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Single variable change of variables formula

heorem:

Let D,E C R be open.
Assume ¥ . D — E is smooth and bijective.
Assume f . E — R is continuous.

hen /E F(2) de = /D F(sN] ¥ (s)]] ds

Special case:
D = (a,b), ¢

Y(a)

I
inlcreasing, E = (v (a),

[17 1@y de = [T IR

v
P(b))
| ds




Single variable change of variables formula
heorem:

Let D,E C R be open.
Assume ¥ . D — E is smooth and bijective.
Assume f . E — R is continuous.

hen /E F(2) de = /D F(sN] ¥ (s)]] ds

Special case:
D = (a,b), ¥ decreasing, £ = (¢(b),v(a))

Y (a) b ,
[ 1@ de = [1rGENEETGENds




Single variable change of variables formula
heorem:

Let D,E C R be open.
Assume ¥ . D — E is smooth and bijective.
Assume f . E — R is continuous.

hen /E F(2) de = /D F(sN] ¥ (s)]] ds

Special case:
D = (a,b), ¥ decreasing, £ = (¢(b),v(a))

Y (b) b ,
[ f@dr= [N e)ds

Note: This last formula is true

even if 1 is not bijective. °




Single variable change of variables formula
heorem:

Let D,E C R be open.
Assume ¥ . D — E is smooth and bijective.
Assume f . E — R is continuous.

hen /E F(2) de = /D F(sN] ¥ (s)]] ds

Goal: Find a similar formula of the form

where D, E C R? are open and
where ¢ : D — E Is smooth and bijective.

Next: def’'n of multivariable integration ©




Definition of the Riemann integral
(multivariable)

Recall the single-variable Riemann
iIntegral. . .

7 \ Graph of g lives
, Yover” D.







Fix a small number 6 > O.
Cover D by intervals of diameter <.

(Not required, but often we use
intervals of the same length.)
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D = (a,b)

Fix a small number 6 > O.

Cover D by intervals of diameter <.

Pick a point in each of the sets.
Focus on one set, the jth, call it D;.

(Not required, but often
we take the midpoints.)
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Fix a small number 6 > O.

Cover D by intervals of diameter <.

Pick a point in each of the sets.
Focus on one set, the jth, call it D;.
Call its point s;
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Fix a small number 6 > O.

Cover D by intervals of diameter <.

Pick a point in each of the sets.
Focus on one set, the jth, call it D;.
Call its point s;
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" N _» 9 |Heignt: g(s:)

a :
O -—
D D;”

Fix a small number 6 > O.

0@

Cover D by intervals of diameter <.

Pick a point in each of the sets.
Focus on one set, the jth, call it D;.
Call its point s;
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/\_/Og Height: g(s;)

CL " a o
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D D;”

Fix a small number 6 > O.

0@

Cover D by intervals of diameter <.

Pick a point in each of the sets.
Focus on one set, the jth, call it D;.
Call its point s;
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Base: [Length(D;)]
g S /
/\J Height: g(Sj)

Area: [g(s;)][Length(D;)]
& S cb -

D D;

Fix a small number ¢ > 0.

Cover D by intervals of diameter <.
Pick a point in each of the sets.

Focus on one set, the jth, call it D;.
Call its point s;

Compute [g(s;)][Length(D;)].
/ 9(s) ds = [g(s))][Length(D,)]

D;
Add over all 3.

s)ds = 77777 15
/Dg( )




s a8

Next: replace o0 by . — O
Fix a small number ¢ > 0.
Cover D by intervals of diameter <.
Pick a point in each of the sets.

Focus on one set, the jth, call it D;.
Call its point s;

Compute [g(s;)][Length(D;)].
/ 9(s) ds = [g(s))][Length(D,)]

Add overjall 7.
[ 9(s) ds ~ Y loCslILengtn(D))
7
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Let 01,02,... — O be pos. numbers.
e.d.. 51 = 1/2, 52 = 1/3, 53 — 1/4,. ..

sot| [sa’
a N\ . \b Di', D', D3', D4'
\ all of diam. <¢§; =1/2
811 831
2 2 0
e oo iad D17, Do<,... Dg

2 .2 > all of diam. <d>, =1/3
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Let 01,02,... — O be pos. numbers.

a

b

D = (a,b)

Let 01,00,...

O

— O be pos. numbers.
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a = b
o——-———o0
D = (a,b)

Let 01,00,... — 0 be pos. numbers.
Vk, cover D by intervals of diameter < ;..

