Financial Mathematics
The heat equation




Definition:

For any ‘“reasonable” p,q: R — R,

the convolution of p and ¢ is the function
p*ql: R — R defined by

(@) (@) = | [z —)]la(w)] dy

Intuition: Translate p(x) to right y units,

giving p(z —y).
Weight the result by ¢(vy) dy,

giving [p(z — y)]lq(y)] dy.
o0
Add up the results, via /

— OO

SKILL: Given “reasonable” p, q, find p*xq.[ >




Heat on an infinite bar

< >
< o >

I

ft(l‘) one unit

\ of heat
\f(.:c,t) = the temp. at = at time t¢.

T he heat distribution flows
inside of a function space
toward being evenly distributed.

smooth

t— f;: (0,00) — {inf. diff. functions R — R}
)

3

{constants}




F = {smooth functions R — R}

Question: How to travel toward C7 4




F = {smooth functions R — R}
UI
C := {constants R — R}

Let D :=F — F be defined by Df = f'.
Then C = ker(D), i.e.: fecC iff Df =0.

It L:V — W is linear, how can we naturally
“travel” in V toward ker(L)~

One method:
Find a smooth function H : V — R,
which is O on ker(L) and

positive off ker(L).
Then flow along —VH.

How can we create this H : V — R7? >




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Find a smooth function H : V — R,
which is 0 on ker(L) and

positive off ker(L).

_l_hr\n flAA\vays *\lr\nm

T LV — W is linear, how can we naturally__
How'travel” in V toward ker(L)7R?

One method:
u|||:q IIIC‘LI‘I__LiE:IAAJ_h e L TT .

Define H:V — R by H(’U) = \L(’U)|2

Vviticilt 1> U Uil nci \Lv/) 4aliu

positive off ker(L).
Then flow along —VH.

How can we create this H : V — R?




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Find a smooth function H : V — R,
which is 0 on ker(L) and
positive off ker(L).
Then flow along —VH.

How can we create this H : V — R?

One method:
Define H:V — R by H(v) = |L(v)|?.

Note: v +— |L(v)| isn't smooth.

Note: v |L(v)|?/2 is often preferred,

because it has a slightly simpler grad.| 7




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?
Then flow along —VH.

Define H:V — R by H(v) = |L(v)|?.




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by

[(VH)(0)] - v = [d/dt];—=o[H (v -

IL(v 4+ tv')|?
/
IL(v)[? +t2|L()[2 _ |L(v)[* 4+ [L(t)|?

+2t[L(v)] - [L(v)] T~ +2[L(v)] - [L(t)][ s




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by

(VH)(@)] -+ = [d/dtl =g [H (v + 1v))]
o [P + I
= [/dt=0 | Jou[1(0)] - (L]
L) 4 2|L(v) 2

+2¢[L(v)] - [L(v")] 10




IT L:V — W is linear, how can we naturally

“travel” in V toward ker(L)?
One method:

Define H:V — R by H(v) = |L(v)|?.

Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by

[(VH)(v)] - v" = [d/dt]i=0l[H (v + tv")] .

[ 0+ 2t|L(v")2
+2[L(v)] - [L(v)]

L) + 2L
= [d/dt]i=0 | +2t[L(v)] - [L(v")] |

|t=0

11




IT L:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by

[(VH)(v)] - o' = [d/dt];= o[H(v+tv’)]
[ 0+ 2t|L(v")2
+2[L(v)] - [L(V)] |i=0

—

0 +2[L(v)] - [L(N)] |

+2[L(v)] - [L(V)] [¢=0|




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:

Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?

Recall:

VH 'V =V is defined by
= [d/dt];=olH (v+tv’)]

[(VH)(v)] -/

[ 0+ 2t|L(v")2

+2
2
2

L(U) L(v')
()] - [V
L'L(v)] -

13




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method:
Define H:V — R by H(v) = |L(v)|?.
Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by
(VH)(v)]-v' = 2[LIL(v)] -/ Yo, v

14

2[LIL(v)] - o'




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?

One method: dt;;idze
Define H:V — R by H(v) = |L(v)|2.

Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by
[((VH)(v)] - v/ = 2[L'L(v)] -2

Yo, v

(VH)(v) = 2[LtL(v)] —— Vo

15




ITL:V — W is linear, how can we naturally
“travel” in V toward ker(L)?
d|V|de

One method: y 2
Define H:V — R by H(v) = |L(v)|2/2<—
Then flow along —VH.

How can we calculate VH?

Recall:
VH :V — V is defined by
[(VH)(v)] - v = 2[LIL(v)] - v'/2 Vo, v/
(VH)(v) = 2[L!L(v)]/2 \&Y,
=<

VH — 575

16




F .= {smooth functions R — R}
UI
C := {constants R — R}

Let D:= F — F be defined by Df = f/.
Then C = ker(D), i.e.: fecC iff Df =0.

