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How can we find the area enclosed?
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When stylus moves perpendicular to the wheel, i.e., when ¢ = g
the wheel slips and doesn't turn at all.

When stylus moves in direction of the wheel, j.e., when ¢ = 0,
the wheel turns as fast as possible.

Between,~t turns, but slips at the same time. [\yheel: always

The more the s’ velocity is perpendicular perpehdicular

to the wheel, theslower the wheel turns,
ard_the more it slips. O Second Ieg
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The faster we push the stylus,
the faster the wheel turns.

, L . wheel; always

The more the stylus’ velocity is perpendicular perpendicular
to the wheel, the slower the wheel turns, t d |

and the more it slips/tO second Ieg

GOAL: Show that
the amount that
the wheel turns

IS proportional

to the area that
IS enclosed inside

o unit length
e curve.
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The faster we push the stylus, IRate of turning
the faster the wheel turns. of wheel:

[V (v ()] - Y (D]

The more the stylus’ velocity is perpendicular wheel; always

to the wheel, the slower the wheel turns, perpendicular
and the more it slips|tO second leg

GOAL: Show that
the amount that
the wheel turns

IS proportional

to the area that

icshenclosed inside unit length
e curve.
v(t) = (z,y)
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fixed; pinned
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drawing board Q :
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T he faster we push the stylus, Why? Rate of turning

the faster the wheel turns. of wheel:
DY O [cos¢)l = [V ] - [/ (D]
v/ wheel; always

The more the stylus’ velocity is perpendicul dicul
to the wheel, the slower the wheel turns,|PEPEndicuiar
and the more it slips’htO second leg

GOAL: Show that
the amount that
the wheel turns

IS proportional

to the area that

icshenclosed inside Unit Tength
e curve.
v(t) = (z,y)
0<t<T
fixed; pinned
down to the \ é\e@
drawing board Q :
o stylus; traces
< the curve
(0,0)%= first leg «<—hinge; pivots -
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Total amount the wheel turns: Rate of turning
T of wheel: _
|G- [ ()t IO RO

............. | wheel: always
GOAL~"" perpendicu|ar
A4,10 to second leg

GOAL: Show/that
the amoun¥ that

the wheel/ turns SUBGOAL:

IS proportional Compute V

to %He area that

IS enclosed inside unit length

the curve.
v(t) = (z,y)

0<t<T
A = area enclosed
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ri= \/m2+y2

R(z,y) = (z,y)/r

Let W(xz,y) be

0
cg = cosw/2,
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ri= \/392 + 92 [
R(z,y) = (z,y)/r

Let W (xz,y) be the vector
obtained by rotating R(x,vy)
counterclockwise by .

c .= COS?, s:=Siny

Then V(xz,y) is the vector

obtained by rotating W (x,vy)
counterclockwise by 7 /2

. (i.e., by 90°).
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'r:=\/:c2—|—y2 [O —1”c —8”3:]
c :=[cos| s:=[siny 1 O ls ¢ ]ly

—ST — CyY
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c .=|COS)|, s
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Total amount the wheel turns: | V(z,y) = (—sz — cy,cx — sy)/r

/OT [V (D] - [V ()] dt r \/1.2 12

........... c=r1/20 wheel; always
GOAL ................ A/]_O e /1 L 02 perpend|cu|ar

* — to second leg
Parametrization
for C is ~(1),
with O < ¢ < T,
C... |
unit length
v(t) = (z,y)
0<t<T
A = area enclosed
fixed; pinned
dow'n to the \ @\Qf’\/g
drawing board A [stylus; traces
27 Q}\@ the curve
(0,0)s——<ngth=10 )
: first leg 18
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Total amount the wheel turns: | |V (#,y) = (=sz — cy, cx — sy) /7|

/OT [V (D] - [V ()] dt - \/mz 12
c=1/20

.................... > ”
GOAL™ e - \/1_—02

Paramgtrization Choose o, 3:[0,T] — R s.t. v(t) = (a(t),8(2)).
for C is ~(t),

with 0 <t < T

p(z,y) = i
L
L

19




Total amount the wheel turns:

|V ) = (pCx,y), q(z,9))

[ VG- B0l

.

ans
wns
et
-------
et
et
wus

Parametrization
for C is ~(1),

with O < ¢ <7

w = (p(z,y)) dx -

eq%lzg?

