Financial Mathematics
Cholesky decomposition




Let Z1,...,Zn, be uncorrelated PCRVs,
all with variance 1.

Question: What is the variance-covariance
matrix of Zq,...,2,7

Hint: The (7, k)-entry is Cov|Z;, Z].
Answer: The n x n identity matrix.

Question: If we form new PCRVs by taking
linear combinations of Z1,..., Zn,
what kinds of variance-covariance
matrices can we get?

Necessary: Symmetric.
Positive semidefinite.

Question: Sufficient?




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

Necessary: Symmetric.
Positive semidefinite.

Question: Sufficient?




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C = [cj] € R™*™,
Find a matrix A = [ai] € R™* "™ such that

if, Vintegers j € [1,n], we set Y : Z a1 2],

then, Vintegers j,k € [1,n],
COVD/j, ij] = Cjk

9"
Covl|Y}, Yi] = Z Z aj1akmCoVIZy, Zm]
[=1m=1
mn —
Y= Y apmZm, a;1ak] 4
m=1




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

n
Cov[Y;, Vil = > ajjay
=1

n
Want: Vg, k, Cik = Z a;j1Qk]
(=1




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
[=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

Let B := A%, and,
V3, k, let bj, be the (j,k)-entry of B;
then b = ag;.
n

Want: Vi, k, cjpr= > ajg

=1 °




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
[=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

Let B := A?, and,
V3, k, let bj, be the (j,k)-entry of B;
then b = ag;. (7, k)-entry
n

.~ |_of AB
Want: vy, k, Cik = Z a,jlblk

Want: C = AB‘ =1 ’




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
[=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

Let B := A?, and,
V3, k, let\bj, be the (j,k)-entry of B;
the bjk — akj.

Want:C = AB Want: ¢ = AAt | @




Problem: Suppose we are given a
positive semidefinite symmetric matrix
C — Cjk] & Ran.
Find a matrix A = [a;;] € R"*" such that

n
if, Vintegers j € [1,n], we set Y; := > a;Z,
[=1

then, Vintegers j,k € [1,n],
COVD/j,Yk] = Cjk-

Problem: Given pos. semidef. symm. C € R**"

find A € RPX" s 1. O = AAt,| °




Problem: Suppose we are given a
positive semidefinite symmetric matrix

C = [cjp) € RV,

Find a matrix A = [ai] € R™* "™ such that

if, Vintegers j € [1,n], we set Y : Z a1 2],

then, Vintegers j,k € [1,n],

ﬁ |1|/ ‘ COV[ Yk:] = Cjk |
Z1)[Y1] Cov[y,Y]=C = AIAl= AA!
L] | 1OU | |
Zn yn_g Cov[AZ, AZ] = A(Cov[Z, Z]) At
Problem: Given pos. semidef. symm. C € R*»x"

find A e RMX" st O = AAtL | w




Cov[AZ, AZ] = E[(AZ)°((AZ)")°]

= E[AZ°(Z")° Al
= A(E[z°(Z")° ) A’
= A(Cov|[Z, Z]) At

I0OU

= E[(AZ)°((ZtAY)°] A is a const.

matrix

Cov[AZ, AZ] = A(Cov|[Z, Z]) A

Problem: Given pos. semidef. symm. C € R*X"

find A €¢ RPX" st O = AA?L,
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Complicated Solution: Spectral Thm

Using the Spectral T heorem,
find a rotation R € R"*" zeroes of
and a diagonal D € R*x" char. poly.

[requires finding
eigval /eigvec

t. | = RDR 1= RDR!.

S.
D diag., with entries > 0, so find D4 € R*x"
s.t. D2 =D,
Let |A := RD.R™ = RD,R!. symmetric. Why??
Al = (RY)Y(D+)'R' = RD«+R' = A

AAt = AA = (RD+ RV (ED+R™1)

= RDZR™!=RDR 1 =C

Problem: Given pos. semidef. symm. C &€ R*x"

find A € R"™" s.t. C = AAL.|»




Easier Solution:

e.g.. Ey O Ezi

1 0 0[5 3 -—-2][L 0 0]
0 1 1(|3 3 —-1]|l0 1 0|=

0o 0 1J[-2 -1 1]l0 1 1.
"5 3 211 0 0] [5 1 —2°

1 2 oO0|/l0 1 o|=|1 2 o0
-2 -1 1]Jl0 1 1] |-2 0 1.

