Financial Mathematics
Principal component analysis




Also: dist (vp, (v1,...,vp-1)) = |vp]

For most matrices, to know if one row is nearly
a linear combination of the rest is a hard
problem. Not so if the rows are pw-orthog.

Discussion:
Can a collection of pw-orthogonal vectors
be linearly dependent?

Yes, iIf some of them are zero ...
How about if they're all nonzero? NO.
C1V1 T+ ' T CpUp =
(civ1 + -+ cpup) - v; =




Principal Component
Analysis

Singular Value
Decomposition




(a.k.a. Singular Value Decomposition)

Principal Component Analysis Theorem:

Let M € RPX9.

T hen there are rotation matrices

K e RP*P  and L € RI*4

but not square

s.t. KML is "diagonal. P X q
< q > 1
<)o
rotation i rotation ]
matrix matrix
VM, — [\ D ] L—l
Jrot'n K “diagonal”
rows of KM top p rows of L1
are — [ DI—1 ]multiplied by entries
pW_Orthog_ on ‘“diagonal” of D
pw orthogonal rows 4




(a.k.a. Singular Value Decomposition)

Principal Component Analysis Theorem:
Let M € RPX9.
T hen there are rotation matrices
K e RPXP  agnd L € R9%9 [but not square

s.t. KML is "diagonal. P X q
< q >
[ K ] [ M 11) pw orthogonal rows
rotation
matrix
VM,
Jrot'n K
S.t.
rows of KM ,
are Any matrix, after some
pw-orthog. |POst-processing, can be made
to have pw orthogonal rows.‘ 5




(a.k.a. Singular Value Decomposition)

Principal Component Analysis Theorem:

Let M € RPX9.

T hen there are rotation matrices

K e RP*P  and L € RI*4

but not square

s.t. KML is "diagonal. P X q
< q >
[ K ] [ M 11) pw orthogonal rows
rotation
matrix
VM, “post-processing” =
Jrot'n K left multiplication by
S.1. a rotation matrix
rows of KM ,
are Any matrix, after some
pw-orthog. |[pPOst-processing, can be made
to have pw orthogonal rows.| ¢




(a.k.a. Singular Value Decomposition)

Principal Component Analysis Theorem:
Let M € RP*4,
T hen there are rotation matrices
K e RPXP  and L € R?9%9 |but not square
s.t. KML is “diagonal’. P X q

dimensionless

Say we make 17 measurements at time O,
then again at time 1, then again at time 2,
etc., until time 4,999.

Each row Is a “time series' .

IT we changed our instruments to produce KM,

then the 17 “time series’” would be pw orthog.
(uncorrelated)

If 12 of the 17 are zero, or close to zero,
we'd say that the other 5
are the “important factors’.




(a.k.a. Singular Value Decomposition)

Principal Component Analysis Theorem:
Let M € RP*4,
T hen there are rotation matrices
K e RPXP  and L € R?9%9 |but not square
s.t. KML is “diagonal’. P X q

Say we track 17 asset returns at time O,
then again at time 1, then again at time 2,
etc., until time 4,999.

ITf we watch the returns of the 17 indexes,

then the 17 “time series’” would be pw orthog.
(uncorrelated)

If 12 of the 17 are zero, or close to zero,
we'd say that the other 5
are the “important factors’.




PCA /SVD Theorem: Let M e RP*Xq,
T hen drotation matrices

K € RPXP  and L € R9*4
~s.t. KML is “diagonal™.
€.g.. ' —0.98 0.01 1.03 —-9.21 3.43
—1.02 -0.03 1 —-9.24 3.42
ordinary row & col. operations
1 0 0 0 0
0 1 0 0 0

we'll see, via PCA/SVD, in a moment. ..
rotational left & right multiplications
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' —0.98

—1.02

' —0.98

—1.02

0.01
—0.03

0.01
—0.03

1.03
1

1.03
1

—9.21
—9.24

—9.21
—9.24

3.43
3.42

3.43
3.42
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N ' —-0.98 0.01 1.03 -9.21 3.43
~ |-1.02 -0.03 1 —-9.24 342
T 1 To show that the dat
ow tha e data
K ~ O.71 0.71 |nOJ\S4 is driven by only
—0.71 0.71 one ‘“factor”, but
i - - distorted by “noise” . .. )
—0.1 —0.56 —-0.09 -0.8 0.19
0 —0.6 —0.54 0.37 —-0.406
L = 0.1 —0.49 0.83 0.2 —0.17

—-0.93 -0.1 0.05 0.24  0.26
' 0.34 -0.28 —-0.13 0.36 0.81

L and K are rotation matrices.

