Financial Mathematics

Vector fields and
ordinary differential equations



Definition: A vector field on R"
iIs a smooth function R" — R,

\ (homo- |Definition: A vector field V on R"
geneous)| js*linear if there is a matrix M € R?*Xn

such that, for all p € R™,
V(p) = Ly(p).
——

the linear map
corresponding to M

—92 2 —1
eg. IfM=| 22 2 y=|Y
—120 94 1 O
then Ly/(x,y) = ( =922 4+ 72y , —120x + 94y ),

and Ly(xz,y) = (—y,x) =: V(x,vy). ?




Let V : R" — R"™ be a vector field.

Definition: A flowline for V is a smooth
function ¢ : (a,b) — R"™ such that

vt € (a,b), [c(t)]" =V (c(t)),

A

-1

“the torna):j}\

/s

\ 4

(_ya ;Ij) =. V('CCJ y)




Let V : R" — R"™ be a vector field.

Definition: A flowline for V is a smooth
function ¢ : (a,b) — R"™ such that

vt € (a,b), [c(t)]" =V (c(t)),

Vi(z,y)
— (_ya ZC)

I =1
‘“the tornado” \_

Problem:

Find flowline ¢, s.t. ¢(0) = (1,0).




Let V : R" — R"™ be a vector field.

Definition: A flowline for V is a smooth
function ¢ : (a,b) — R"™ such that

vt € (a,b), [c(?)]" = V(c(2)),
?I Solution:
“ c(t) =
unit speed (cost,sint)
—2 1 1 20
V(z,y)

= (—y.o) . . = o(—27) = (0)

“the tornado” =c(27) = c(4rm) = - --
= (1,0)
—2
Problem:

Find flowline ¢, s.t. ¢(0) = (1,0).




Let V : R" — R"™ be a vector field.

Definition: A flowline for V is a smooth
function ¢ : (a,b) — R"™ such that

vt € (a,b), [c(®)]" = V(e(®)),
Sotstion:

o(t) =

(cost,sint)

V(z,y) le(t

= (. @) V(c(t)) = V(cost,sint)

“the tornado’” 1
— (—sint,cost) = [e(t)]"

Problem:

Find flowline ¢, s.t. ¢(0) = (1,0).




vector field|

Let V :R" — R"™ be a |VF|

\ Question: For any p € R™, does Ja flowline
c: (a,b) — R"™ for V s.t. ¢(0) = p?

Answer: Yes.

Question: For any p € R"™, does Ha flowline
¢c:(—o0,0) — R™ for V s.t. ¢(0) = p?
Answer: NO:

Define f: (=5,5) — R by f(t) = Tan(t).
Define V: R — R by V(z) = f/(f~ 1(.:c))

Then V(f(1)) = f(t); jmeaning?” @~ 70—

f is a “maximal” flowline for V.




Definition: We say that a parametric curve

c: (a,b) — R" is footed at p if:

O0¢€ (a,b) and ¢(0) =np.

Definition: Let ¢: (a,b) — R"™, ¢g : (ag,bg) — R"

be flowlines. We say that ¢ extends cq if

(ag,bo) C (a,b)
and vVt € (ap,bg), co(t) = c(t).

Definition: Let V be a VF on R, Let p € R".

A flowline for V footed at p is said to be
Mmaximal if it extends any other

flowline for V footed at p.
Fact: YVWVF V on R", Vp € R",
d'max. flowline for V footed at p.

Define f: (—5,5) — R by f(t) = Tan(t).

Define V:R —= R by V(z) = f'(f~1(2)).
Then V(f(t)) = f'(t); \Vhy?ing?

f is a “maximal” flowline for V.




Fact: YVWF V on R", Vp € R",
d'max. flowline for V footed at p.

Fact: The maximal flowline footed at p
extends all flowlines footed at p.

Fact: YVWVF V on R", Vp € R",
4!'max. flowline for V' footed at p.

Define f: (—5,5) — R by f(t) = Tan(t).

Define V:R —= R by V(z) = f/(f~1(a)).
Then V(f(t)) = f'(t); whv?

f is a “maximal” flowline for V.