VEk, pick a point in each of the sets.

Focus on one k and one set, the jth, D; k.
Call its point s;

Compute [g(sjk)][Length(Dj )].
/D.kg(s) ds =~ [g(s;")][Length(D,;")].

J
Add over all 7, and let k& — oo.

19

| 9(s) ds ~Xlats;llength(D,)
J




Dk Next: back to multivariable setting

a = b
o——-———o0
D = (a,b)

Let 01,00,... — 0 be pos. numbers.
Vk, cover D by intervals of diameter < ;..

Vk pick a point in each of the sets.

Focus on one k and one set, the jth, D; k.
Call its point s;

Compute [9(s;)][Length(D;")].
/D-k g(s)ds = [9(s;")][Length(D;")].

J
Add over all 7, and let k& — oo.

/D g(s)ds|:= IIm Z[g(s ]"”’)][Length(D )]

k— 00 20




-
\5_’

Fix a small number 6 > O.
Cover D by sets of diameter <.

(Not required, but helps if
the areas of the sets are
easily calculated,e.g., squares.)

21




o

< >

T

Fix a small number § > 0.
Cover D by sets of diameter < 9.
Pick a point in each of the sets.

(Not required, but helps if
the areas of the sets are
easily calculated,e.qg., squares.)
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Fix a small number § > 0.
Cover D by sets of diameter <.
Pick a point in each of the sets.

Focus on one set, the jth, call it D;.

(Not required, but often
one takes the centers.)

23




-
\ﬁ—’

Fix a small number 6 > O.

Cover D by sets of diameter <.
Pick a point in each of the sets.
Focus on one set, the jth, call it D,.

Call its point (s;,t;).
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(Sjat') \\\\ [<]

Fix a small number
Cover D by sets of dia eter < 4.
Pick a point in each of the sets.
Focus on one set, the jth,call it D;.
Call its point (s;,t;).

Compute |[g(s;,t;)[tArea(D;)].
[ [, a(s.tydsat ~[lg(s;.t)][Area(D))]

Add over all j. 0, wheéxever

/f g(s,t)dsdt :==77777 (sj,t;) ¢ D .
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Next: replace o by d, — O

Fix a small number ¢ > 0.
Cover D by sets of diameter <.
Pick a point in each of the sets.
Focus on one set, the jth, call it D;.

Call its point (s],t ).
Compute [g(sj,t;)][Area(D;)].
/ / o(s, 1) dsdt ~ [g(s), )] [Area( D))

Add over all 3.

//D g(s,t)dsdt~ Z[Q(Sja tj)][Area(D;)] %6
J




(57, ;%)
Let 01,00,... — 0 be pos. numbers.

VEk, cover D by sets of diameter < 9,.
Vk, pick a point in each of the sets.

Focus on one k£ and one set, the j5th, Dj’f.
Call its point (s;",t;").

Compute [g(s;",t;")][Area(D;")].
[ [ a(s.Dydsdt ™ [g(s;", 1] [Area(D;M)]

Add over all 3, and let &k — oo.

//Dg(Sgt) ds dt%Z[g(sgkatgk)][Area(Djk)] —
J




(57, ;%)
Let 01,00,... — 0 be pos. numbers.

VEk, cover D by sets of diameter < 9,.
Vk, pick a point in each of the sets.

Focus on one k£ and one set, the j5th, Dj’f.
Call its point (s;",t;").

Compute [g(s;",t;")][Area(D;")].
[ ] a(st)dsdt ~ [gs;";))Area(D;)]
J

Add over all 3, and let &k — oo.

/ /D g(s.t) ds dt|:=lim S lg(s;", t;)[Area(D;") )5

k—oo <

J




extends to a
continuous

function
on the closure
[a,b] x [c,d]

/

9

D = (a,b) x (¢, d)
Fubini's Theorem on rectangles:

// g(s,t) dsdt exists!

/ab/Cdg(s,t)dtds / / g(s,t)dsdt

Proof: We omit existence proof. For the equalities,
use rectangular partitions and

29

“follow your nose” . QED
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Dj| .77 :

///

X .
(sj t)| ~°~
//Ef(:v,y)d:vdy

~ Y1f (j )] [Area( )]
J

\D ’\Ej —
\ Pad \
\ e S==/7
: RN
! !
IS
(Ijayj) ‘I ,I
i E‘\\ /
Y(s;,t5) VR

= [ [ 17 (s, 0)1det(/ s, 1)) 1 ds at
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> -7 (xjayj) /

R Z[f(:vgayg rea(;)]

\\\\\ - / E\\\ III
P (sj,t5) Sl X
// fz,y) dedy / Why

ﬂzy/j,t I det(v/ (s, £.)) 1Area(D))]

| | @ (s, 1 det(w/(s, 1)) ] ds d
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ZOOM IN!

