Financial Mathematics

Lagrange multipliers and
constrained approximation



Q(z,y) = 322 + 2xy + 3y
Problem: Find the major and minor axes of
E = {(z,y) | Q(z,y) = 8}
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Q(z,y) = 322 + 2zy + 3y?
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)
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Rt = R~1 (QoLp)(z,y) =252 + 4y°

Lr(F) = Q- 1(8) ;
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)

NET 1}5 “
:O: 2 :_1 i [2] 12[1]
A0 1|1 ;
AR (—
""" TENE g
R:@{—ll} _______________ ﬂH ________
Rt = R—1 (Qo Lp)(z,y) = 2x2 + 4y

Lr(F) = Q- 1(8) :
IS what we want to graph.




Q(z,y) = 3z 4 2zy + 3y?
Problem: Find the major and minor axes| of

E:={(z,y)|Q(z,y) =8} = Q1(8)

Lr(F) = Q- 1(8) 5
IS what we want to graph.




Q(z,y) = 322 + 2xy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)
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Lr(F) = Q- 1(8) ;
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)

Lr(F) = Q1(8) :
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)

Lr(F) = Q- 1(8) ;
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)

Lr(F) = Q- 1(8) ;
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E:={(z,y)|Q(z,y) =8} = Q1(8)

Lr(F) = Q- 1(8) 0
IS what we want to graph.




Q(z,y) = 322 + 2zy + 3y
Problem: Find the major and minor axes of
E = {(z,y)|Q(z,y) =8} = Q~1(8)

Lp(F) = Q~1(8) n

IS what we want to graph.




Q(z,y) = 3z 4 2zy + 3y?
Problem: Find the major and minor axes of

E = {(z,y)

Q(x,y) =8} = Q1(8)

Alternate sol'n:

.,
.
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subject to the
constraint that

Q(z,y) = 8.

That is,
Q(a,b) = 8

find a point (a,b) s.t.
and  f(a,b) = min f(p)
pe l

Expect two answers: (a,b) = +(1,1)
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Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

[(@,y) = /22 + 12

find a point (a,b) s.t.
Q(a,b) =8  and  f(a,b) = min f(p)
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Expect two answers: (a,b) = £+(1,1)




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

fx,y) == 22 + y?

r:=(0.25,-0.15) :

Level Level

sets sets

of f of @)
E=Q1(8)
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Expect two answers: (a,b) = £+(1,1)




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

fx,y) = 332"‘3/2 (\

o
.
.
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.
.

— (0.25,—-0.15)

(V) (z,y) =2, 2y)

' KEY POINT:
(VQ)(z,y) _(650 + 2y, 2x + 6y)' The gradient is

(VQ)(r)=(1.2,—-0.4) ' perpendicular to

| the level set.

Expect two answers: (a,b) = +(1,1) °




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min f(p)

fx,y) == 22 + y?

Pick a
point
qo € £

Start at qp.

(Vi) (z,y)=(2x, 2y)] \

!
_________ 1
!
!

I KEY POINT:
(VQ)(z,y) =(6CC + 2y, 2x + 6y) The gradient is

: perpendicular to
| the level set.

’w @
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Expect two answers: (a,b) = £+(1,1)




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

[(z,y) =2 + y°
8/3 ~ 1.633

g0 = (s,0) € £
Start at qq.

(V) (x,y) =2, 2y)

' KEY POINT:
(VQ)(z,y) _(650 + 2y, 2x + 6y)' The gradient is

(VQ)(a0) = (65,25 | permendiulr o

Expect two answers: (a,b) = +£(1,1) !




Q(x,y) = 3z + 2zxy + 3y?
Find a point (a,b) s.t. /

Q(a,b) =8 and f(a,b) = min f(p)

[(z,y) =2 + y°
s =,/8/3 ~ 1.633
go = (s,0) € E

Start at qp.
(VI)(z,y) =2z, 2y) |
(V)(qo)=(2s5,0) L________ Ll

I Follow blue constraint.