Fact: YVWF V on R", Vp € R",
d'max. flowline for V footed at p.

Fact: The maximal flowline footed at p
extends all flowlines footed at p.

im (f(t)) = —-oc0 and im (f(t)) = o
t—m /27T t—m /27
No flowline extends f.
f extends every flowline. #c

__________________________________ 74’. -

Question: For any p € R"™, does Ha flowline
¢c:(—o0,00) — R" for V s.t. ¢(0) = p~?
Answer: NO:

Define f: (—5,5) — R by f(t) = Tan(t).

Define V:R —= R by V(z) = f/(f~1(a)).
Then V(f(t)) = f'(t); whv?

10

f is a “maximal” flowline for V.




Ordinary Differential Equations

and Vector Fields

Problem: Find an expression X of t such that

dx
= = (0.05)X]
dt

ODEs

[ X]i=0 = 1].

ODE

Initial value
condition

Problem: Let V be the vector field on R
defined by V(x) = (0.05)x.
Find a flowline ¢ for V footed at 1.

Let X :=c(?).

hen dX/dt = c'(t) = V(c(t))
— [0.05][c(t)] = (0.05)X

and [X];—q = ¢(0) = 1. z




Ordinary Differential Equations
and Vector Fields

Problem: Find expressions X,Y of t such that

dX adyY
System R — _ = —
e o X4V, - =2X -4y,
e ——X]i=0 = 3, [Y]i=0 = 8§

Problem: Let V be the vector field on R?
defined by V(z,y) = (—xz 4+ y,2x — 4y).
Find a flowline ¢ for V footed at (3,8).

12




Ordinary Differential Equations
and Difference Equations

T he idea: To get flowline of V footed at p:
For each integer N > O:

cny(0) :=p.

cn(1/N) = [en(0)] 4 [1/N][V (en(0))].
cn(2/N) = [en(1/N)] 4+ [1/N][V(en(1/N))].
= [en(2/N)] + [1/N][V(en(2/N))].

CN(3/N) 3

Similarly, define ey(—1/N),cy(—2/N),. ...
Piecewise linear interpolation: ¢y : R — R.

Let ec:= IIm cyn.
N —00 N

T hen ¢ is a flowline of V.

13

“the Euler method”




Let V : R" — R"™ be a vector field.

Definition: A flowline for V is a smooth
function ¢ : (a,b) — R"™ such that

vt € (a,b), le(t)]" =V (c(t)),
N =1 | Solution:
,0.\3 S A c(t) =
unit speed (cost,sint)
; \
V(:r;,y) —2 1 1/ 2_>
= (y,2) . = o(—2n) = c(0)
“the tornado’” =c(27) =c(4mw) = ---
Exercise: | | . _=(1,0)
N =10 - '
Problem:

14

Find flowline ¢, s.t. ¢(0) = (1,0).




Problem: Find an expression X of ¢t such that

dX

Compute [X];—o.

Problem: Find an expression X of t
defined att=...,—-0.2,—-0.1,0,0.1,0.2, ...
by the formulas

[X]t—>t—|—é\t - X >A)(

0.1— A¢

Find [X]—o. 1




Problem: Find an expression X of t
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas

Xlimtpne — X—AX __

Find [X]t=2'

Let A(t) .= X.

Problem: Find an expression X of t
defined att=...,—-0.2,—-0.1,0,0.1,0.2, ...
by the formulas

[X]t—>t—|—é\t _ X_'AX

16

Find [X]—o.




Problem: Find an expression X of ¢
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas

[ X)i—t4nt — X~AX

0 Tl— At — (OOS)X, [X]t—o = 1.
Find [X]t=2' ‘
et A(t) 1= X. A(0) 1= [X],—o=1.
AC+OD1 = AW _ (6,06

[A(t +0.1)] — [A(¢)] = (0.1)(0.05)[A(¢?)]
= (1/10)(0.05)[A(¢)]

A(t+0.1) = [1 4 (1/10)(0.05)][A(®)] |~




Problem: Find an expression X of t
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas

[X]t—>t—|—é\t — X_>AX

01— At — (OOS)X, [X]t—o = 1.
Find [X]t=2' ‘
et A(t) 1= X. A(0) 1= [X],—o=1.

