Financial Mathematics

From Stirling’s Formula to
the Central Limit Theorem



Stirling’s Formula: n! ~v/2mn (n/e)™

Def'n: Say, Vn, an,bn > 0. Then ayn ~ by, means: an/by — 1. \




Stirling’s Formula: n! ~v/2mn (n/e)™

Def'n: Say, Vn, an,bn > 0. Then ayn ~ by, means: an/by — 1. \




Stirling’s Formula: @l ~ +/2nmnl (/e —n — n? 4+ 2n

(n2 + 2n)! ~ /27(n2 + 2n) ((n2 + 2n) fe)n*+2n

Def'n: 5ay, Vn, an,bn > 0. Then an ~ by, Mmeans: an/bp — 1. \

‘|‘5ON < n:>n2—|—2n n2‘|‘271—>00
%(n2 4+ 2n)3 -+ 500(n2 -+ 2n)2 ~ %(n2 -+ 2n)3
|Fact: Tn ~ Yn, Qn — OO = Zqy, Nyqnl




Applied Coin-Flipping
N = 1010 N coin flips 4 heads

T tails
Male height (inches): 69 4 5H_T
. | \\/N
Probability that: 69 -5 < ht <694 57

/
655565+5H\/_NT§>+5

H—-T




Applied Coin-Flipping
N = 1010 N coin flips 4 heads

T tails
H—-T

VN
< 69 + 57

Male height (inches): 69 + 5

Probability that: 69 — 5 < nht
I H-T
Probability that: —1 < ~ <17




Applied Coin-Flipping
N = 1010 N coin flips 4 heads

T tails
H—-T

/N Ssquare root
. 69 -5< ht <69+ 57
H—-T

t (inches): 69 + 5

S 17 Answer:
~ 68%

Grav accel (ft/sec
< 0.00000000000l\
.y N
Probability that: 32 < acc < 32+ ?
I v N i;N

H _
Probability that: —1 < < 17 Answer:[ =
v N ~ gS%




Applied Coin-Flipping
N = 1010 N coin flips 4 heads

T tails
< 0.000000000001\‘1
Probability that: 32 < acc < 324 7

|
Probability that: —100

00))
=
()

9

|/\m%|
|

T<1OO7
VN —

Answer > 99.9999999999999%

H
2y . 6
Grav accel (ft/sec<): 324 10 ~ Squal},lgroot
< 0.00.0.000000001\10@
Probability that: 32

\

106
< acc < 32 Ie

! VN VN

H —
Probability that: —1 < < 17 Answer:
v N ~ 68% 8




Applied Coin-Flipping
N =101 N coin flips 4 heads

T tails
< 0.000000000001\108 108

Probability that: 32 < acc < 32 4 ?
' VN VN

T
Probability that: —100 < < 1007
v N

Answer > 99.9999999999999%

H
2y . 6
Grav accel (ft/sec<): 32+ 10 N squal}’leoroot

0100

“Maybe all physical phenomena is probabilistic,
but sometimes the denominator is so large
that we can’t detect It.

We'll see that vV is the “right” denom.
for detectibly probabilistic phenomena.




Coin-Flipping Applied to Finance
N — 1010100
Current stock price: 1 USD

30 days from now, derivative contract pays:
5 USD if 1/e < price <e, 2 USD otherwise
e~ 2.71828

Expected payout?

T

H _
2y . 6
Grav accel (ft/sec<): 32+ 10 N squal}’leoroot

“Maybe all physical phenomena is probabilistic,
but sometimes the denominator is so large
that we can’t detect It.

We'll see that vV is the “right” denom.

for detectibly probabilistic phenomena.




Coin-Flipping Applied to Finance

N = 1010t% split-second := 30 jc\:ifays
Current stock price: :IL U%D
n =

30 days from now, derivative contract pays:

5-.USD if 1/e < price <e, 2_USD otherwise
—l=<in=<1 \ \
Answer:
Black Scholes Expected payoutts.g g gg) (0.32)
Model: Each split-second, In(price)

either increases or decreases by 1/v N,

" 50% chance of uptick,

wit
50% chance of downtick.