(VQ)(x,y) =(6$ + 2y, 2x + 6y): To decrease f, go in

— ' the direction of the
(VQ)(q0) = (65, 25) : green arrow.
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Expect two answers: (a,b) = £+(1,1)




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

fx,y) == 22 + y?

‘8:1/8/3 %1.6335 (\\ ........ G

|q0 = (s5,0) € E|
Start at qp.

(Vi)(z,y)=(2z,2y)

(VH(g)=Cs, 0| B

l Follow blue constraint.

(VQ)(z,y) =(6x + 2y, 2z + 6y)' To decrease [, go in

the direction of the
(VQ)(q0) =(65,25) : green arrow.

Expect two answers: (a,b) = +(1,1) ‘ ”




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

¢+ =(1,1) € E
(Vi) (z,y) =2z, 2y)
(VA (a)=(2.2) L _______ o Eo

I Follow blue constraint.
(VQ)(z,y) =(6CE‘ + 2y, 2x + 61'4): To first order, can't

\V4 N L incr. or decr. f.
(VQ)(a:)=(8,8) I g« is a CRITICAL PT.

f(z,y) = x4 y? (/\

Expect two answers: (a,b) = +(1,1) ”




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

f(z,y) = a° +y (/\

——————————————————————————————————————————————

A critical point occurs when Follow blue constraint.
_____ VQ is parallel to V. ' 14 first order, can't
p is a critical point if A € R s.t.! incr. or decr. f.
(VH)(p) = A[(VQ)(p)]. g« is @ CRITICAL PT.

Expect two answers: (a,b) = +£(1,1) -




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

Jy) =02 4y
(V) (@.y) =(2z, 2)
(VQ)(z,y) =(6z + 2y, 2z + 6y)

To find critical points, solve 3

O(x,y) = 8 '  How many unknowns?
Y) = : How many equations?
(V) (z,y) =A(VQ)(z,y)] | Scalar 3

——————————————————————————————————————————————

A critical point occurs when Follow blue constraint.
_____ VQ is parallel to Vf. ' 14 fjrst order, can't
p is a critical point if JdA € R s.t.! incr. or decr. ;.
(V)(p) = A(VQ)(p)]. g+ is a CRITICAL PT.

Expect two answers: (a,b) = +(1,1) *




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

Jy) =02 4y
(V) (@.y) =(2z, 2)
(VQ)(z,y) =(6z + 2y, 2z + 6y)

To find critical points, solve | 3

O(z.y) = 8 ' How many unknowns?
. How many, equations?
(Vf)(l’ y)— [(VQ) (=, y)] ' scalar 3

22 o 43,2581 _—mu Epry' by [2z + 6y], get 't% is
/i/ [22][2x + 6]
- 6y] ; = A2z + 6y][6x 4 2y]

Expect two answers: (a,b) = +£(1,1) ”




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

[(2,y) =% 442
(V) (@.y) =(2z, 2)
(VQ)(z,y) =(6z + 2y, 2z + 6y)

To find critical points, solve | 3

O(z.y) = 8 How many unknowns?
. How many, equations?
(V) (2, 9) =A(VQ)(z,y)] Scalar 3
322 + 22y 4+ 3y° = 8
2x = A6z 4 2y]| | [2x][2x + 6v]
2y =N[2z +6y] = M2z + 6y][6= + 2y]

Expect two answers: (a,b) = +£(1,1) 8




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

[(2,y) =% 442
(V) (@.y) =(2z, 2)
(VQ)(z,y) =(6z + 2y, 2z + 6y)

To find critical points, solve ) ' How many unknovv3ns?
Q(x,y) =8 . How man
y equations?
(Vf)(:v y) = A[(VQ)(Q: y)] ! ' scalar 3

——————————————————————————————————————————————

2z =6z + 2 s i
‘ 2yl = |A[2x + 6v] : — 2y] |62 + 2y]