A(t+0.1) = [1+(1/10)(0.05)][A(2)]

[X)y=2 = A(2) = [1 + (1/10)(0.05)][A(1.9)]

A(t+0.1) = [1 + (1/10)(0.05)][A(¥)] |~




Problem: Find an expression X of t
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas

Xlimttne — X—AX __
— T =(009)X,  [Xl=mo=1
Find [X];mo. Solution: [1 4 (1/10)(0.05)]2°
Let A(t) 1= X. A(0) = [X]i= 0—

A(t+0.1) = [1 + (1/10)(0.09)][A(D)] |

—very 1/10 years, add on 1/10 of % interest.

Start with $1 in a bank account at time O.
How much Iin account 2 years late

X];—o = A(2) = [1 + (1/10)(0.05)A(1.
= [1 4 (1/10)(0.05)]4[A( .8)]

.= [14 (1/10)(0.05)]°°[A¢0)]




Problem: Find an expression X of ¢
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas
X]ist4ne — X~AX _
Find [X]s=2. Solution: [1 4 (1/10)(0.05)]%°

Compounding 10 times per year, with
nominal annual interest rate: 5%

Start with $1 in a bank account at time O.
—very 1/10 years, add on 1/10 of 5% interest.
\ How much in account 2 years later?

X]i=2 = A(2) = [1 4+ (1/10)(0.05)][A(1.9)]
= [1 4 (1/10)(0.05)]°[A(1.8)]

= ...=[14 (1/10)(0.05)]2°[4¢07]




Problem: Find an expression X of t
defined at¢t=...,—-0.2,—-0.1,0,0.1,0.2,...
by the formulas

[X]t—>t—|—é\t — X_>AX

Find [X]4=o. Solution: [1 4 (1/10)(0.05)]%°

Compounding 10 times per year, with
nominal annual interest rate: 5%

" Problem: Find an expression X of t

defined at ¢t = ..., —0.02, —0.01,0,0.01,0.02, ...
such that
[X]t—>t—|—At _ X_>AX

I—O.Ol—*ft — (OOE))X, [X]t_o = 1.

- Compounding 100 times per year, with
Find [X]i=2. nominal annual interest rate: 5%

Solution: [1 4+ (1/100)(0.05)]2°° “




Problem: Find an expression X of t
defined at ¢t =...,—2/N,—1/N,0,1/N,2/N, ...
oy the formulas

[X]t—>t—|—At - X_>AX

—— = (0.05)X X = 1.
oy = 009X, Kleo=1.
: ompounding imes per year, wi
Find [X]i=>. nominal annual interest rate: 5%
Solution: [1 4 (1/N)(0.05)]%Y
“Problem: Find an expression X of t
definedatt=...,—-0.02,—-0.01,0,0.01,0.02, ...
such that
Xlimtpne — X—AX __
I—O.Ol—*ft — (OOE))X, [X]t_o 1.

- Compounding 100 times per year, with
Find [X]i=2. nominal annual interest rate: 5%

Solution: [1 4+ (1/100)(0.05)]2°° ?




Problem: Find an expression X of t
defined at ¢t =...,—2/N,—1/N,0,1/N,2/N, ...
oy the formulas

[X]t—>t—|—At - X_>AX

= — (0.05)X, X],—o = 1.
oy = Q09X Kio=1.
- ompounding imes per vear, wi
Find [ X]i=2. nominal annual interest rate: 5%
Solution: [1 4 (1/N)(0.05)]%Y
Problem: Find an expression X of ¢t such that
dX

Compute [X]i=o.
Solution: lim [1 4 (1/N)(0.05)]%V= ¢(0-05)2

N —o00

Continuous compounding, with 23

nominal annual interest rate: 5%




Problem: Find an expression X of ¢ such that

X
Compute [ X|.
Solution: ]\}im [1 4+ (1/N)(0.05)]tNV = ((0-05)
— OO

Continuous compounding, with
nominal annual interest rate: 5%

Problem: Find an expression X of ¢t such that

dX

Compute [X]i=2.
Solution:  lim [1 4 (1/N)(0.05)]2N= ¢(0-05)2

N —o00

Continuous compounding, with 24

nominal annual interest rate: 5%




Problem: Find an expression X of ¢ such that

dxX
~ = (0.05)X,
dt

Compute X. S

Solution:

25




Problem: Find an expression X of ¢ such that

©=(005)X,  [Xli—o=1.