Why
close?

Area(L;)

[ det(4/(s;, 1)) 1[Area(D;)]
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Y(s; + h,t; + k)

Why
close?

Area(L;)

[ det(¢/(s;, ;) 1[Area(D;)]




/ (s, F b+ k)
(s5,t5)

Why
(s; + h,t; + k) close?
he [—a. b Area(E_j)
k€ [—cd]

[ det(4/(s;, 1)) 1[Area(D;)]

E]% [w(sjatj)] _I_ qub’(sj’tj)([_aa b] X [_Ca d]) >




/ G+t + k)
(s5,t5)

Why
(Sj-Ff%tj%-k) close?
he [—ab Area(E_j)
k€ [—c,d]

[ det(4/(s;, 1)) 1[Area(D;)]
Area(F;) = Area(LW(Sj,tj)([—a,b] X [—ec,d]))

= [| det(¢'(sj, t;))[l[Area([—a,b] x [—c,d])]]| =




/ G+t + k)
(s5,t5)

Why
(Sj-Ff%tj%-k) close?
he [—ab Area(E_j)
k€ [—cd]

[ det(¢/ (s, ¢,)) 1[Area(D,)]
Area(F;) = Area(LW(Sj,tj)([—a,b] X [—ec,d]))

= [| det(¢'(s),t))1[(a + b)(c + d)] 7




/ G+t + k)
(s5,t5)
Why

close?
(s; +h,t; + k)

h € [Vea(E'j) \

[ det(4/(s;, t.))1[Area(D;)]

ArCa(E;) ~ Area(Ly 1) (bl x o d])

= det(¢/(s;. ;) ][Area(D;)] z




/ / C [oGs; F hnt + k)

Closel!

Area(L;) err ~ 0

[ det(4/(s;, 1)) 1[Area(D;)]

Area(Ej) ~ Area(LW(Sj,tj)([—a,b] X [—C,d]))

= [ det(¢/(s;. ;) ][Area(D;)] z




D /”— \\D
J s \
o \
/ 1
7/ ]
7/
/
/
/7
f /
\ //
”
-
) \\\\\ -

// f(x,y) drdy

/
/
(wj,yj)/V@ '

f /
\
B ’
N /
\\ /
\\_/ f

|
Closel! R

~ Z[f(.:cj, yi)][Area(E;)] Serr ~ 0

J
z[fw(sj,tj))]
J

[ det(4/(s;, 1)) 1[Area(D;)]

~ [ | Bl det( (s, ) Ndsdt =




/////// - L=
D] -7 \\l) f'\E] -
e \ < \
Ve ~ - -
7 1 ¢“- f
, | w =\ /
’ > /
Ve / /
( i /
\ // /V'®
N 55 (T, Y )7 '
Gt ~=--" - \ '
Sj: j) E\\ II
~
& /
\\_/

//E f(x,y) dr dy
~ [ [ (s )]l det( (s, ) ) ds d

~ [ [ 1@ I det( (s, ) ] ds d

41




il . N
D.j // \\ //, ! -
| ¢ s atls
/ — —
, Y .
L / ] /
gt ’// k k/l’//®
” . . |
\ \ ’/, ('CC'] 3yj) ‘I
j? \\

// f(x,y) dr dy
~ [ [ (s )]l det( (s, ) ) ds d

err — 0O

Take limit as &£ — oo.
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// \ o =T ]
/ / /
‘4 / / Vs
7 > /
§ 7 / /
\ Phd / /
\\ /, / /
N - ' /
. /
\\ /
\\_/ f
// f(z,y)dxdy
E IR

= [ | (sl det(y/(s,1))[] ds

//

Change from (s,t) to (r,0).
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// ) (/ ————— !
/ I / /
7z / /
P /
7 /
§ 7 / /
\ Phd / /
N\
~ ’/’ é /
N ' /
E?
\\ /
N /
\\_/ f

//Ef(:v,y) dx dy b
= [ [ (0011 det(/(r,0))[] dr o

N

Change from (s,t) to (r,0).
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// \‘ "_ N !
7/ ?-,b —\ /
// | / /7
/ /
y P / /
[ 7 // /
\ Phd /
\\ -7 / /
N /
\\ /
\\_/ f
// f(x,y)drdy
E R

