices €.9.:

1 tenth

that are not diagonalizable? ' power

\ Def'n:

T hen

let A bemxm’ and let B benxn'.

A® Blis the (m +n) x (m' +n") matrix

the direct sum
of A and B

Wit
wit

N A in the upper left,
N B in the lower right

N 0s elsewhere.

e.g.:

2 X 3

b

a C
d e f]

and wit

D lg

1 x?2

24+1)x(3+2)

/ 3?:5

24




. ECan we find a "computationally good __
“>t + form”, even for those matrices €9
question:

. that are not diagonalizable? ;[E%r\}\fehr \

\ Def'n: Let A bemxm’ and let B be n xn'.
Then|A @ B|is the (m +n) x (m' +n’) matrix

_ with A in the upper left,
th? fl"’ecg SBum with B in the lower right
of .1 dn and with 0s elsewhere.
A D B
m X m/ n X n’

(m +n) x (m' 4+ n')

25




. ‘Can we find a “computationally good __
St 1 form’, even for those matrices€-9::
questioni

. that are not diagonalizable? ;[E%r\}\fehr \

\ Def'n: Let A bemxm’ and let B be n xn'.
Then|A @ B|is the (m +n) x (m' +n’) matrix

_ with A in the upper left,
th? g"’ecg SBum with B in the lower right
Lot A4dn and with Os elsewhere.
Fact: Let Aq,...,A; be square matrices.

Then A1 @ ---&® A; is diagonalizable
Iff Vintegers j € [1,1], A; is diagonalizable.

Jordan canonical form _
Every (complex) matrix is (complex) conjugate

to a direct sum of (one or more) Jordan blocks.

A direct sum of J. blocks is diagonalizable

26

i all blocks 1 x1 i diagonal




. ‘Can we find a “computationally good __
St 1 form’, even for those matrices€-9::
questioni

. that are not diagonalizable? ;[E%r\}\fehr \

\ Def'n: Let A bemxm’ and let B be n xn'.
Then|A @ B|is the (m +n) x (m' +n’) matrix

_ with A in the upper left,
th? g"’ecg SBum with B in the lower right
Lot A4dn and with Os elsewhere.
Fact: Let Aq,...,A; be square matrices.

Then A1 @ ---&® A; is diagonalizable
Iff Vintegers j € [1,1], A; is diagonalizable.

Jordan canonical form _
Every (complex) matrix is (complex) conjugate

to a direct sum of (one or more) Jordan blocks.

subQ: Is J. canon. form “computationally good” ?

e.g.. tenth power 21




‘Can we find a “computationally good __
Liztstion: form”, even for those matrices e.9::
; . that are not diagonalizable? | S3Wer

S 1 0 1l O O 0O 1 O

O 8 1|=8|0 1 O|4+/0 O 1

O O 8. 0O 0 1. 0O O O

81 + N I N
___________________ 1 Note: Scalar matrices commute

(81 + N)10 = ] with all matrices.

WARNING: Binomial expansion of (A + B)"™ is usually

wrong unless A and B commute.

subQ: Is

J. canon. form “computationally good" ?
e.g.. tenth power 28




‘Can we find a “computationally good

Liztstioni form” , even for those matrices.fs‘;bfgh"
: . that are not diagonalizable? ;p%(}ver \
8 1 0O "1 0 01 [0 1 O
0 8 1|=8|0 1 0o|4+|0 0 1
0 0 8. 0 0 1] |0 0 o
..... si+N 1N
(81 + N)10 =

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 29




‘Can we find a “computationally good __
Liztstion: form” , even for those matrices.%g.{h
: . that are not diagonalizable? ;p%(}ver \

8 1 0O "1 0 01 [0 1 O
0 8 1|=8(0 1 0|+|0 0 1
o o 8/ o o 1] o o0 o
..... sitN_ T N ____
0 1 0]% [O O 11 | N3=0
0 0 O 0 0 O i etc.

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 30




'Can we find a “computationally good

Liztstioni form” , even for those matnces.etgt’h"
: . that are not diagonalizable? lp%(‘,\,er
'8 1 07110
O 8 1| =
0 0 8. 45 0

0 1 01° [0 O 1° : N3 = O
N?2=|0 0 1| =|0 0 0| ' N4=0
0 0 o] [0 O O] etc

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 31




‘Can we find a “computationally good

Liztstioni form” , even for those matnces.ib't'h"
: . that are not diagonalizable? lp%(‘,\,er
'8 1 07110
O 8 1| =
O 0O 8.