‘Problem: Given pos. semidef. symm. C € R**"

find A e RP*" st. C = AAL| =




Easier Solution:

e.d.. [y E1CE} EY
Ts 1 —27
1 2 O
—2 0 1 |
5 1 -2
1 2 0
—2 0 1

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

14




Easier Solution:

e.g.: E, E1CE} E%

TL 0 2775 1 —277t 0 0]
0 1 0|1 2 0|0 1 O
0 0 1/[-2 0 1][2 0 1.
1 1 0][1 0 0] [1 1 O
1 2 0f|0 1 O0|=|1 2 O
-2 0 1][2 0 1] [0 O 1.

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

15




Easier Solution:

e.g: g,  FExE1CE{E} EL
TT 1 o7
1 2 0
0 0 1.
1 1 0
1 2 0
0 0 1.

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

16




Easier Solution:

e.g9.. Fx E,E1CEY E} E%
T1 0 03f1 1 o7T1 -1 O
-1 1 O}|l1 2 O 1 O
e O 1|0 O 1 LO O 1 |
1 1 OlJ/1 -1 0O 1 O O
O 1 O0]]0 1 O|=[0 1 O
0 0 1|0 O 1 O 0 1

E3E;E1CEYESEL = 1

Problem: Given pos. semidef. symm. C € R**"

find A € R"™" s.t. C = AAL| ™




Easier Solution:
e.qg.. A= E1_1E2_1E§1
C = AA!

C = By 'Ey B3 (B (BN EDT!

. o

I |
A Al

E3E>E1|CEYESES =TT

Problem: Given pos. semidef. symm. C &€ R**"

' nxn _ t | 18
find A e R S.t.C’AA.




Easier Solution:

-1
. 1 p—1 1 3
-1 O O "1 0 O
b3=1-1 1 O 1 1 O
0 0O 1. O 0 1
1 O O] i ]
_1_
Ez'=11 1 0
0 0 1.

Problem: Given pos. semidef. symm. C &€ R**"

find A € R"™" s.t. C = AAL| ™




Easier Solution:

e.g.:

Eo

O O RO O

o O

1
£

11

_ p—1p—-1p-1

1

R O O OO0 = O

o

2- —

O O] [1 O =2
1 O 1 1 O
o 1] [0 O 1 _

1
O (|1
0

Problem: Given pos. semidef. symm. C € R*"*"

find A €¢ RPX" st O = AA?L,

20




Easier Solution: —1 -1
. 1 -1 01 Bo ™ Fs

1 0 2 1 0 —2°
E>=|0 1 0 1 1 0O
0 0 1. 0 0 1.
"1 0 —2°
Est=10 1 o0
0 0 1.
1 0 -2)1 0 0] [1 0 -2
E;'Es'=lo0 1 o1 1 ol=l1 1 o0
0 O 1 10 O 1] [0 O 1

Problem: Given pos. semidef. symm. C € R*"*"

find A € R"™" s.t. C = AAL.| =




Easier
e.g.:
1
E1 =10
0
1
E;t= 10
0
BT ES B =

Solution:
= 1p—1p4—1
A_El E, E3

O O

1 1

O 1._

O O ]
1 -1

O 1 |
1 0 O
O 1 -1
0 0 1

11T O
1 1
1LO O

—2

0

1

E;tEZ?!
|

1 0 -—2°
1 1 O
0 0 1.
1 0 =2
1 1 -1
0O O 1

Problem: Given pos. semidef. symm. C € R*"*"
find A e R"" s t. C = AA.| 2




Easier Solution:
e.qg.: A:El_lEglEgl
1 O O]
EFi=10 1 1
0 O 1.
1 O O |
Ei't=1]0 1 -1
0 O 1 |
1 O O 1[1 O
ET'Ey'Es'=|0 1 —1||1 1
0 0 1 ][0 O