Probability that: —1 < < 17 Anslver: [

In(ending price)
H —-T Why?

v N ~ 638%




Coin-Flipping Applied to Finance
Choose an integer n > 1. e.g..n= N/2
In(stock price) starts at 0 on a (horizontal) number line.
Flip a fair coin 2n| times in 30 days.

With each head, it
moves 1/+/2n units in the positive direction (right).

With each tail, it
moves 1/+/2n units in the negative direction (left).

e.g n=29
2n =18
H — T Why?
Probability that: —1 < < 17 Ansner [

VN ~ 68%




Coin-Flipping Applied to Finance
Choose an integer n > 1.
In(stock price) starts at 0 on a (horizontal) number line.
Flip a fair coin 2n| times in 30 days.

With eac , It
moves [1/v/2n|units in the positive direction (right) |
With each tail, | n
moves |1/v/2n /s in the negative direction (left).
; ~In(price)
& paths with

T 94 2 heads

T and
T 9 —2 tails
H end here

N1H 30 days

13




Question: What is the probability of ending at 4/4/187
Answer: 2718x # of paths ending at 4/v/18.

# of collections of 18 Hs and Ts
- with 942 Hs and 9—-2 Ts

Il

18
042
Start with 18 Ts, choose 9 + 2 of them
and change the chosen 9 + 2 to Hs.

B s ::::::::::::::::::—I— :ln(price)

e.g.. n=9 QAN T paths with
o2n — 18 SO IO it T 94 2 heads
# paths: 218 ............................ $ and

| La KRIIKAIKII It T 9 9 tails
prob..//1/2 ...................................... T and here

T 30 days

14




187

)nding at 4/4/187

probability of ending at 4/
18
O+ 2

18
9+ 2

“bar graph’)
Z
Answer: 218y (

Question: What is the probabil

Build a historgrami the
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Build a historgram: Start by placing a rectangle (“bar")

(a.ka. "bar araph™) b orizontally centered at 4/4/18
height? 1
whose area IS —«

( 18
width? 218\ 942/
next bar?
Question: What is the probability of ending at 4/+/187

18

. ~n—18
Answer: 2 X 9+ 2

e e e e e ;ln(prlce)
H
e.g.. n=29 paths with
4 pathQSfr:z 2=1§l8 & gn—g 2 heads
prob.: 1/218 O — 2 tails
B end here
H-30 days
16




Build a historgram: Start by placing a rectangle (“bar")
(8- "bar grapn™) prizontally centered at 4/v/18
height? 1 18
whose area iIs —5 :
width? 218 (9 + 2)
next bar?

Question: What is the probability of ending at 4/+/187

18
. ~n—18
Answer: 2 X (9+2)

e ~In(price)
g n=09 GRXDX paths with
» pathQSfr:z ;élS SIS gn—g 3 heads
prob.: 1/218 ................................................. 9 3 tails
L REREEEREEEKERS end here
N1 30 days

17




Build a historgram:
(a.k.a. “bar graph™)

Start by placing a rectangle (“bar")
horizontally centered at|4/4/18

height? -area Wy, 1 \
width|> . 18 )
™ whose area is ——= . subtract
width? [2/v18[{3 ™ 218 (9 +2 /
NeXtBAT Next bar: horizontally centered at 6/v18
1 18 —10.07082
area = ﬁ o+ .
7 \
g n=9 GRXDXX paths with
on — 18 SOOI Ittt 9 + 3 heads
4 paths: 218  QZSKRKKRRIRRI ] Sndg -
_ 18 UNECNNECNSENCIENE I N vevvvvnnefornnennnn — alls
Prob.: 1/27 KRR R KSRGS end here
L 30 days

18




Build a historgram: Start by placing a rectangle (“bar")
(a.k.a. 7bar 9raph™) i orizontally centered at 4/v/18

height? v\?irde’?h gib 1 18 =10.12140
_ 1= whose area is 18 :
width?|2/4/18[{a"T 2 942