0 1 01° [0 O 1° : N3 =0
N?2=|0 0 1| =|0 0 0| ' N4=0
0 0 o] [0 O O] etc

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 32




‘Can we find a “computationally good

Liztstioni form’”, even for those matrices.%bfgh"
) . that are not diagonalizable? | p3wer
8 1 07
0 8 1|=28107410(8°N) + (45)(88N?)
0 0 8.
0 1 072 [0 O 1] | N3=0
N2=|0 0 1| =[0 0 0| ! N4=0
0 0 O 0 0 0] i etc

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 33




‘Can we find a “computationally good __
Liztstion: form” , even for those matrices.%g.{h
: . that are not diagonalizable? ;p%(}ver \

8 1 0710
0 8 1|=28!07410(8°N) + (45)(8°N?)
0 0 8.
810 o0 07 [0 10-8 0 -
= 0 8% 0 |+]|0O 0 10-89 [+ ...
0 0 810_ O O 0 |

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 34




‘Can we find a “computationally good __
Liztstion: form”, even for those matrices e9J.:
) . that are not diagonalizable? | p3wer \

'8 1 07
0 8 1|=2817410(8°N) + (45)(8°N?)
0 0 8
gl0 10.8° 0 1 [0 O 45.88"
=l o 8% 10.8°|+]0 0 O
. 0 0 80 | o o o

subQ: Is J. canon. form “computationally good” ?
e.g.. tenth power 35




‘Can we find a “computationally good __
Laztstion: form” , even for those matrices.%g.{h
: . that are not diagonalizable? ;p%(}ver

8 1 0710
0 8 1|=2817410(8°N) + (45)(8°N?)
0 0 8.

810 10.82 45.88-
0 g10 10 - 8° | = Exercise
0 0 g10

Jordan blocks are
“‘computationally good” !l

sub@: Is J. canon. form “computationally good” ?
e.g.. tenth power 36




‘Can we find a “computationally good
L ast '

1 form” , even for those matrices €.9.:
gquestion

. that are not diagonalizable? | ©XP
Definition: Vsquare matrices M,
eM|:=exp(M)|:= n|i_>moo[] + (M /n)]"
M2 M3
— | , |
pu— I_I_ M I 2| | 3' |
T .__ T n
e’ :=exp(z) := lim [1 4 (z/n)]
=1+ x- v | L
p— | 2| I 3| |

subQ: Is J. canon. form “computationally good” ?

e.g..€.g.. eXpower 37




‘Can we find a “computationally good

Last 1 form’ . even for those matrices €.9:
q“eSt'On! that are not diagonalizable? | ©XP
Definition: Vsquare matrices M,
eM|:=lexp(M)|:= nILmOO[I + (M /n)]"
_I | M2 | M3 |
— _I_M | 2| | 3| |
9 1 0 O
exp 09 10 Sidddd
O O 9 1
0 0 0 9

subQ: Is J. canon. form “computationally good” ?
e.dg.. exp 38




‘Can we find a “computationally good

Liztstioni form’ , even for those matrices e.9.:
: | that are not diagonalizable? : exp
"1 O O O] ‘0 1 O O]
O 1 0 O O O 1 O
I = N:=
O O 1 O O O 0O 1
0 0 0 1] 0O 0O 0 O
R - R e T s &
exp| 0 2 L Q|0+ N — 59997
O O 9 1
O 0O O 9]

subQ: Is J. canon. form “computationally good” ?
e.dg.. exp 39




‘Can we find a “computationally good

Eﬁitstioni form”  even for those matrices €91

| that are not diagonalizable? ! exp

Fact: If AB = BA,

then eATB = ¢AeB

_________ 1 0 0] 9 .N
4

°o 1 0 — TN _ 27777

O 9 1

exXp

subQ: Is J. canon. form “computationally good” ?
e.g.. exp 40




‘Can we find a “computationally good

Liztstioni form’ , even for those matrices e.9.:
: | that are not diagonalizable? : exp
02] 93]
92 93
_ , , . R
9 1 0 O /69161\]
7
expl 0 0D V=N = 79777
O O 9 1
O 0O O 9]

subQ: Is J. canon. form “computationally good” ?
e.g.. exp 41




‘Can we find a “computationally good

'aaztstioni form”, even for those matrices €.9-:
. that are not diagonalizable? . ©*P
9 0 0 0] Je?2 0O O O
9 —exp 0 9 0 0_|O e 0 0
O 0 9 O 0 0 €2 0
0 0 0 9] [0 0 0 €
-g 519 2 8_ Faaa
exp =ed TN =27777
O 0 9 1
0 0 0 9

subQ: Is J. canon. form “computationally good” ?
e.g.. exp 42




.. 1Can we find a “computationally good __
qazstion: form’” , even for those matrices €.9.:
 that are not diagonalizable? : exp

N2 N3 N4

N __ | | I ...
e =L N+ ot o T
9 1 0 o] N
Y
exp| 0 2 L O el +N T 59007
0 0 9 1
0 0 0 9

subQ: Is J. canon. form “computationally good” ?
e.g.. exp 43




O+ O 00O O O O
—- O O OO0 O O O
O OO0 00000 -
O OO 00 O O O a_u_
__ s
Q\ < Lo
Z, z = Z
OO0 -H0HOOO
O+ O OO0 O O O
— O O OO0 O O O
O OO 00 O O O
| |
P ™

N3 N4
31 4

N2
2

I + N A

N —

&

44




O+ O OO O O O
— O O OO O O O
O O O OO O O O
_O o O O__O o O O_

| |

N <+ 0

Z, z = Z
_O o - O__l o O O_
O O OO O O O
— O O OO O O O
_O o O O__O o O O_

| |

P ™

45

3 =3-2-1=606

2

1

21 = 2.




