Financial Mathematics
Cayley’s Theorem




Fix, for this entire lecture, an integer n > 1.
Def'n:
Let p: R — R be a polynomial, given by
p(z) =agz®+ - +arz[Hag, VzeR,
for some ay4,...,ag9 € R.

The matrix extension of p is
the function P : R**" — R™*»*" defined by

P(X)=a; X%+ - -+ a1 XHagl, VX €R™>"

r.— X § o
Cayley’'s Theorem: scalar terms multiplied by [/

—ix T e RX7,
et f: R — R be the char. poly. of T.

et F o RYX 5 RMXM be
the matrix extension of f.

Then F(T) = 0. 2




Let f:R? — R be the polynomial def’d by
flz,y) =xy, Vx,yeR.

Can we extend

Cayley’'s Theorem:
—ix T € Rxn,
et f: R — R be the char. poly. of T.
et F: R*XT 5 RMXT pe

T

to F : (R"%X1)2 _, RXNn7? No.

F(X,Y) = XY, VYX,Y € Rxn

flz,y) =yx, Vz,yelR. F1£F>
Fr(X,Y) =YX, VX,Y e R"Wn

nen F(T) = 0.

the matrix extension of f.
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Let f:R? — R be the polynomial def’'d by
f(z,y) =2y, Vx,yeR.
Can we extend to F : (R*"*X")2 _ R"X"? No.
Fi(X,Y)= XY, VYX,Y cRwxn
f(x,y) =yx, Vx,yeR. F1#£F5
(X, Y)=YX, VX,Y cRnxn

Let C C R"™ be a commuting set.
Can we extend to F ;/C? — R™"X"? VYes,
F(X,Y)=XY, VX, YecC

|
Y X




Cayley’'s Theorem:
—ix T € Rxn,
et f:R— R be the char. poly. of T.

et F o RYX7 - RMX™ be
the matrix extension of f.

Then F(T) = 0.

Proof: Yintegers i, € [1,n], let |[EY|e R**"
be defined by EZJ — 5@53
Let[ll:= Bl 4+ E22 4 ... 4 Enn ¢ RNXN
be the n X n ldentity matrix.

Let P := {polynomials in T"}commuting

= {finite linear comb.s of I,T,72,73,...}.
Let det : R"™*"™ — R be the determinant.

Let DET : P"*"™ — P be g

expl.its matrix extension.




Say n=23. Then

aet + bfg + cdh
—ceqg — fha — 1bd,

Va,b,c,d,e,f,g,h,iE]R

a b c]

det (d e [f| =
g h 1
A B C°
sobeTlT |D E F
G H I

AFEI +~ BFG+ CDH

~ _CEG— FHA — IBD.,

VA, B,C,D,E,F,G,H,I € P

Let P := {polynomials in T} cOMmiting

set

= {finite linear comb.s of I,T,72,73,...}.
Let det : R"*" - R be the determinant.

Let DET : P — P be

expl. ..

Its matrix extension.




VA, B € RP*™
A ® Ble (R*mnxn js defined by:

\/// "Ay1B -+ Aq1,B
I.e.: .,{,l, : 5
'\

'\\\
‘ ’/A/A\ - nlB AnnB'
Claim: VA, B,C, Dxd I'i\
(4 vj‘. R ® (BD)
Pf: ‘v’integ ;/‘-' [1n],
[(A® B)(Z &/ D). _ (AR B)iAU ® D)y
(BD)

=2 (A ) (Cl)) = |} (Ai;&k)
’ Wl 7

L J
= [(AC);k](BD) = [(AC) ® (BD)l;1. &




VA, B € RP*™
A ® Ble (R*mnxn js defined by:

A1 B - A Bo
I.e.: AR B = : :
_An]_B R AnnB_
Claim: vx € (Rmm)nxn  x =3 EY ® X;;.
2,]

Pf: Fix integers a,b e [1,n].
Want: Xa,b = Z (\E?’J X Xij)a@
oY

1y — 55 .




VA, B € RP*™
A ® Ble (Rt*Mnxn js defined by:

(A® B);j = A;;B,

A1 B - A Bo
I.e.: AR B = : :
_An]_B s AnnB_
Claim: vx € (Rmm)nxn  x =3 EY ® X;;.
2,]
Pf: Fix integers a,b e [1,n].
Want: Xa,b — Z 535%)(23
2,J .
I 5187 Xy

X,p QED




VA, B € RP*™
A ® Ble (R*mnxn js defined by:

iAllfg K 141n£3_
I.e.: AR B = : :
;Aﬂllg T z4nn£3_
NMARY AEEEEEE LT N
1'® 1 = : :
_Thll " Tnnl _
" A ,
VAN e R TQN=
N\




1'® 1 =

VNEP, IQN=

1711

A ® 1

I QN

] T1n1_|
1111 - = PFXnI_‘

T 11
A

P =

~ |{polys in T'}

N\

e N A
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AR 11y, ]
T = :
_Tnl Tnn-
R I 7=
AER A= NICEIGESYS
[(Ty11 Ty, 1"
TR I = : : c pnxn
P =
:Tnll TnnI— {polys in T}
VAEP, IQN = c pnxn
! Al Pfin the
VA € P, 3 X 3 case ...