[ 14.06
0

KMIL ~

Thanks to Carl Hagen

0 O 0 O]
0.05 0 0 O
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N ' —-0.98 0.01 1.03 -9.21 3.43
"~ |-1.02 -0.03 1 —-9.24 342
T 1 fo'show that the data
O show tha
K ~ O.71 0.71 in M is driven by only
—0.71 0.71 one ‘“factor”, but
] - - distorted by ‘noise’”

KM ~ _142 _O Oz]e-ro outltrfle.él-small rgvv]§3 10 4 86
_—Q.(L% —0.03 —-0.02 —0.02 —Q.(ﬂ_
|-142 -0.01 144 -13.10 4.86
1 0 0 0 0 0

M A o1 —-1.42 —-001 144 —-13.10 4.86

O O 0 O O

' 1.01 —-0.01 1.02 —-9.30 3.45]
' —-1.01 -0.01 1.02 -9.30 3.45]|"




—-0.98 0.01 1.03 —-9.21 3.43]
'—1.02 -0.03 1 —9.24 342

' ~1.01 —-0.01 1.02 —-930 3.45

_—1.01 —0.01 1.02 -—-9.30 3.45_
Rows only span one dimension.

' 1.01 —-0.01 1.02 —-9.30 3.45]

'-1.01 -0.01 1.02 -9.30 3.45]%




—-0.98 0.01 1.03 —-9.21 3.43]

' —1.02 —0.03 1 —9.24 3.42

' ~1.01 —-0.01 1.02 —-930 3.45

_—1.01 —0.01 1.02 -—-9.30 3.45_
Rows only span one dimension.

Only “factor” is important;
everything else is “noise”.
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PCA (SVD) Theorem: Let M € RPX4
T hen drotation matrices
K € RPXP  and L € R%%4
s.t. KMVL is “diagonal’ .

Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows.

Pf of easier version: Spectral
M M? is symmetric. | Theorem
Choose a rotation matrix K £ ot
s.t. K(MMY")K? is diagonal. //K“‘é[i%o)néf
All off-diagonal entries of (KM)(KM)! are O.
If j,k € [1,p] are integers, and j#k, |
then [jth row of KM]-[kth col. of (KM)!] = 0,
so [jth row of KM].-[kth row of KM]= 0.

KM has pw-orthogonal rows. QED [ s




PCA (SVD) Theorem: Let M € RPX4
T hen drotation matrices
K € RPXP  and L € R%%4
s.t. KMVL is “diagonal’ .

Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows,
with all zero rows at bottom.

rotation\ —1 O 1]
e.g.. Say KoM= |0 0 O
0 2 0.

1 0 O —1 0 1
O 0 1({KgM=| O 2 0
Lo 1 01 10 O O
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K<—orthogonal, but not rotation




PCA (SVD) Theorem: Let M € RPX4
TThen drotation matrices
K € RP*P and L € R1*4
s.t. KML is “diagonal’.

Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows,
with all zero rows at bottom.

rotation\ —1 O 1

e.g.. Say KpM=| 0 0 O

0 2 0.

1l O O] —1 O 1]

O 0 1({KgM=| O 2 0

tO —1 0O y 0O 0O O
Y 17

K<+—rotation QED




PCA (SVD) Theorem: Let M € RPX4
T hen drotation matrices
K € RPXP  and L € R%%4
s.t. KMVL is “diagonal’ .

Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows,
with all zero rows at bottom.

Remark: X € RP*? has pw orthog. non0O rows
— ddiagonal D € RP*P, JY € RP*4
s.t. Y has orthonormal rows and X = DY'.

e.g.. X D Y
| I} I

—1 0 1]l [+v2 o"—1/\/§§ 1/vV2

0 2 0| |0 2 0 1 0

QED 18




PCA (SVD) Theorem: Let M € RPX4
TThen drotation matrices
K € RP*P and L € R1*4
s.t. KML is “diagonal’.

Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows,
with all zero rows at bottom.

Remark: X € RP*? has pw orthog. non0O rows
— ddiagonal D € RPXP, JY ¢ RP*4
s.t. Y has orthonorm\?l roOws and\X = DY .

Remark: X € RP*4 has\c\>w orthog. \Kono rows

= d"diagonal” Dy € RP*4, 4y RI*4
s.t. Y7 has orthonormal rows and = D1Y7.

Y7 is orthogonal. 1

p<q




-1 0 1] [v2 0 ~-1//2 0 1/v/2
0 2 0] |0 2 | O 1 0
X// 1v3 0 O —1/vV/2 0 1//2]7
=l o o I 0 1 0
N CL1/V2 0 1/V2)
Ds i

Remark: X € RP*? has pw orthog. non0O rows
— ddiagonal D € RP*XP, JY ¢ RP*4
s.t. Y has orthonormal rows and X = DY'.

Remark: X € RP*49 has pw orthog. nonO rows

= d"diagonal” D1 € RP*9 Y7 € R9*4

s.t. Y7 has orthonormal rows and X = D1Y].
Y7 is orthogonal.

20

p<q




[—1 0o 1] [-1/v/2 0 1/V2°
“1 0 1] [v2 0 O (/)\ﬁ X /SF
2 |0 2 0
| O 0. /2 0 o]t 1/vV/2 0 1/4/2]
= 0 1 0
0 2 0
- "L 1/v/2 0 1/v/2]

Remark: X € RP*? has pw orthog. non0O rows
— ddiagonal D € RP*XP, JY ¢ RP*4
s.t. Y has orthonormal rows and X = DY'.

Remark: X € RP*49 has pw orthog. nonO rows

= d"diagonal” D1 € RP*9 Y7 € R9*4
s.t. Y7 has orthonormal rows and X = D1Y].

Y7 is orthogonal. o1

p<q




. —1/vV/2 0 1/V/2°

-1 0 1] _[v2 0 O (/)\F . /af

0 2 0] 10 | QQES- 1//2 0 1/V2.

-1 0 1] [=v=(9) Of+1/v2 0 —1/Vv2[
0 2 Ol|= 0 N 0 1 0

[0 0 0] L0 0 Yr1/vV2 0 1/V2]

Remark: X € RP*? has pw orthog. non0O rows
— ddiagonal D € RP*XP, JY ¢ RP*4
s.t. Y has orthonormal rows and X = DY'.

Remark: X € RP*49 has pw orthog. rOws
with all zero rows at bottom

= d"diagonal” D € RP*4, Y7 € RI*4
s.t. Y1 has orthonormal rows and X = D1Y].

Y7 is orthogonal. ”

Can choose Y7 to be a rotation matrix.




PCA (SVD) Theorem: Let M € RPX4
T hen drotation matrices
K e RP*P and L € RI%4
s.t. KML_is "diagonal™.

Pf of PCA ‘hxeorem KM =: X D1Yq1 | <Yy !
KML = KMY_

L—Y_

Easier version: Let M € Rpxq/

Then HJa rotation matrix &£ € RP*P
s.t. KM has pairwise orthogonal rows,
with all zero rows at bottom.

. ith all zero rows at bottom
= d"diagonal” D € RP*4, Y7 € RI*4
s.t. Y1 has orthonormal rows and X = D1Y].
Y7 is orthogonal. -3

Remark: X &€ Rpxq}as/pw orthog. roOws
W

Can choose Y7 to be a rotation matrix.




Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows.

VA, B € RP*4,

dist(A, B)

= > (Aij — Bjj)?
]

Easier version: Let M € RPXq,

Then Ja rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows.
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Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows.

VA, B € RPX4, [dist(A, B) := [> (A;; — Byj)?