| st=" () da

x = a(t)

y = B(1)
dy = (B'(t)) dt

q(z,y)) dy

p(x,y i
q(z,y) =
))[di]
(o' (¥)) dt
a(t), BB () dt
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Total amount the wheel turns:

[ VG- B0l

.................... |
GOAL~"" A/lo

T:Z\/af:Q—l—yQ
c=1/20
s =1/1 — c?

| Viz,y) = (pla,y) , q(z,y) )

Parametrization| Choose a,8: [0,T] — R s.t. v(t) = (a(t), 5(t)).

for C is ~(1),
with O < ¢ < T

T
o= [ @am.B@) @)

T
2 A ICIONEO)

) (B(¢)) dt

—/umwﬁ@MW®Mt

+ [ (o), 5)) (F@0)

w = (p(x,y)) dr + (q(z,y)) dy

p(x,y) ==

—Sxr — ¢y

?ﬂ
cr — Sy

q(x,y) =
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Total amount the wheel turns: | V (z,y) = (p(x,y) , q(x,y) )

/T [V ()] - [y ()] dt ri= /22 4+ g2
............... || c = 7«/20

GOAL A/10 s=4/1—¢c?

Parametrization| Choose a, 3 : [0,T] — R s.t. v(t) = (a(t), 3(1)).
for C is ~(t),

with O = ¢t = 7. w = (p(z,y)) dz + (¢(z,y)) dy

o= /OT P®, 3O @@ dt o)

T \ \ CX —TSy
_|_/O (g @@, BONE Dt |g(z,y) 1= .

<m‘m




Total amount the wheel turns: | V (=, y) = (p(x,y) , q(x,y) )

T
[ vemr-pmla | ri=ya? 4y
......... > || €= T/2O
GOAL-"""" A/lo o 1 62
Parametrization| Choose a, 8 : [0,T] — R s.t. v(t) = (a(t), 8(1)).
for C is ~(1),
with O =t = 7. w = (p(z,y)) de + (¢(=,y)) dy

T
Lw=4umwﬁm»ww>

d

—SsT — cy

p(z,y) == —
+ [ t), B(t ’t\ _ T — sy
///O (g(a(?),8(1))) (B'(1)) a(w,y) = ——

T
= [ (p(a(®,51)

, q(a(t),s(t

(

o(t) , B ) dt
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Total amount the wheel turns: | V (=, y) = (p(x,y) , q(x,y) )

[ VG- B0l

r:=\/a;'2—|—y2
c=1/20
s=1/1—c?

Paran/';t/rlation Choose a, 3: [0,T] — R s.t. v(t) = (a(t),8(t)).

for C is/y(t),
with 4 <t <T. W — .. de 4 (q(a. d
— p (p(z,9)) (¢(z,y)) _ysm_cy
@ = [ (a8 (/1)) d p(z,y) = ——
! / cr — SY
+ [ (aa®,60) (F@)dt o, y) =
B oT CV |Ca® , B® )
(W . W ) ab

T
= [ vEO - FO

]

dt
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Total amount the wheel turns: | V' (z,v) = (p(z,y) , q(x,y) )
r .= \/ac2 —+ y2
c=1/20
s=1/1— c?
Parametrization| Choose a, 3 : [0,T] — R s.t. v(t) = (a(t), 3(1)).
for C is/y(1),
with g <t <" w = x, dx + (q(=x, d
= - (p(z,y)) (q(z,y)) _ysm —
o= [ Ga®,60)) @0) d pa,y) =
T / Cx — SY
+/O (q(a(t),B8(1))) (B(t))dt |q(z,y) :=
= [ (Vv Ca® . 50 ) )
( @) , B@ ) dt

= [ GO0
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Total amount the wheel turns:

/Cw 7“::\/.7:2—!—3;2

| c=r/20
GOAL .......................... A/lo s — /—1 B 62
Parametrization (s —cy cxr — SY
for C'is (1), “’—( r )d“( r )dy
withO == 7. w = (p(z,y)) dz + (q(z,y)) dy
4 —8T — cy
p(z,y) =
-
N . Cr — sY
q(@,y) == —

26




Total amount the wheel turns:
fw= dw Ti:\/132+y2
CII S\ g S °T T//—QO
................... » _I_ KE 7
GOAL .............. A/lo THEOREM g — 1 . C2
W — (—scc — cy) dz + (cac — sy) dy
T T

Cho... .= set of points enclosed

A = area enclosed
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Total amount the wheel turns:

/dw /dw
R R

.................... |
GOAL~" A/lo

r = \/ac2 4+ y2
c=1/20

s=1/1—¢c?