Next bar: horizontally centered at 6/4/18

1 18 =10.07082
area = 218 943

Height:

0.07082| _ 0.15023 paths with
2/\/18 9 + 3 heads
and
n—=29 O — 3 talils
end here

—+ = [7.082%

19




Build a historgram: Start by placing a rectangle (“bar")
(8.ka. "bar 9rapn™) [norizontally centered at 4/4/18

height? v\?irde’?h gib 1 18 =10.12140
_ T whose area is —( )
width? |2/v/18|(n T 2181942

Next bar: horizontally centered at 67x/18

area —
Height:
Q121401 0.35753 o paths with
2/v18 2 9 + 2 heads
— and
= N Y 9 — 2 tails
. end here
e o B o . i —=H-—-H-HHH-HHHH+—>Space
1/v/18 85 @




Build a historgram: Start by placing a rectangle (“bar")
(8.ka. "bar arapn™) orizontally centered at 4/4/18
height? —2rea (Wy, 1 [ 18

WIdtNIZ = \whose area is —( )
width? 2/v/18[3 218 \ 9 + 2

Vintegers k € [—9,9], make a bar
horizontally centered at (2k)/v/18

1
area = 18 18 .
2 O+ k
X
O
N
_ N
n=29 gg
Q
N

v
wn
O
Q)
0O
(D

21
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Builld a historgram: Start by placing a rectangle ( “bar")
(8.ka. "bar arapn™) orizontally centered at 4/4/18
height? -area oy, 1 [/ 18

width >'_ whose area is —( ) :
width? 2/v/18|3m 218 \ 9 + 2

Vintegers k € [—9, 9], make a bar

horizontally centered at (2k)/v/18

1 18
area = .
218\ g4k
19 bars, X Width of histogram:
all of width 2/v/18] X5 & (19)(2)/V18
X3 I <(~1/2)/ \x(1/2)
SECRRCRS:
<~ T~ Span/of histogram:
n=3 o Q8 S8 219/V18 to 19//18
RRRRRB O o T exsx
oo~ | 1 INON Nk O
OO W~ w0 4 O —H OO
S o o n= ®=mOQOo

Space
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—ml], make a bar
horizontally centered at (2k)/vRnl

Width of the bars: 1
2/@ area—ﬁ(ﬂ_l_k).

Vintegers k € [—9]19], make a bar
horizontally centered at (2k)/+[18]

1 -
darea = 5@ E|—|—k) )

19 bars, - Span of nth histogram:
all of width 2/ TN —@n+1)/v2n
X33 B T
é@oﬁﬁé to (|2n—-.1)/\/2n
o = | o Span of histogram:
— () o
n=9 o d 8 S8 L9/ VA8 to o) VI
XRXRRXRN® = o
oM~ — NS MDA~ 00N~O
OO w0 ™, . O = 10 OO
SQQ®m— o MM
ONONGONGN - |V O O O O
T - =-HHH—Space
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/v2n
Width of the bars: Y 1 on (2k)/

‘ H—T *

Probability that: —1 < — <17 N = 1010*%°
A der hist. #N/2 ) 2

betvrveeaer?nm ir_llsan;ﬁd;& x/: 1) ~ 68%

Ansvver:[

\o§ - Span of nth histogram:
‘ég‘é —(2n+1)/vV2n
o / o
S©Cw oy to (2n+ 1)/v2n
O © ,
© 3, — “'Eg © Span of histogram:
— () o
n=3 o &8 N8  |[219/V18 to 19/V18
xxxxxgg ggxxxxx
C)l\001—ll\-(-\l NI\-HOOI\O
OO w0 ™, . O = 10 OO
Soom=m M= Mo Qo
ONONGONGN - |V O O O O
— Tt 3 L1 HH-A==HHHHH—Space
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Build a sequence of historgrams: Vintegers n > 1,