How can we naturally
“travel” in F toward ker(D)?

One method:
Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

D(f) e F
Question: What is meant by |D(f)|27?

17

Question: da “dot product” in F7?




F = {smooth functions R — R}
Question: da “dot product” in F7?

N very large

Question: Is there a “dot product” in RV?

Question: da “dot product” in F7?

18




F = {smooth functions R — R}
Question: da “dot product” in F7?

N very large
Question: Is there a “dot product” in RV?

vow=viwy - +oywy

Pa= [ U@l da

(f.9)= | _[F@Nlg(@)]da

The L2 “scalar product” ™




F = {smooth functions R — R}
Question: da “dot product” in F7

(f.9)= [ U@]lg@)]de

The L2 “scalar product”

Warning: Technical problem: What if
[f(x)][g(x)] is not integrable?

(f.9)= | _[F@Nlg(@)]da

The L2 “scalar product” 2




F = {smooth functions R — R}
Question: da “dot product” in F7?

(f.9)= [ U@]lg@)]de

The L2 “scalar product”

Warning: Technical problem: What if
[f(x)][g(x)] is not integrable?

Definition: A function f: R — R has
compact support if there is some C >0
such that, for all z € R\[-C, C],

f(z) = 0.

“f vanishes off some compact interval’|| %




F = {smooth functions R — R}
Question: da “dot product” in F7

(f.9)= [ U@]lg@)]de

The L2 “scalar product”

Warning: Technical problem: What if
[f(x)][g(x)] is not integrable?

Fo = {smooth functions R — R
with compact support}

(f,q) is defined only for f € F, g € Fo

and feFo, geF. | =




F = {smooth functions R — R} D F~

U
C := {constants R — R}

Let D:= F — F be defined by Df = f/.
Then C = ker(D), i.e.: fecC iff Df =0.

How can we naturally
“travel” in F toward ker(D)?

One method:
Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9) = [ _[F@llg()] da.

VfeF,Vge Fo|?




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9)= [ _U@Ilg@]de, VI EF. Vg€ Fc

— Or Vvice versa

Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9) = [ _[F@]lg(@)]da

VfeF,VgeFol|*




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9)= [ _U@Ilg@]de, VI EF. Vg€ Fc

— Or Vvice versa

f= iD= [ U@PRa,  vrer

(YH)(S), g) = [d/dt]—o[H(f + tg)]
= [d/dt],—o[|D(f + tg)[?/2]

= [d/dt]i=0[|D(f)|?/2 + |D(tg)]?/2
+2(D(f), D(tg))/2]

vfagefc 8




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9)= [ _U@Ilg@]de, VI EF. Vg€ Fc

— Or Vvice versa

f= iD= [ U@PRa,  vrer

(YH)(S), g) = [d/dt]—o[H(f + tg)]

= [d/dt];=o[|D(f)|%/2 + |D(tg)|?/2
+2(D(f).D(tg))/2]
— [d/dtl—alID( £)2/2 4+ ID(ta)l2 /2

= [d/dtl:=ol|D(/)?/2 + t°|D(9)|°/2,y /2
+t(D(f),D(g))]

Vf,9 € Fo|”




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f.9)= [ _U@Ilg@]de, VI EF. Vg€ Fc

— Or Vvice versa

f= iD= [ U@PRa,  vrer

(YH)(S), g) = [d/dt]—o[H(f + tg)]

= [d/dt]i=ol|D(f)|?/2 + t*|D(g)|*/2
+t{(D(f),D(9))]

= [d/dtli—olID(N)2/2 £ 2PN/

L U\NEN\J )y =Y /)

Vf,g € Fol|”




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(f,9) = /_ T @llg@)dz,  Vf € F. Vg € Fe

Or Vvice versa

f| = \/ / [f (2)]? dx, Vf € Fo
(VH)(f),9) = (D(f),D(g)), Vig€Fo
= 47?@(]”),@
meaning?
= (D(f) D(g\\-

Question: Meaning of D! ?????

28

,9 € Fco




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(VH)(£).9) = (D). D()),  VI.9€ Fe

vfage‘FCa <faD(g)>

(VH)(f),9) = (D(f),D(g)), V), 9€FC

29




Define H : F — R by H(f) = |D(f)|?/2.

Then flow along —V'H.

(VH)(f),9) =(D(f),D(9)),  Yfig€Fc
Vf,9€Fo, (£, D(9)
00 I
e minus| /_Ool[f(iﬁ)]||[9,(ﬂi‘)] dx
the integral |
of new new —I -
= [T @@ do

30




Define H : F — R by H(f) = |D(f)|?/2.