Expect two answers: (a,b) = £+(1,1) 25




Q(x,y) = 322 + 2xy + 3y

Find a point (a,b) s.t.
Q(a,b) =8 and  f(a,b) =min /(p)

[(2,y) =% 442
(V) (@.y) =(2z, 2)
(VQ)(z,y) =(6z + 2y, 2z + 6y)

To find critical points, solve ) ' How many unknovv3ns?
Q(z,y) =8 : How man
) y equations?
(Vi) (z,y) =A[(VQ)(z,y)] : scalar 3

——————————————————————————————————————————————

3024 20y +3y2 =8'  4z2 4 T2xy =Ty + 4y2
20 = A[6x + 2] x? = y2
2y = A2z + 6y} r = +y

Expect two answers: (a,b) = +£(1,1) *




Q(z,y) = 322 + 2zy + 3y
Find a point (a,b) s.t.

Q(a,b) =8 and f(a,b) =zlgnell’]]7 f(p)
f(z,y) == 2% 4+ y? Igﬁ
(V) (x,y)=(2z,2y) N E
(VQ)(z,y)=(6x + 2y,2x + 6y) 15

To find critical points, solve

Q(way) = 8 : . >
(Vf)(ac y)—)\[(VQ)(;c )] : How many, equations™
31 +2wy+3y2:8' 432 4

32 —+ 2:1;2 -+ 3:15'2 — 3 i
Expect two answers: (a,b) = £(1,1) !




Q(z,y) = 322 + 2zy + 3y
Find a point (a,b) s.t.

Q(a,b) =8 and  f(a,b) =min /(p)
[(z,y) =+ y? :T‘ﬁ:
(Vi) (z,y) =2z, 2y) =2
(VQ)(z,y) =(6x + 2y, 2z + 6y) g

_________________________ S
To find critical points, solve ' How many unknowns?

|

Q(z,y) =8 : How many. equations?
|
|

(V) (z,y)= )\[(VQ)(.’E y)] scalar 3

3332 -+ 233y —+ 3y2 — | 8332 — : (z,y) =(1,1)
— > _ ey =2
L <=1
B3xc+ 22+ 3xc=8, y=zxz==x1 | [(z,y) =

Expect two answers: (a,b) = +(1,1)




Q(x,y) = 3z + 2zxy + 3y?
Find a point (a,b) s.t.

Q(a,b) =8 and  f(a,b) =min /(p)
flz,y) = a2 + y? i?%i(ﬁ’y))z(l’l)
| | L, Y) =
(Vi (z,y) =2z, 2y) Ny = (11
(V) (z,y) =6z +2y,22+64) 18 J1 1(p )y =2
1o fin%(c;i’zjc):al_pé)ints, 50 i How many unknow3ns?
) _ r How many equations?
(Vi) (z,y) =A(VD)(z,y)] o §cia_|§r_____3____
322 4+ 2zy + 3y i -E-(xay) = (1,1)
T =y | 2 =1 :"(i('xlii);?(' 171y
322 +22°2+32°2=8, y=x==1 : f(’mziy)_= |

Expect two answers: (a,b) = +(1,1)




Q(z,y) = 322 + 2zy + 3y
Find a point (a,b) s.t.

Q(a,b) =8 and f(a,b) = min f(p)
‘ peEe b
f(z,y) = 2° +y PG =D
(V) y) =2z, 2y) gl E(f( )y );‘(‘_2'1';;)'
(V) (@,y)=(6x + 2,22+ 64) 1 & J1| /(4 ) =2

, L : 3
To find critical points, sol ' How many unknowns?

Q(z,y) =8 . How many equations?
(V)(z,y) =X(V@)(z,y)] ! scalar 3
322 + 20y + 3y2= 81 —452 = '(CC y) = (V2,—V2)
1/22@//‘;//'/ 2=z Tl
3xc — 2x< + 3x< = :—y €T \/_.(JCE g)y_ia, 2)

Expect two answers: (a,b) = £+(1, 1) ?