E7LES

|

"1 0
A=|1 1
0 0

—21 1 O
O —1 1
1 | [O O

27
—1
1 ]

Problem: Given pos. semidef. symm. C € R*"*"
find A e R"X" s t. C = AAl.| =




Easier Solution:

e.g.:

( =

1
AAt =11
0

— p—1p-1pp-1
A= E;'E; E;S

5
3
—2

3
3
—1
O
1

O
-5

3
=2

97

—1

1 .

=21 1

—1 1

1 ]2 -1
3 2]
3 —1(=
—1 1 _

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

24




Mechanized Easier Solution:

e.g.: By [e] EL
r 1 o0 0[5 3 -2]71 -3/5 0]
3/5 1 0|3 3 —1llo 1 O
Ll o o 1J)[-2 -1 1]lo o 1
ower triangular etc., using only

lower triangular

matrices

s.t. C = AAL.

The Cholesky Decomposition

Theorem: Vpos. def. symm. C € R*"*"
Jlower triangular A € R**"

upper
yANI4

positive \
semi-
definite?

Problem: Given pos. semidef. symm. C € R**"
find A€ R"™" st. C = AAL.| >




Mechanized Easier Solution:

e.g.: Ey C Eq
r o o017ri1i3 7 —-6][1 0 0]
0 1 1|l 7 6 =3||l0o 1 of=
0o 0o 1Jl-6 -3 3]|lo 1 1.
13 7 —67[1 0 01 [13 1 —6°
1 3 o0llo 1 ol=|1 3 O
-6 -3 3J]lo 1 1] |-6 0 3.

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,
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Mechanized Easier Solution:

e.d.. Es E1CFEY E}

T1T 0 27713 1 -6][L 0 0]
0 1 0||1 3 o0of||l0 1 o=
0 0 1/][-6 0 3][2 0 1.
"1 1 071 0 0] [1 1 O

1 3 0|l0o 1 ofl=|1 3 0
-6 0 3][2 0 1] [0 O 3.

Problem: Given pos. semidef. symm. C € R**"

find A€ R"™" s.t. C = AAL.| 7




Mechanized Easier Solution:

E3E,E1CEYELEL = D?

:D2

e.9.. Ey  FE1CE{ES? EL

‘1 —1/3 0Jft 1 0] 1 0 0]
o 1 oflt 3 of|l|-1/3 1 0
o o 1Jlo o 3] o o0 1.
'2/3 0 O 1 0 0] [2/3 0 O
1 3 0[-1/3 1 0| 0 3 O
0o o0 3]l o o0 1J]l0 o0 3.

Problem: Given pos. semidef. symm. C &€ R**"

find A €¢ RPX" st O = AA?L,

28




Mechanized Easier Solution:

e.g.: C =
(E1)™H(E2) ™ (E3) ' DD(ES) N (EYH™H(ED ™
o 0
A Al

\/2/3 0 0 - 2/3 0 O
D=| 0 V3 0 0 3 0|=D?
0 0 3. O O 3

E3E,E1CEYELEL = D?
Problem: Given pos. semidef. symm. C &€ R**"
find A € R"X" s.t. C = AAY.| =




Problem if positive semidefinite??

e.g.. 1 o|j/l1 3|1 -3
-3 1|3 9||0 1
|1 3][1 -3

|0 of|lo 1

1 o

|0 O

The Cholesky Decomposition

Theorem: Vpos. def. symm. C € R*"*"
Jlower triangular A € R**"
s.t. C = AA?

Problem: Given pos. semidef. symm. C € R**"

find A € R"™" s.t. C = AAL.|®




Problem
e.g..