(/mpute X. Soltion: X = ¢(0:05)¢ \

dX _ d
— = [e(909)] = [0999)[0.05] = (0.05) X

26




Problem: Find an expression X of ¢ such that

Y = (005)X,  [Xlimo=1.

d
Com\pute X\ So\\ution: X =/£(0-05)t \

Alternate solution:

dY \1 dX 1

ar _ — —(0.05)4 = 0.05
dt dt X

[Y]i=0 =< [INX]t=0 =IN1 =0

Y = (0.05)¢

X — elnX \: eY é 6(0.05)75 I

27




Problem: Find an expression X of ¢ such that

dX

Compute X. Solution: X = (0-05)¢ \

Third aelapproach:
£(c(t)) = (0.05)(c(%)), c(0) = 1.

IS equivalent tto / /
c(t) =1+ | (0.05)(c(s))dsl i ival t
P[00 = cangente

7 :=/{contin. fns [~10,101 — R} |~
Defihe A : F — F by the rule: fixpoint of A
vV € F, the function A(h) €\F is defihed by:

T (ABN @) = 1 + /O t(0.0S)(éy(s))ds. -




Let F := {contin. fns [—10, 10] — R}.
Define A : F — F by the rule:

(A =1+ [ '10.05][h(s)] ds.

Fact: There is a distance (a “metric") in F

F := {contin. fns [—10,10] — R}.
Define A : F — F by the rule:

(A =1+ [ '(0.05)(h(s)) ds/ =




Let F := {contin. fns [—10, 10] — R}.
Define A : F — F by the rule:

(A =1+ [ '10.05][h(s)] ds.

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g), A(h)) < [Og] [dist(g, h)].

A is a contraction w.r.t.\t\Qis distance.
Contraction factor is 0.5

30




Let F := {contin. fns [—10, 10] — R}.
Define A : F — F by the rule:

(A =1+ [ '10.05][h(s)] ds.

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g),.A(h)) < [0.5][dist(g, h)].

Proof: I :=[—10,10]

p.g € F,  dist(p,q) :=max|(p(t)) - (1))

Fix g,h € F, and let d := dist(g, h).
Let go:=A(g), ho := Alh), do := dist(go, ho).

Want: dg < [0.5]d| s s s
vteI,[(g(t)) — (h(t))| <d

31




Let F := {contin. fns [—10, 10] — R}.
Define A : F — F by the rule:

(A =1+ [ '10.05][h(s)] ds.

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g),.A(h)) < [0.5][dist(g, h)].

Proof: I :=[—10,10]

p.g € F,  dist(p,q) := max|(p(t)) — ()]
Fix g,h € F, and let d := dist(g, h).

Let gg := A(g), ho = .A(h), dg = diSt(go,ho).

Vs € 1,[(g(s)) — (h(s))]| < d




%O B g B t g
() = (AM)(®) =1+ /O [0.05][1(s)] ds

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g),.A(h)) < [0.5][dist(g, h)].

Proof: I := [— 10, 10]

pg € F, dist(pyg) := max|(p(®) — a(t)))
Fix g,h € F, and let d := dist(g, h).

Let gg := A(g), ho = A(h), dg = diSt(go,ho).

Vs € 1,[(g(s)) — (h(s))]| < d




(90— ho)(®) = LD+ t[o.05][<g<s))1— (h(s))] ds

go g t g
ho(t) = (A(R))(t) =1 + /O [0.05][1(s)] ds

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g),.A(h)) < [0.5][dist(g, h)].

Proof: I := [—10, 10]

p.g € F,  dist(p,q) := max|(p(t)) — ()]
Fix g,h € F, and let d := dist(g, h).