Vintegers k € [—n,n], make a bar
horizontally centered at (2k)/v2n

Width of the bars: 1 on
/S area —

\ — \
Probability that: —1 < <17 N = 1010
N

[ Area under hist. #N/2 } ? a0
‘ AnSWer'[betvveen v = —1and o= 1) ~ 68% ‘
Idea: Find  Iim_ fn(z), Span of nth histogram:
then integrate from x = —1 —(2n+1)/vV2n
tor=1. to (2n 4+ 1)/v2n
...................................... []] 6—322/2
n=29 ] Goal: lim_fn(z) = NeT
ot ract: [* " o~ 0.68
ac ~ 0.
l -1 /27 !
- L e—_— »SPaCeE
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Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/v2n

Width of the bars: 1 on
2/\/2n area = oo |, 1
2
n Z?x /2 left side of bar: [(2k)/v2n] —[1/v/2n]
< in the span of| right side of bar: [(2k)/v2n]+[1/v2n]
nth histogram

Goal: Iim fp(x) =

n—oo

Span of nth histogram:
—(2n+1)/vV2n
to (2n+1)/vV2n
.2

e—T°/2

V2r

néa:z/Q

26




Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

17
x In the span of
nth histogram

horizontally centered at (2k)/v2n

Width of the bars: 1 2n
e area = oo (s
> Wor
n > /2 left side of bar: [(2k)/v2n] —[1/v/2n]

right side of bar: [(2k)/vV2n]+[1/v2n]

Goal: lim fp(x) =

n—oo

Span of nth histogram:
—(2n+1)/vV2n
to (2n+1)/vV2n
.2

e—T°/2

V2r

> a:Q & —vV2n <z < V2n

2n| >

2

X

x2<

2n] TAKE SQUARE ROOT

27




Build a sequence of historgrams: Vintegers n > 1,
Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/v2n

x In the span of
nth histogram

Width of the bars: 1 2n
2/\/2n W= Son g )
> o7
ﬁ?x /2 left side of bar: [(2k)/v2n] —[1/v/2n]

right side of bar: [(2k)/vV2n]+[1/v2n]

Span of nth histogram:

6—332/2
Goal: n'}!lgfn(w) = Nt

_(Qn)s//\/?
—(2n+1)/v2n

x 5 in the span of
the nth histogram

(2n)}<\/% —
(2n 4+ 1)/v/2n




Build a sequence of historgrams: Vintegers n > 1,

Vintegers k € [—n,n], make a bar

horizontally centered at (2k)/v2n
Width of the bars: Y 1 on (2k)/

area — .
22n\ p 4+ k

 N(2k) /v2n] —[1/v/2n]
" [(2k) /v2n] +[1/v/2n]

Central Limit Theorem: Let/c ¢ R. Vn > %2/2, ghoose ky s.t.

[(2kn)/v2n] —[1/v2n] S/x <|[(2kn)/v2n] +[1/v/2n]

2

1 2n V' 2n . e~ 7°/2

and let hp :=—( ) Goal: Im_fn(z) = —=
fn(m) Then hp — . 29

V2T




Central Limit Theorem:M‘v’n > :1792/2, choose k;, S.t.
[(2kn)/v2n] —[1/v/2n] < & <[(2kn)/v/2n] +[1/v/2n],

1 2n \/%
and let Ay :=—22n ndtk | o 7
n 2 e_x2/2
Then hp — . 30

V2T




Asymptotics of kj;:

[(2kn) /»/2m] —[1/327] < 71 [(2kn) /»27] +[1//27]

vV 2n
2kn — 1 < 7v/2n < 2k, + 1

Central Limit Theorétrﬁ Vn > 72/2,choose kn S.t.

[(2kn)/v2n]) —=[1/v2n] < 7 < [(2kn)/v2n] +[1/v2n],
1 2n \/%
227?, (n + kfn,) o

and let hp = 5 .
e— 7 /2

Thel’] hn ? . 31

V2




Asymptotics of kj;:

[(2kn)/v2n] —[1/v2n] <7 <[(2kn)/v2n] +[1/v/2n]

2kn — 1 <7/ 2n <|2kp + 2kn — ) < 2kp <Rkp + 1

2knlw7\///2~2kn——l 2kn — 1)~ 2kp ~2kp + 1

2kn|— Y~ [2kn/+ 1 LEADING TERMS
/ n+1 ~ 2n—1 n — kn
— OO

Central Limit Theorétrﬁ Vn > 72/2,choose kn S.t.