1

O O O
O O O O

O O O O

1

O O O

o

NG

SN®

o O

O O O O
O O O O




‘Can we find a “computationally good

Last 1 form’, even for those matrices €.9..
q“eSt'On! that are not diagonalizable? | ©XP
9 0 0 O0]1[1 1 1/2 1/6
0 e 0 of|l0 1 1 1/2
0 0 e 0|0 0 1 1
'0 0O 0 €2||lo0 0 o© 1
) _ \
FEE I
exp —ed TN =2727277
O O 9 1
0 0 0 9

subQ: Is J. canon. form “computationally good” ?
e.g.. exp a7




‘Can we find a “computationally good

Liztstioni form’ , even for those matrices €.9.:
: | that are not diagonalizable? : exp
- 9O e9 e9/2 e9/6_
0 e &7 €9)2
0 O &9 9
0 O O e ]
- ] \
O 1 0 O 9 N
//
expl ) 2 1 =N = 79777
oY 9 Jordan blocks are
raan r
0 0 0 9. “‘computationally good” !l

sub@: Is J. canon. form “computationally good” ?
e.g.. exp 48




'Can we find a “computationally good

Eﬁitstioni form” even for those matrices
. that are not diagonalizable?

Jordan blocks are computationally good!!

(AQB B)lO — (Alo) o (Blo)
(AGB Ba® 0)10 — (Alo) D (BlO) D (010)
etc. (Assuming A, B, C, etc. are square matrices.)

exp(A @ B) = (exp(A)) @ (exp(B))
exp(ASBaC) = (exp(A))®(exp(B))s(exp(C))

etc. (Assuming A, B, C, etc. are square matrices.)

Jordan canonical form is computationally good!!

subQ: Is J. canon. form “computationally good” ?
e.g.. exp YESI! 49




_ . _ _
Problem: exp 0 Problem:exp 0 6
—t 0 -6 0
- , 1—1F T : . ]
l1—2 142 0 1(1—2 142
147 1—12 -1 Of|1+2 1—1]
_ |+ o
_O _7:_
1-45 14+i] o efi1—i 144
1472 1—1 -6 0|1+ 1-—1]
__ |60 0
0 —67

50




Problem:exp

__6 O_

1 1+¢”4( 0 6)'1—1 144
exXp

144 1-—i 6 0])[14i 1-i
— ox 61 0 1 _ [e® O
- =P 0 —617 0 6_6?:_
1—45 14i] o 6f1—i 144
144 1—i| |-6 O0f14i 1-—i
6i O

51




Problem:exp

__6 O_

1 1+z"‘1( 0 6')'1—z‘ 144
exXp

147 1—1] -6 O0|/|1+4+: 1-—1
— o 61 0 __e6i 0 |
- P O —61 0 e 67

exp O ©

-6 0

1—43 144|[e® 0 J[1—¢ 144
14+i 1—4|| 0 e®]|14+i 1-4

52




Problem:exp

__6 O_
C[1—4d 144][ef o0 J[1—i 14"
144 1—4|| 0 e ®)|14i 1—-4
i i
@ =De® 14De ™ 11— —-1-—4]-1
(1443)e® (1 —d)e ™| -1—i 1—4 | 44
' —4ic0s6 —4isin6 | —1
- | 4isin6  —4icos6 | 4i

eP? = cos6 +isin6le " = cos6 — isin6

53




Problem:exp

__6 O_
C[1-d 14d)[ef o0 ([1-i 14i]"
14+i 1—4|| 0 e®]|14+i 1-4

_[@ =9 A4De ™ 1-¢ —-1-4]-1
(1443)e® (1 —d)e ™| -1—i 1—4 | 44

' —45c0s6 —4isin6 | —1

o - 4isin6  —4i¢cos6 | 4i

o 0 6| | cos6 sin6
"6 O] |—sin6 cos6 >




0t 0 6
Problem:exp Problem:exp

-t O —6 0]

Sol'n: co§t Sint Sol'n: co§6 SIin 6

—sSint COst | ' —SINn6  COS6 |

Exercise: Compute the first five terms of
2 3
1 O O t 10 t 10 t
[o 1}4_[—15 0}4—2![—15 0} +3![—t O} L
Add up their (1,1) entries and verify that the

result is 14+0— (t2/(21)) 4+ 04 (t*/(41)), which
IS the start of the power series of Ccost.

o] O 6 ' cos6  sin6 .
p_—6 O] |—sin6 cos6 >