If positive semidefinite??
1 oll1 3|1 -3
-3 1|3 9||0 1
1 0] [1 o0]l1 O
0 0] |0 o0Jl0 O
1 o
|0 0

The Cholesky Decomposition
Theorem: Vpos. def. symm. C € R*"*"

Jlower triangular A € R?*xX7
s.t. C = AA?,

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

31




Problem if positive semidefinite??

e.g.:
1 3
_3 9_

1

=3

1

o1 3|1 -3

o
_O O_
1

3

1|3 9||0 1
1 o1 o

|0 o]0 o

offt olf1 o][l1 3]
1|0 0|0 0]|0 1

The Cholesky Decomposition
Theorem: Vpos. def. symm. C € R**x"
Jlower triangular A € R**"

s.t. C = AAL.

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

32




Problem if positive semidefinite??

e.g.:

1
3

1 3] [1
3 9| |3
1
BE
31 |1 O
o| |3 1

O

1_

o

O__
1
0

1

o O+~ O

0

O

O_

5

O_
1

0

1 0]
_O O__
oll1
0|0

QO =

.
1_

= W

The Cholesky Decomposition
Theorem: Vpos. def. symm. C € R*"*"

Jlower triangular A € R?*xX7
s.t. C = AA?,

Problem: Given pos. semidef. symm. C € R**"
find A e R"" s t. C = AAL.

33




Brotiem if positive semidefinite??
eg:[1 3] [1 o1t o][1 o]
3 9 0 0]

QO =

= W

3 1/0 O
1 01 3]
3 0|0 O

The Cholesky Decomposition

Theorem: Vpos.(def)symm. C € R*¥",
Jlower triangular A € R**"

s.t. C = AAL.

Problem: Given pos. semidef. symm. C &€ R**"

find A € R"™" s.t. C = AA.|*




Prottem if positive semidefinite??

eg:l1 3
_3 9_

1

3
1
3

O

1_
;
O_

0
1
0

1

O

O_
.
O_

1 0ol

_O O__

QO =

= W

Improved Cholesky Decomposition

Theorem: Vpos. semidef. symm. C € R*"*"

Jlower triangular A € R**"
s.t. C = AAL,

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,
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Key fact: Let C be a pos. s.def. symm. matrix.

Then (o) the (1,1)-entry of C' is > 0,
and (e) if the (1,1)-entry of C is = 0,
then the first row & column of C

are both O.
xz 0 Y O M is not
O O 4 O |x positive semidgfinite.
A 0O 33 12 5|0 8my4”r100y
e.g.: =
0 5 -1 6 |0 for some z,y
Improved Cholesky Decomposition

Theorem: Vpos. semidef. symm. C € R*"*"

-

ower triangular A € R**x"
s.t. C = AAL,

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,

36




Key fact: Let C be a pos. s.def. symm. matrix.
Then (o) the (1,1)-entry of C' is > 0,
and (e) if the (1,1)-entry of C is = 0,
then the first row & column of C
are both O.

To prove the Improved Cholesky Decomp.:
Use the (1,1)-entry to Kill the 1st row & col.

“hen use the (2,2)-entry.
Then use the (3, 3)-entry.

etc.

Improved Cholesky Decomposition

Theorem: Vpos. semidef. symm. C € R*"*"
Jlower triangular A € R**"
s.t. C = AA?

Problem: Given pos. semidef. symm. C € R**"

find A€ R"™" s.t. C = AAL| ¥




In practice:

) _ r=1
3 9 z=20
_LU __.CC Y __a:Q Ty
'y 2|0 =z - Ty y2—|—z2_

Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C € R*"*"
Jlower triangular A € R**"

|diag. entries> o st (= AAt

Problem: Given pos. semidef. symm. C € R**n

find A € R"™" s.t. C = AAL.| ®




5 3 —2]1 [ O Ollu v x
3 3 —1|=|lv w 0|0 w vy
-2 -1 1 | ¢ vy =zJ/LO0O 0O =z
" u? Uv ux ]
=|uv V2 + w? v + wy
\ ur vr + wy T2 —I—A/Q—I—zQ_ \
w = /5 (9/5) + w? = 15/5
v =3/V/5 /5