[(2kn)/v2n]) —=[1/v2n] < 7 < [(2kn)/v2n] +[1/v2n],
1 2n \/%
227?, (n + kfn,) o

and let hp = 5 .
e— 7 /2

Thel’] hn ? . 32

V2




Asymptotics of kj;:

\ /I

2kn — 1 ~7vV/2n ~ 2k, + 1 2kn — 1 ~ 2k, ~ 2k, + 1
Central Limit Theorém: Vn > 72/2,choose ky s.t.
[((2kn)/V2n] —[1/v2n] < 7 < [(2kn)/v2n] +[1/v2n],
1 2 V2
and let hp :=—( " )n
22?’2, ’I’L—l- k’n 2 6_72/2
Then hp — . 33

V2




Asymptotics of kj;:

2k, “ 1 l 7V2n ~ 2ky, /+ 1
' Dk ~ 2k, 41 1

divide by 2: 2k, ~ 7V/2n ‘
kn ~7V2n/2l = 7+./2nM4 = 7+./n/2
n V n\ V/2n \/

\ ﬂ 1
Central Limit Theorém: Vn > 72/2,choose ky s.t.

[((2kn)/V2n] —[1/v2n] < 7 < [(2kn)/v2n] +[1/v2n],

1 2 V2
and let hp :=—( " )n
(&
Then hn ? . 34

V2




2n

1

an

uE
13

Want: hn,

6—72 /2

7\/n/2

Central Limit Theoré%:

1 2 V2
and let hn ::T( " ) ,\n
22n\ n+ kn
Then hp

Vn > 72/2,choose ky s.t.

[(2kn)/v2n] —[1/v2n] <7 <[(2kn)/v2n] +[1/v2n],

o—7°/2

WAN'T

35




\ v 22n \ n + kn V2r
DIVIDE
BY n

— NN

Ipn~Yyn — 2 —>— — 1, yp > 2 = [w—n] vl — [AN][z] = xn — 2
Yn YN

36




— Inp — 2
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n 4+ k k
ASYMPTOTIC << —- T =1 ; 1
n—k k
ASYMPTOTIC <<, - ”=1—;'”’—>1
ADD AND SUBTRACT 1
k,n n—|—an’rL 38







oo L () V2n
T o2 n + kn o
1 { (2n)! V2n
o 22n [(n + kn)!]_[((Qn) |_ (n + kn)l)l] 2< \/Z
1 (2n)! o0
22n  [(n 4+ kp)[(2n]=n]— kn)!] \/T
1 (2n)! T
D2n [(n + Ep)!] (] — kn)!] \/I;
B\ B!
A)  A(B - A)
1 2n V2n _ 6_72/2
kn~ 7y\/n/2, hp= 22n(n+kn)2° Want: hn Jon
kn, n+kn~n

n ’n—an‘rL




1 (2n)! n
hn 2 ~
22n [ 4+ knD '] [(n — kn))!] 2
(2n)!
ozl ] (Bl ]
i (2n)! n
220 [(n+ kn)(n — kn)!] 2
J— )
kn~ Ty\n/2, hp= ; ( o )27} Want: h T2
2 n n-l_kn 2 " \/27T .
kn, an ;= n 4+ kpf~n
Fn g 41




1 (2n)! n

i = Som [+ k) T1(n — Fon) ] 5
. 1 2n))! n
22n '] ool \E

V2 @) @)/ e)Rr

2nankan) e ) vV 271bn)(br, e)E n :— by,

Stirling’s Formula: n! ~ +/2xim @)/ e)

1 2n V22n 6_72/2
k,n anzn_l_knmn —>E 42
— 0




. 1 (2n)! n

fin 227 [(n 4+ kp)![(n — kn)!] \/g

1 (2n)! n

22n [an!][bn'] 2
27(2n)(2n/e)2n

e

2 /—S'Wa;(;’;/"e)fa’ﬁn/e)an] [\/271'[)7 ,_2 /b \(51 /e) i

Stirling’s Formula: n! ~ v27mn (n/e)”

1 2n vV 2n 6_72/2
kn~ Tyn/2, hp= 22n(n+kn)2' Want: hn Nzl
kn an ‘= n—+kn~n — oo




1 (2n)!