Then flow along —V'H.

(YH)(),9) = (D(f), D(g)),  Vf.g € Fe

vf,9 € Fc, (f,D(g9)) = (-Df,g)
Definition: D! := —-D

— <_Dfag> DONE

31




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

(VR g) = (D), D(g)),  Vf.g € Fo

Vf,g € Fco, (f,D(g)) = (—Df,g)
Int. by parts
Definition: Dt := —D~——says d/dx is

antisymmetric
‘v’f,gEFCa <f7D(g)> — <thag>

(VH)(f), 9) = (D(f),D(g)) = (D'D(f), g)
VH DD
_ P2

32




Define H : F — R by H(f) = |D(f)|?/2.

Then flow along —V'H.

V'H

VH = —D?
~VH = D?

33




Define H : F — R by H(f) = |D(f)|?/2.

T hen flovv\ along —VH.

VH = —D?
~VH = D?

Then flow along D?2.

\ Definition:

v¢ flows along M if
vy = M.
ft = D2,

J';t = f{’

34




Define H: F — R by H(f) =
Then flow along —VH.

'D(f)]?/2.

ft fi
fi(z) = f!'(z)

ft

f{

35




Define H : F — R by H(f) = |D(f)|?/2.
Then flow along —V'H.

ft = f/ THE HEAT EQUATION
. %, 02
fi(z) = f'(z) 8t[f(33‘at)] = @[f(xvt)]

ft(il?‘):f(.’l&',t)
L) = 21 @ )]
ftZU _afma

2
(@) = 25 0]

36




Heat on an infinite bar

< >
< o >

I

ft(w) one unit

\ of heat
\f(ac,t) '— the temp. at £ at time ¢t.

Another model: The unit of heat breaks up
into N parts, with N very large. Each
part moves randomly to left or right by

1/+/N each 1/N units of time. Let N — oo.

Probability thy: THE HEAT EQUATION

SDE D= 9% 1
S KA FC) e Y |

Feynman-Kac




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

THE HEAT EQUATION

9 02
a[f(w,t)] = @[f(w,t)]

38




THE HEAT EQUATION

5, H2
a[f(:c,t)] = @[f(:c,t)]

Solution

fla,t)= [ Z[F(X, t)]e~ X dx

®.@

0
Sl = |

— 0

(%[F(X, t)]) e X X

(%[f(:c, )] = /_O:O —iX[F(X,t)]e” X dX

O ) = [ —X2PCx e dx

— 0

39




THE HEAT EQUATION

%, H2
a[f(:v,t)] = @[f(w,t)]

Solution

fla,t) = [ IF(X, D)% dx

— OO

) e—?:CUX dX

0 oo 0
sl @01 = [ (G lrexol

It inverse
X Fourier
transforms

2 00 < .
Tl ol = [7 EXPIRGle X ax

— OO

0 w0
a[F(X, t)] = —X“[F(X

b))

40




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

fla,t)= [ Z[mx, t)]e~ X dx

0 w0
a[F(X, t)] = —X“[F(X,1)]

H(t) = F(6,1)

0 w0
a[F(X, t)] = —X“[F(X,1)]

41




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

fla,t)= [ Z[F(X, t)]e~ X dx

SIFOGH] = ~X2[F(XG )] —— X =6
H(t) == F(6,1) R(t) = —36¢ + C
H'(t) = —36[H (t)] Hﬁt; 1o 36t
R(t) := In(H(¢)) — N

€
ALOE GR“)]/ F(6,t) = Ke™3%

[BON[R/ ()] = =368 | F(X.t) = KXe—th

R'(t) = —36




THE HEAT EQUATION

5, H2
a[f(:v,t)] = @[f(w,t)]

Solution

fla,t)= [ Z[mx, t)]e~ X dx

0 w0
a[F(X, t)] = —X“[F(X,1)]

F(X,t) = Kye X

" Pick any expression Q(X) and set
F(X,t) = [Q(X)]e X"t

F(X,t) = Kye Xt

43




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] N oaerh

fla,t)= [ Z[mx, t)]e~ X dx

%[F(x, )] = —X2[F(X,1)] DONE

F(X,t) = Kye X

" Pick any expression Q(X) and set
F(X,t) = [Q(X)]e X"t

Then 2 [F(X, 0] = [QO]le X *[-x?