Let gg := A(g), ho = .A(h), dg = diSt(go,ho).

Vs € 1,[(g(s)) — (h(s))]| < d




(90— ho)(®) = LD+ 10.0511(g(s)) — (h(s))] ds

(90(t)) = (ho()) = [ 10.0511(g(s)) — (h(s))] ds

Fact: There is a distance (a

such that, Vg,h € F,
dist(A(g), A(h)) < [0.5][dist(g, h)].

“metric’) in F

Proof: I :=[—10,10]

Vp,q € F, dlst(p, q) = max|(p(t)) — O(t))|
g0 ho S

Fix g,h € F, and let d .= dlst(g,h)
Let go := A(g), ho := A(h), dg = dist(go, ho)-

Want: dg < [0.5]d

Vs € 1,[(g(s)) — (h(s))]| < d
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dist(gg, ho) :=Jmax||(go(t)) — ho(t))|

[(90(£)) — (ho())|=

tel
t

[[10.0511(9(s)) — (1(s))] ds

Fact: There is a distance (a

such that, Vg,h € F,
dist(A(g), A(h)) < [0.5][dist(g, h)].

“metric’) in F

Proof: I :=[—10,10]

Vp,q € F, dlst(p, q) = max |(p(t)) — a(t))|
go hg S

Fix g,h € F, and let d .= dlst(g,h)
Let go := A(g), ho := A(h), dg = dist(go, ho)-

Want: dg < [0.5]d

Vs € 1,[(g(s)) — (h(s))]| < d
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dist(go, hg) 1= max [(90(t)) — ho(t))]

— Max
tel

[ 10.0811(g(s)) ~ (h(s))] ds

Fact: There is a distance (a “metric”) in F
such that, Vg, h € F,

dist(A(g),.A(h)) < [0.5][dist(g, h)].

Proof: I := [—10, 10]

p.g € F,  dist(p,q) := max|(p(t)) — ()]
Fix g,h € F, and let d := dist(g, h).

Let gg := A(g), ho = .A(h), dg = diSt(go,ho).

Want: dg < [0.5]d -

Vs € 1,[(g(s)) — (h(s))]| < d




dist(go, ho)

diSt(go, ho) = maXx
S tel

[ 10.0811(g(s)) ~ (h(s))] ds

Fact: There
such that, Vg,

dist(A(g), A(h)) <

distance (a “metric”) in F

0.5][dist(g, h)].

Proof: I :=[—10,10]
Vp,q € F, dist(p,q) :=

Fix g,h € F, and let d := dist(g, h).
Let go := A(g), ho := A(h), dg = dist(go, ho)-

Vs € 1,[(g(s)) — (h(s))]| < d




dozmax
N tel

[ 10.0811(g(s)) ~ (h(s))] ds

Fact: There s a distance (a “metric”) in F
such that, Vg € F,

dist(A(g),.A(hY) < [0.5][dist(g, h)].

Proof: I :=[—10,10]
g€ F, dist(p.q) =max| (1) - (1))

Fix g,h € F, and let d := dist(g, h).
Let go := A(g), ho := A(h), dg = dist(go, ho)-

Vs € 1,[(g(s)) — (h(s))]| < d




do — max

so between +[10[0.05]d
/ so between +[0\5]d

/ 0.05][(9(s)) — (h(s))] ds

between +d

—

between ;t Cﬂ)S d

Proof: I :=[—10,10]
Vp,q € F, dist(p,q) := max|(p(t)) — q(t))|

tel

Fix g,h € F, and let d := dist(g, h).
Let gg := A(g), ho = A(h), dg = diSt( O,ho).