_ n

fin = Son [(n + kn)!][(n — kn)!] \/;
1 (2n)! n
22n [an!][bn!] \/;

L[] erenfen/o 7
22n Il\/27ra¢;|i an/e)an"[i;%rbzl bn/e)bnﬂ 2

\/271‘(2?1) n 1 (2%/6)2”’

[vV2man][v/27bn] 2 227 [[(an/e)][(bn/e)]

2
1 2n vV 2n e—7°/2
kn an = n+kn~n — o0




\/27r(2n) n 1 |(2'n/e)2”

" WamanlVarbal V2 220 [(an/e) ] [(bn /)P
22n,,2n,—2n
V/2m(2n) no 1 (2n/e)?"

[v2man][v/2mby] 2 227 [(an/e)][(bn/e)]

2

1 2n V' 2n e 7°/2

kn~ 7\n/2, hp= 22n(n+kn)2' Want: hn Nzl
kn, an ‘= n—+kp~n — oo [,




. yemem) w1 [@nje
" W2ran][V2rba]) V2 227 [(an/e) | [[(bn/e)0n

22nn2ne—2n

an ,—a —
ayre n bone—bn

2

1 2n Vv 2n e 17/

kn~ 7\n/2, hp= 22n(n+kn)2' Want: hn Nzl
kn an . =n-—+knp~n — oo




\/27r(2n) \/7 1 |(2n/e)2”
2

7]’\/7%] 27 2n|[(arn/e) ] (b /e)br

22n 2n —2n
\/ 27 (2n) n 1 S=rifi=rg
[27ran] [27Tbn]2 QTaTznann—an][ %n(,bb—nbn_bn

2
1 2n vV 2n e—7°/2
kp ~ 7 n/2, hy = 22n(n+kn)2' Want: hp, \/Z
k_n_>0 an = n+kn~n — o0 -
n bp ' = n—kn ~n — o0




V/2m(2n) n 1

(277,/6)2”

i ™ [ Zranl Vb V2 227 [(an/e) ] [(bn/e)o0]

27(30) 1 _ 2%nPre—2n
p— [%an,] [27’(‘bn]2 22')1 [a%”e_a”] [b%ﬂe_bn]
> ?’L2 —2n
n
- \em m=nlA=z
- n2 n2n e 2N
= \Zan dirtfy] lezene




n2 n 2N e—2n
fon, ™ \J27ranbn alnpon le=ane=bn
€—2n
e—(an—+bn)|
n2 n 2N e 2N
\J 2manby, a,%”b%” e~ ane=bn
1 V2n o—7°/2
kn~ 7y\/n/2, hp= >2n n+kn)2' Want: hn Nor
k_n_>0 an = n+kn~n — o0 75
n bn = n—knp~n — o0




—2n

€—2n
e a»n‘(an

6—72 /2

~n — oo

~n — oo

V2r




27Tanbn anbn




ey )

Ioul
72/2 =77
RN
an, n2
LTIPLY TOGETHER: X > 1

anbn

Want: h 6_72/2

nt: :

" V27




\J TL2 n2 n bn, kn
i~ (o) ()
27Tanbn a’nbn an
1 10U| 10U|
1 o72/2 =77
"\ /
In \ Yn — 2 — T — 2 /
\ N
hn — — [872/2] [6 72]
2m
2
1 2n vV 2n e 7°/2
k_n_)o an:n—l-an’rL — OO 53
n bp ' = n—kn ~n — o0




27Tanbn anbn

1 IOUl IOUl
1 672/2 6_72
or

(72/2)-7% = —-72/2

6—72/2

V2

\
o722

Want: hn

V2

kn, an ‘= n—4+kp~n — oo,

n bn ‘= n—kp~n — o0
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