Claim:

F(N =DET(T®I—-I®ANA)




T11 11 Tiz
I'= |11 1pp 153
I31 132 133
‘A O O
YAER, M=10 X 0 FA) =
’ det(T — \I)
0O O A\
(Th11 — A Tho T13 |
T-MN=| Toy Too—X Tors
\ | I3 132 133 — A_
fA) = (T11—A)(To2 — M) (T33 — M) -|- -|-
—  T13(Too — A)133 '
Pf in the
o VA € P, 3 x 3 case ...
Claim:

FIN=DETT I —-1®N)




‘T11 Tiz Tiz’
T — T21 T22 T23
T31 T32_ T33_
‘A 0 O
VA eR M=10 )\ O fA) =
| det(7T — A1)
0O 0 A
_Tll — A T12 T13 ]
* L 133 132 T33 — A_ \
fO) = (T11—M)To2 —AN)(T33 —A) _|_..._|_...

—  T13(T%2 — A\)T31

F(/\) — (Tlll /\)(TQQI /\) (T33[ /\) + .. _I_
— T131(Tool — N)T311 — ...

14




MARY AT Y RN ATYR
'l = 1211 Tzl 1231
| I311 A3l 1331

‘A O O]
VNeEP, IQAN=|0 A O
0 0 A
1110 = A 1121 IEEY
?(g‘))/{ o 1211 Iool — A 1531
| 1311 T351 T331 — N\

DET(T®1\<]®A)
FEN) = (T2l = N) (T2l = N)(T331 = N) +- _|_
o T13I(TQQI /\)T31[ ..
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Cayley’'s Theorem:
—ix an integer n > 0 and T € R**",
et f: R — R be the char. poly. of T.

et F o RYX7 - RMX™ be
the matrix extension of f.

INETF (T = 0.

VAN € P,

FT(/\):DET(T@)I—I@/\)

DET(T®I<I®/\)
\

FAN) = (T11l = N)(Taol — N)(T33] = N) +-- o

— T131(Toof — N)T311 —
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Cayley’'s Theorem:

—ix an integer n > 0 and T € R**",
et f:R— R be the char. poly. of T.
et F R 5 RPXT pbe

the matrix extension of f.

Then F(T) = 0.

/\67?
F( =DET(T®I—1®AN)
F(T) =DET(TQI-IRT)=DETU)
U =TI —

Want: DETU =0

WARNING: DET is only defined on P"*x™.
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P = {polynomials in T'}

T o Tpd

TR I = : : c prxn
_Thll "t Thonl |
=t _

IRT = c prrn
i T |

U =TRI-IxTecP""
Want: DETU =0

WARNING: DET is only defined on P"*x™.
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VM € R™*"™ et [tr- cof(M) be

Ll'-J..

the transposed cofactor matrix of M,

P = {polynomials in T'}
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VM € R*X1 et

the transposed cofactor matrix of M, def'c
by [tr—cof(M)],,;j = [(—1)7’+J] [det(ellmﬂ(M))

tr-cof(M)

be

elim,; := eliminate jth row & th column [not ij

Jt

I det(elimll(M))

tr-cof(M)

T det(elil.'nln(M))

- det(elim,,1(M)) ]

det(elin%m(M)) ]

P = {polynomials in T'}

tr-cof : R"*"™ — R"X"

Let TR-COF ; PXT _ PNXN pe

the matrix extension of tr-cof.
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VM e pPrrn,

[TR-COF(M)];; = [(—1)*T/][DET(ELIM ;;(M))].

ELIM;;:= matrix extension of elim;

TR-COF (M)
|
" DET(ELIM{1(M)) --- +DET(ELIM, {(M))"
_::DET(ELIMln(M)) DET(ELI‘Mnn(M)) :

P = {polynomials in T'}
tr-cof : R"*"™ — R"X"

Let TR-COF ; PXT 5 PNXN Ko
the matrix extension of tr-cof.
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\V/M c RnX’rL

[tr-cof(M)]|M = M[tr—cof(M)] =

- det M

det M

= (det M)I

VM e P,

[ TR-COF(M)JM = M[TR- COF(M)] =

"DET M

DET M |

= I ® (DET M)
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Define mult : (RPXM)nxn _, RXN by
X110 Xin | -
mult | | =) EYX;;

_an “ .. Xnn_ 1,7

Note: mult(X + ) = (mult(X)) + (mdit()))
Mmult(cX) = ec(mult(X)) (mMlt is linear.)

Claim: VA, B e R™™,  mult(A® B) = AB.
Pf: _AllB
A@B=| -

23

mult(A® B) =) EijAz-j]B =AB QED

1]




=TQRI-IxQT € P*"
Want DETZ}(—O \ \

= {polynemials\in T}
TR—COF | PRXR s PRXT

VM e PrET, |
[TR-COF(M)IM = M[TRYCOF(M)] =
M\ \ ® (DET M)

VA,B € R >\\mult( ) B) =

¢+ TR-COFQ) € W@" /

CU.= [TR-COFU)]U S(DET U)

_m Ittc) = I{DETU) = DETU

Want: mult(CZ/{) =0 Want: mult(C(T'® 1)) =

mult(C(I &) T)) 24




commuting
set

P = {polynomials in T}

C ;= TR-COF(U) € P™*"

Vintegers i,j € [1,n], Ci;T = TC;;
Want: mult(C(T ® I)) =

Mult(C(I ® T))[ =




VX € (Ran)an, Y — Z Eij 2 Xz’j-

2,]

\ Vintegers 1,7 € [1,n], CijT — Tcz‘j

Want: mult(C(T ® I)) =

mult(C(I ® T))

26




VA, B e R"™"  mult(A® B) = AB.
mult(C(T® 1)) = ZEijTCij

mult(C‘('I ®T))

C(T®I)

Want: mult(C(T ® 1)) =

\ Vintegers 1,7 € [1,n], CijT AK\VTCU
mMult(C(I @ T))[ =