Want: dg < [0.5]d

\

Vs € 1,[(g(s)) — (h(s))]| < d
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AN
4,\

do — max

QED between 0 and [0.5]d

L S

/ 0.05][(9(s)) — (h(s))] ds

between +d

—

i

between +t[0.05]d
so between £10[0.05]d
so between +[0.5]d

" Proof: I 1= [—10, 10]
vp,q € F, |dist(p, q) := max|(p(t)) —q(?))]

tel

Fix g, h € A, and let d := dist(g, h).
Let go := A(g), ho := A(h), do := dist(go, ho)-

Want: dg < [0.5]d

41

Vs € 1,[(g(s)) — (h(s))]| < d




Suppose B:R? — R?2 is continuous, and
Vg, r € R?, dist(B(q),B(r)) < [0.5][dist(q,)].

The (forward) orbit of p

R? is

“complete” /

| B(p)

B>(p)
ORND

p

p]  B(p), B2(p), B3(p), B*(p), ... — g¢

B(p), B2(p), B3(p), B*(p), B>(p), ... — B(q)

\ Key point: For a contraction mapping,

the lim of any forward orbit is a fixpt.

42




Let F := {contin. fns [—10, 10] — R}.
Define A: F — F by the rutle:

(AR))(H) =1+ /O [0.05][1(s)] ds.

complete
Fact: There is a distance (a “metric”) in F

such that, Vg, h € F,
dist(A(g), A(h)) < [0.5][dist(g, h)].

A is a contraction|w.r.t] this distance.

with respect to

‘ Fact: Vf c F, the forward orbit of f under A
the sequence f, A(f), A2(f), A3(f),..

converges in F to a fixpoint of A. 43




Problem: Find an expression X of ¢t such that

dt
Compute X. Solution: X = e(o°05)t

Third approach:

() = (0.08)(e()),  «(0) =1,
is equivalent to A(c) = c.

F = {contin. fns [-10,10] - R} A:F —> F \
t
(AW () = 1 + ]0 [0.05][A(s)] ds

Define f e F by f(t) = 1.
Let ¢ be the limit of f, A(f), A2(f),....

44




(A(f))() =1+ (0.05)¢

(A2(fN() =1 -

- (0.05)¢ -

(A3(N))(H) =1-

|

c(t) — (0.05)t

- (0.05)t -

- (0.05)2(t2/(21))
- (0.05)2(t2/(21))

- (0.05)3(¢3/(3)))

|

Note: Works for all t € R,
not just t € [-10,10]

Sol'n: e(t) = (0091

\ F = {contin. fns

[—10,10

— R} A:F—>F

(A =1+ [ '10.05][h(s)] ds

Define f € F by

Let ¢ be the limit of f, A(f), A%(f),....

f(t) =1.
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Problem 1:Find expressions X,Y of t such that

dX dY
= _X+4VY, — =2X —4Y,
dt dt

[X]t=0 = 3, [Y];=0 = 8.

Problem 2: Let V be the vector field on R?
defined by V(z,y) = (—x + vy, 2z — 4vy).
Find a flowline ¢ for V footed at (3, 8).
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Problem 1:Find expressions X,Y of t such that

dX dY
= _X+4VY, — =2X —4Y,
dt dt

7 = X A=
_Y_ L
® 4 _/_ - -
Z.: ).( _ — X Y/ _ —1 1 X
Y|  |2X —4Y 2 —4||Y

a7




Problem 1:Find expressions X,Y of t such that

dX adYy
— =_-X+4Y, — =2X —4Y,
dt dt
bd -1 1
7 1= X A=
_Y_ 2 —4
7 = AZ
d
@ tA 4 tA
dt




Problem 1:Find expressions X,Y of t such that
dX dY

— =_-X+4Y, — =2X — 4y,
dt dt
X —1 1
— X A= 5 4
2 %1 R -
/Z = AZ
2 X2 %etA:AetA M
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Problem 1:Find expressions X,Y of t such that

dX dY
= _X+4VY, — =2X —4Y,
dt dt

Problem: B = (0.05)B

Solutions: YC € R,
B = Ce(0.05)t is 5 solution.

Problem: _é — aB
Solutions: VO &€ IR{ |
— Ce™ is a solution.

Problem: Z = AZ

Solutions: VO € R2X1
7 = etAC is a solution.

vC € R2x1, %[etA]C’ = AetiC

50

7 = tAC




Problem 1:Find expressions X,Y of t such that
dX dY

e _X4v, ¢ —ox 4y,
dt dt
[ X]t=0 = 3, [Y]i=0 = 8.
- — =
_Y_ 2 —4

RQXl
7 = etAC is a solution.