r=—2/v5 —(6/5) +y,/6/5=—-1=-5/5
y = (1/5)\/5/6 = 1/v/30

Problem: Given pos. semidef. symm. C € R**"

find A €¢ RPX" st O = AA?L,
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5 3 —2] [ O Olflu v =
3 3 —1|=|lv w 0|0 w vy
-2 -1 1 | ¢ vy =zJ/LO0O 0O =z
" u? UV uUx ]
=|uv V2 + w? v + wy
uxr vr + wy $2—|—y2—|—z2\_

u=15 (4/5) + (1/30) + 22 =
v=3/\5 (24/30) + (‘w = /6/5 = 30/30
r=-2//5 z=,/5/30=/1/6 =1/V6
w=,/6/5 y=(1/5),/5/6 = 1//30

Problem: Given pos. semidef. symm. C &€ R**"

find A € R"™" s.t. C = AAL.|*




5 3 —2 O Olflu v x
3 3 —1|=|lv w 0|0 w y|=
-2 -1 1 | y =z]J]LO 0O =z_

VB 0 0 V5 3/VB —2/V5
3//5  /6/5 0 0 +/6/5 1/4/30
—2/v/5 1/4/30 1/V/6]L 0 0 1/v6 |

W= (4/5) + (1/30) + 22 = 1
v=73/v5 (24/30) + (1/30) + 22 = 30/30
r=-2//5 z=,/5/30=/1/6 =1/V6

w=,/6/5 y=(1/5),/5/6 = 1/v/30

Problem: Given pos. semidef. symm. C € R"**",

' nxn _ t | n
find AeR S.t.C’AA.




Key fact:Let C be a pos. s.def. symm. matrix.

Then (o) the (1,1)-entry of C is > 0,

and (e) if the (1,1)-entry of C is = 0,
then the first row & column of C
are both O.

Key fact:Let C be a pos. s.def. symmetric
n X n Matrix.

Then (o) the (n,n)-entry of C is > 0,

and (e) if the (n,n)-entry of C is = 0,
then the nth row & column of C

are both 0.




Second Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C &€ R**"

Jupper triangular A € R?*X"

diag. entries> 0

s.t. C = AA?,

Key fact:Let C be a pos. s.def. symmetric

n X n Mmatrix.

Then (o) the (n,n)-entry of C is > 0,

and (e) if the (n,n)-entry of C is = 0,
then the nth row & column of C

are both 0. 4




Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C € R*"*"
Jlower triangular A € R**"

s.t. C = AA?,

Second Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C &€ R**"

Jupper triangular A € R?*X"

diag. entries> O 4.t. O = AA?t.

B = Al C = B'B
A upper triangdlar iff B I0)1</er triangular

Third Improved|Cholesky/Decomposition
Theorem: Vpos. demidef. symm. C € R**"
Jdlower triangufar B € R*Xn

diag. entries> 0F~ s.t. C = B!B.

44




Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C € R*"*"

dlower triang

ular A € R"xn

4.t. C = AA!.

T heorem: Vpos.

emidef. symm. C &€ R**x"

Second Improvid Chjlesky Decomposition

Jupper| trianqular A € R?*X"

diag. entries> 0 4.t. C =

= AAY

B := At
A lower triangylar iff

C = B'B
B upper triangular

Fourth Improved Chole

sky Decomposition

T heorem: Vpos. slemide‘.
Jupper trianqular B € Rnxn

diag. entries> 0F~ s.t. C = B!B.

symm. C € R*x"
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Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C € R*"*"
Jlower triangular A € R**"

s.t. C = AA?,

Second Improved Cholesky Decomposition
Theorem: Vpos. semidef. symm. C &€ R**"

Jupper triangular A € R?*X"

diag. entries> O s.t. O = AA?t.

SKILL: |
Given pos. semidef. symm. C &€ R**"

find the four Cholesky decompositions of C'.

Fourth Improved Cholesky Decomposition

Theorem: Vpos. semidef. symm. C € R**"
Jupper triangular B € R**"

diag. entries> 0F~ s.t. C = B!B.

46




END OF
LINEAR

ALGEBRA