K € RPXP orthogonal | \
— VA, B € RPX4, dist(KA, KB) = dist(A, B)

uncorrelated
M' := KM has pairwise orthogonal rows

Vlntegers i€ [1,p], s; := \/Z(M’ 2 the singular

values of M

—-0.98 0.01 1.03 —-9.21 3.43]

e.g.. M=
—1.02 —0.03 1 —924 3.42

Thanks to Carl Hagen:
Singular values are 14.06, 0.05.
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Easier version: Let M € RPX4,

Then da rotation matrix K € RP*P
s.t. KM has pairwise orthogonal rows.

VA, B € RPX4, [dist(A, B) := \/Z(Aij — B;;)?

K € RPXP orthogonal | \
— VA, B € RPX4, dist(KA, KB) = dist(A, B)

uncorrelated

M' := KM has pairwise orthogonal rows
‘v’mte ers i€ [1,p], s; = M!.)? the singular
J [L:pl, i Z( 7’3 values of M

M’ obtained from M’ by zeroing ‘“small”’ rows

dist(M’, M) small Noise
dISt(K 1M’ K 1]\2’) small po -= number 9f
” it nonO rows in M’

M T po uncorrelated ”

“factors”




KRL ‘“diag” © i Q\ ™M S
L v 2 v D
> > > > >
O o O O O
- - - - -
person O 77 o1 702 703 TOq
Derson 1 10 _?“11 12 713 qu-
pDerson 2 1o o1 T9o2 923 T2q
person 3 130 |731 732 7133 -+ 13q |7 R
person D ’I"po i ’r'p]_ ’)"p2 frp3 “ e rrpq ]
/ . A _
person’ t = » Ky; - (person i) "o '—%:("“09) Lju
t=1,...,p ;

movie' u ‘= (movie j) - Lj,
u=1,...,q 7 27




KRL “diag” ©O — N ™ =
R = KRL .g [ [ &) D
> > > >
Q O O O O
- ;E /E /(E (/E
person O 77 7191 Togo  To3 0q
’ / -/ / / / -
’ / / / / /
person’ 2 75 51 Too ThH3 "2
’ / / / / / _ /
AN’ / / / / /
person p TpO I Tpl Tp2 Tp3 f)"pq |
/ A A .
person’ t = » Ky - (person i) "ou -—%:(”“OJ) Lju
t=1,...,p ; | o
rio i= Y K- (ri0) movie' u = Z (movie j) - Lijy,
t u=1,...,q j -




O — N ™ -

¢ o v g

& 3 & 3 3

= = E £ =
person 0 7?7 Thy Tho  TH3 T4
person’ 1 riq | 0
person’ 2 15 0
person’ 3 13 0
person’ p ro LO 0 0O ... 77
tpir??h.,.fp T ZL: Ky; - (person 1) K, L rotation

movie' u = (movie j) - L jy,
u=1,...,q 7 29




movie 0O
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movie 0O

berson O 77
’ /
person’ 1 74
y /
Derson’ 2 roqg
y /
person’ 3 r3g

. ,
person’ p 14

X .
S movie’ 1

o

movie’ 2

ﬁ
o~ ia’
S movie' 3

o O

. »
W
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o~movie'’
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person O _

%
{ — ./
N '3}\1{5t — Tou

onmovie w t S
rl QED 55
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9 Q o Q QL
> S S S >
Q 3 O 3 O
= = S & =
person 0 7?7 Thy Tho  TH3 T4
person” 1 4y [s1 0 O 0 |
person’ 2 55 | 0 sp O 0
person’ 3 135 | 0 0 s3 0
person’ p 1,9 | O 0 0 77
/
person O Z "ot (person’ t
on movie'’ [u s; \ONn movie’ [u

u=1,...,q

t

u.— 0
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’ / B
person’ 1 714

person’ 2 15,
person’ 3 13

. ,
person’ p 14
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‘—' AN ™M .
@ °© [
> > > >
O O @) ®
co =
person 0 77 701 To2 703 "0q
person’ 1 s1 0 0 0
person’ 2/r5q 0 s O 0
person’ 0 O $3 0
perso 0 0 0 77
‘ /
persof 0 __ <~ Tot .
onmvieON%:St t0
| ,
2?7 What if some s; = 07
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pONE!  What if some s; ~ 07