= [Zli=0 = ["Cli=o=1C =C
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<=

W

=

. Z- - \

VO € R2XL \
;\{: elAC is a solution.

<

1t=0

\
= [Z]i=0 = [e/Cly=o=IC =C
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<

= 7 = tAC = (exp(tA))C

- = (oot L)[E
\if = (et S)[E
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Problem 1:Find expressions X,Y of t such that

dX dY
—=-X+4Y, — = 2X —4Y,
dt dt
[X]i=0 = 3, [Y];=0 = 8.
X 1 1 | 3]
Solution: = |exp |t 3
Y 2 -4 '8
A

Exercises: Find an invertible B € R2%2
s.t. D:= BAB~! is diagonal

Compute exp(tD).

Compute B~ 1(exp(tD))B = exp(tA). [=




SKILLS: Integrate a constant vector field.
Integrate a homogeneous linear vector field.
Integrate an inhomogeneous linear vector field.

| X 1 1 3]
Solution: = |exp |t
Y 2 —4 '8

" —

Exercises: Find an invertible B € R2%2
s.t. D:= BAB~! is diagonal

Compute exp(tD).

Compute B~ 1(exp(tD))B = exp(tA). =




SKILLS: Integrate a constant vector field.
Integrate a homogeneous linear vector field.
Integrate an inhomogeneous linear vector field.

Example: Find the flowline, footed at (8,9),
for V(x,y)=@Bzx+2y+5,2x+3y+7 ).

iInhomogeneous linear

Corresponding homogeneous linear:

Example: Find the flowline, footed at (8,9,1),
for W(x,y,z) = (Bx+2y+5z,2x+3y+ 72,0).

LLast coordinate is always 1.

First two coordinates solve
the iInhomgeneous problem.
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T he second derivative test

Terminology:

A function taking values in the scalars
(i.e., in the real numbers) is often called a

functional.

So functional = scalar-valued function.

Let f:R"™ — R be a smooth functional.
Goal: Maximize and/or minimize f.
Definition: f attains a local max at a € R" if
45§ > 0 s.t.: |x —a| < d implies f(x) < f(a).
Definition: f attains a local min at a € R" if

45§ > 0 s.t.: |x —a| < d implies f(x) > f(a).[=




T he second derivative test

Let f:R" — R be a smooth functional.
Goal: Maximize and/or minimize f.
Definition: A critical point for f is a point

a € R" s.t. f/(a) =0.
Fact: It f attains a local max or local min at a,
then a is a critical point for f.

Second derivative test:

Let [C(x)] + [L(x)] + [(Q(=x))/(2!)] be the
second order Macl. approx. of f(xz + a).
Assume that a is a critical point of f,
i.e., that L = 0. O —C

If Q is positive definite, I — L]{,((C;))

then f attains a local min at a.

L 58
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The gradient and reverse-gradient flows

Let f:R" — R be a smooth functional.
Goal: Minimize f.
Approach:
Pick a “starting point” s € R",
Let V : R" — RU be the reverse gradient VF,
defin by V(z) = —(Vf)(x).
et ¢ be a flowline V footed at s.
Hope that ¢(t) is defined _for all t > 0.

Hope that a := Iim c(t) exists. critical point
t—00

Hope that f attains its minimu

e.g.: f(z,y) = (z% 4+ y2)/4
—(Vi)(z,y) = (—=x/2,—y/2)

c(t) = e t/25 -0, as t — oo 59




Goal:

The gradient and reverse-gradient flows
Let f: R™ — R be a smooth functional.

Maximize f.

Approach:
Pick a “starting point” s € R™.
Let V : R" — R"™ be the gradient VF,
defined by V(z) = (Vf)(x).

ope t
ope t

ope t

et ¢ be a flowline for V footed at s.

nat c(t) is defined for all ¢ > 0.

nat a := |lim c(t) exists.
t—00

critical point

/

nat f attains its maximum at a.
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