-

'— set of points enclosed

area of R = /R dx N\ dy

A = area enclosed

—STr — cy) dz + (cac — sy) dy
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Total amount the wheel turns:

/R dw r.i= \/:c2

.................... > ”
GOAL™ I - m

o R = set of points

area of R :/ dx N\ dy
| R

A= area enclosed

enclosed

Az/d/\d
Rx J

29




Total amount the wheel turns:




Total amount the wheel turns: |
/ dw r.= \/552 + y?
R” c=1r/20
GOAL .......................... A/lo s — 1 _62
W — (—s:c —cy) dz + (cac — sy) dy
) ] T r
0 [sx 1 1 0 [sy
do = [ |=— (= — 4+ —— = (= dx Ad
“ (ﬁy(r)_+20+tm\J?x(rﬂ)(aj 2
[0 sz ] 0 [sy 1
=(|= (=) - |=— (= — | (dz A d
(_&g('r)_ [83}(7“) +10)($ 2

(7)1%10%10‘[@:3

0

)]) wonar

Az/dAd
Rx J
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Total amount the wheel turns: |

aun®
aunt
wns
aus®
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aun®
ans®
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9z \r /.

5 _\/17|—;6))|\/

(r2/(40
T\@\ El

q 2 400 r

F(C;) f— \/1 _\»f — F(T‘Q)
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Total amount the wheel turns:
dw T i= \/502 + 92
R” c=1/20
GOAL .......................... A/lo s — 1 B 02
" (—scc — cy) dz + CT — sy) dy
T T
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Total amount the wheel turns: |
dw ro.= 562—|— 2
/ﬁ” c=7\°//20 :
‘ GOAL """ A /10 . 1 62
W — (—sccr— cy) dz + (cac;sy) dy
9 /s 0 /s 1
o = (xay (r)] - o ()] 10) (do A dy)
0 0 1
= |5y (F(r))|| - [ g(zr(ﬂ))} +1O) (dx A dy)
Chain Rule ~—— —~— — Chain Rule
47«20 |2 ()| - e[ 2 @)
o GG e | By |
1 1
F(q) =\/q—400 ;=F(fr2) A= Rdx/\dy 34




Total amount the wheel turns:
/ dw r.= \/332 + y?
R” c=1r/20
GOAL .......................... A/lo s — 1 B 62
‘ L <_Sq; — cy) d -+ (cac — sy) dy
T T
o 0 > [ 0 5 1
dw = ([x@y (F(r )) ~ Y5 (F(fr )) + — ) (dx A dy)

5 J
S A
[F'(r)][(22)]
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Total amount the wheel turns:

/ dw Ti:\/332+92

........ | €= T/2O
‘ GOAL~""" A/lo B 1 _ 62
W — sx—cy) dw_l_(cac;sy) dy
dw = ([:1: F(r2) ] F(fr?))l + 110) (dz A dy)
G2 (4 + )] [F e (22 +42)]

LGN )
= [[F'¢)] Caw)| - [[F'(*)] (2:m)
=0

1

1 S
F(q) = /= — —— ° = F(r2
(Q) \/q 400 r F(T ) AZ/Rd:L'/\dy 36




Total amount the wheel turns:
dw = \/132 + y?
R” c=1/20
GOAL .......................... A/lo ¢ — 1 B 02
W — (—scc — cy) dz + (cac — sy) dy
T T
0 o
do = | |z— (F(TQ)) - [y— (F(rz))] + — ) (dx A dy)
Oy ox
N _
~—
O
do = ~Cdw A dy)
= —(dx
10 Y
O
1 1 S
F = - — — — = 2
(9) \/q 400 r F@re) A= /R dx N dy 37




Total amount the wheel turns: |
/Rdw Ti:\/132+y2
c=1r/20
________________________ ! .. /20
GOAL ........ A/]_O g — 1 —c
W — —STr — cy) dz + (cac — sy) dy
T T
0 > 8 >
dw = (|2~ (F(r2)) 2 (F(r ))] (dz A dy)
Oy ox 10
— __J
—~—
O

1
du}:—d A d
Toldr A dy)
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