/objective
To minimize [[[(z1,...,zn), /constralnt
subject to |Q(z1,...,2n) =C
find critical points, by solving
Q(x1,...,2n) =C
(V) (z1,. . zn) =AVQ) (21, .. 20)],

/1en minimize f
o

B ver these critical points.
a%{ange
multiplier
b n—+1

How many unknowns?
How many, equations?

r \ 31
scalar 1 +n




To minimize [[((x1,...

objective
/ constraint

,Tn), ///

subject to Q(zx1, ..

.,ﬂffn) :C,

find critical points,

by solving

Q(xy,...,zn) =C

(Vi) (@1, zn) = A(VQ) (21, ..

then minimize f

L, xn)],

over these critical points.

\ Also need to check all “non-smooth” points
for the constraint,
i.e., all the points (zq1,...,zn) S.t.

(VQ)(z1,. .

L xn) = (0,...,0).

32




Example: Define f:R?2 =R and Q :R? - R
by f(z,y) =x and Qz,y) = x> -y
Minimize f(x,y) subject to Q(z,y) = 0.

Minimum occurs at (z,y) = (0,0),
where we have [(0,0) = 0.

A

VI T Jo@y) =0

N

—

<

—

\ Also need to check all “non-smooth” points
for the constraint,
i.e., all the points (zq1,...,zn) S.t.

(VQ)(xz1,...,zn) = (0,...,0).
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Example: Define f:R?2 =R and Q :R? - R

by f(z,y) =z and Q(z,y) =z -y
Minimize f(x,y) subject to Q(z,y) = 0.

Minimum occurs at (z,y) = (0,0),
where we have [(0,0) = 0.

However, (Vf)(z,y) = (1,0 /_/%’O
and (VQ)(xz, )= —2Y), 0=)\[2’y]_O
SO we cannot#solive 23 2 T

Q(may) =0 x =0
(V) (2, y) = A(VQ)(z,y)].

\ Also need to check all “non-smooth” points
for the constraint,
i.e., all the points (zq1,...,zn) S.t.

(VQ)(x1,...,2n) = (0,...,0).




Example: Define f:R?2 =R and Q :R? - R
by f(z,y) =z and Q(z,y) =z> —y?.
Minimize f(x,y) subject to Q(z,y) = 0.
Minimum occurs at (z,y) = (0,0),
where we have [(0,0) = 0.
However, (V/)(z,y) = (1,0),

and (VQ)(z,y) = (322, —2y),
SO we cannot solve
Q(z,y) =0
(Vi) (z,y) = A(VQ)(z,y)].

Also need to check all “non-smooth” points

for the constraint,
i.e., all the points (z,y) where

(35627 —2y) =(VQ)(z,y) = (0,0). 35

We find (x,y) = (0,0) this way.




To minimize f(x1,...,Tn),
subject to Q1(x1,...,2zn) =C1, ...
Qr(x1,...,2n) = Cy,
find critical points, by solving
Q1(x1,...,zn) =Cq, ...
Qr(x1,...,2n) = Cy,
(Vi)(x1,...,2zn) = A [(VQ1)(z1,...,2n)] + -

Al (VQp) (21, .. zn)],
then minimize f over these critical points.

n + k

How many unknowns?
How many, equations?

scalar k+n 36




To minimize f(x1,...,Tn),

subject to Q1(x1,...,2zn) =C1, ...

Qr(zy,...,zn) = Cf,
find critical points, by solving

Q]_(CU]_,--.,CUn) :O]_, Coe .

Qr(x1,...,2n) = Cy,

(V(@1,. . zn) = M [(VQ1) (21, . -
Al(VQp) (21, ..

'9337?/)]:

then minimize f over these critical points.

Also need to check all “non-smooth” points
for the constraint,

i.e., all the points (zq1,...,xn) Where

(VQ1)(z1,...,zn), ..., (VQg)(x1,...,7n)

are linearly dependent.
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