= [ | £, 0011 det(/(r,0))[] dr o

e.g.: D := (0,00) x (0,27)
E'":=[0,00) x {0} E = R?\F'

W(r,0) = (rcosé,rsinf)

fla,y) = e~ (@+v7)/2
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f(’l,b(’f', 9)) s e_(MiM)/Q p— e_£2/2

Collog.:As every x is repl. by rcosé,
we write x = r cosé.
—| Similarly, y = rsin@.

fz,y) = e~ @HyD/2 = 712/

// f(x,y) dr dy

= / / £ (y/Cr, )11 det (' (r,0)) ] dr do
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£((r,0)) = e—('r‘2 cos? 0+r2sin?6)/2 __ e—fr2/2

Collog.: As every x is repl. by rcos@,

2 5> __ o we write x = r cosé.
‘x v _T‘ Similarly, y = rsiné.

F(z,y) = e—(@PH12)/2 = =12/2

//Ef(:v,y)da:'dy
= [ | £, 0011 det(/(r,0))[] dr o

Colloq.:As dxdy is repl. by |det(y/(r,0))|drdb, \
we write dxdy = |det(y/(r,0))| dr db.

Y(r,0) = (rcos6,rsing) r .., _ ciop

W (r,0) = ,

sinf  rcosf




dr dy = [|det(y'(r,0))|] dr db

= [|r cos?  — (—rsin?0)|] drdd = [|r|] dr do

[ s dear = [ [ =2 aras

flz,y) = e—(;cQ y2)/2/é 6_7“2

\ //Ef(w,y) dr dy I?/:

(0, )
r >0

><\\o,

= [ | £l det(¥/(r,0))[] dr o

Colloq.:As dzdy is repl. by |det(y/(r,0)) drdo,
we write dxdy = |det(y/(r,0))| dr db.

W(r,0) = (rcosé,rsinf)
Y'(r,0) =

' Ccos 0
' sind

—rsing |

r Cost |
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dr dy = [|det(y'(r,0))|] dr db
= [|rcos20 — (—rsin?0)|] drdd = [|r|] dr do

//Ef(x,y)dazdy =//D[e_r2/2][fr]drd9

f(mny) — 8_(392 y2)/2 — 6—7“2/2

//Ef(”“”y)dmdy D := (0, 00) x (0, 27)
= [ | £, 0011 det(¥/(r,0))[] dr o *

Colloq.:As dxdy is repl. by |det(y/(r,0))|drdo,
we write dxdy = |det(y/(r,0))| dr db.

Collog.:In “polar coordinates”, x = r cos#,
> 5 5 y =rSing,
22 + 42 =13 and de dy = r dr df.
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oo 2 =27
/oo /OO 6_(332_|_y2)/2 A dy
— OO — OO
— / > —y?/2 / e /2 ov?/2 gg 4y
— O — O
— /OO e_y2/2 i dy
— OO

O
:[/ 6_92/2 dy:[z
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Prove:

I = /OO e_$2/2 dr = /27

/OO /OO 6_(332_|_y2)/2 A dy
—O0 J—0C0
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Prove: ~ 25 Want:
- —_ — X J—
I __/ e dr = /27 712 — o

— OO

/ / e— (2% +y?)/2 dx dy = I

2
/ / e_r2/2 r dr dO
O O

S 12 42 = 1
/ / e ° ds dO dxdy = rdrdb
0] )

%_J
s =1r2/2
—S |S—CO

[—e s—0 ds = rdr




2 2
/Wfoo e’ ds a0 = | 1d0=2r
@) 0) @)
w_J
[—e™ 3 3 Z3°=(-0)—(-1)= 1
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QED




I Rotate 6 about

N cosgp 0 —singl][r : o € (0’71-/2)
L 0 1 :
>\.&f 0 '/ the z-axis

ne¢ O Co'i(b
4 r
¢ I 0 Rotate ¢ abo
0 the y-axis

Param. of %-
( r(coso)(cosh)

ball in sp

s

r(C Sqﬁ)(s.,i.n.é’) :

) . AR _
cosf —sind COS ¢ r
sin 0 cosf§ Oy O 1 0

0 0 1L sl 0 O
r(COS ¢ (

SKILL: —

Use change of variables
to compute the area/vol. L

of a well-parametrized set.

—| 54