= —X?[F(X,1)] “




THE HEAT EQUATION
0 0° Soluti
@0l = 25 (0] aza
flat) = [ [F(X, D) X ax

%[F(x, )] = —X?[F(X,t)] DONE

F(X,t) = Kye X

" Pick any expression Q(X) and set
F(X,t) = [Q(X)]e X"t

 Pick any “reasonable” expression Q(X) and set

f@t) = [ [QUOJe e Nax g




THE HEAT EQUATION

5, H2
a[f(w,t)] = @[f(:v,t)]

Solution

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

(Q(X) =1)

Pick any “reasonable” expression Q(X) and set

O

f(z,t) = |

[Q(X)]B—XQte—iaf;X dX

46




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

fan= [~ e Xax  (Qx)=1)

— O

>0 .
f(5,7) = / e~ TX%=5i1X gx

— OO

a7




O .
f(x,t) = / e~ Xte—izX g
— OO
* _7X2 —5iX
f(5,7)=/ e e dX X - X - —
— OO

:/OO o—7(X—5i/14)2? —5i(X-5i/14) ;v

o7 (EX(~5i/14)) _ 5K

:/OO o —T(X2+(5i/14)?) 5i(5i/14) 4y

g

_ —7(5i/14)2 _(5i)%/14 /OO —TX2 gy

— OO

51
14

48




f(z,t) = ~
f )= e e
5.7 = [ i
_ /_OO —7X? —5iX
— —7(5i/14)° )
)2, (5i)2/14 /OO
— —(1 . -
.—(14/2)(5i/14)° (5')2006 S :
ze—(l/Q . e\ 27 /14 o0 -
)(52)2/146(5?:)2/ /_Oo e—X2 dX V7
VT - N
e(1/2) (54 :
)(5:)2/14 /_OO e_X2 -
\/E —
— (1/2)(59)%/14 |
/T

7




©.@) .
f(x,t) = / e~ Xte—izX g

— OO

©.@) .
f(5,7) = / e~ TX%e=51X g x

— OO

— (1/2)(51)%/14 /W/7

— (/D527 [ 7

flx,t) = /Dt [y = €

—992/(475)

Vit

Vv

50




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

—372/(41;)

Vit

6_332/(41;)

fz,t) = 77 (QIX) = 1/+/x)

fz,t) == v (Q(X) =1)

51




THE HEAT EQUATION
%, 02 Soluti
@] = 25 ()] 77777
; 6_3:2/(41;)
f(wa ) - \/E
—x2/(4t),.2 2N _ —x2/(4t)
%f(:c,t)zﬁe X /(4tt) e /(2V/1)
2
o e—2/(4t) r_oy
%f(x’t)_ NG [41;]
52 o—T2/(4t) [ _n 112 | o—32/(41) r_o
Wf(m’t)_ NG [475] NG [41;] =




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

Ve~ e/ (4032 1(442) — e=2%/(40) /(2,/%)

0

t
52 o— 72/ (4t) 7,4 | o—22/(41) r_o
2! (B 1) = 7!415] Vi [4t]
\2

ﬁx2/(4t2)—1/(2ﬁ); 1 [—2:1:] 1 [—2]
t Vil 4t ] Vel at

53




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

\/%\/ExQ/(4t2)—1/(2\/E); 1 [—2312 1 [—2]

Vi t Vil a4t LVt L4t
te?/(4t%) — 1/2 721 [2*] ) 1 7-1
t\/1 Vi |42 ﬁ[Qt]
|
2/(4t) 1/2 2 1

t\/t tvt  4At2\t 2\t

54




THE HEAT EQU

ATION

5, H2
a[f(:c,t)] = @[f(:c,t)]

Solution

Vivia?/(a2) —1/(2vE) 7 1

R

V't t Vil 4t
72 1 z 1 [z22° | 1 [—1]
482/t 20Vt oy VE |42 Ve L2t

55




THE HEAT EQUATION

% 02 |
210 = 2l G, 0] >oaon

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

—a?/(4t)

Vit

—a?/(4t)

Of(z,t) = 7 (Q(X) = 1//m)
—(z—a)2/(4t)

fz,t) == VT (Q(X) =1)

f(z,t) = (Q(X) = " /) [=

Vit




THE HEAT EQUATION
%, 02
a[f(l’a t)] = @[f(wv t)]

Pick any “reasonable” expression Q(X) and set

fa,t) = [ [0 ¥ tem ¥ ax

_ T o = 1)
R A A
e /(4)  (Q(X) = 1/y/7)
fla,t) = NG (Total heat 2/7)

e~z /(4)  (Q(X) = 1/(2m))
flz,t) = > /mt (Total heat 1)/ °




THE HEAT EQUATION
%, 02
a[f(l‘a t)] = @[f(iﬁ, t)]

Pick any “reasonable” expression Q(X) and set

f(x,t) = / [Q(X)]e X te=iwX g x

THE
FUNDAMENTAL

SOLUTION
e~ /(4D (Q(X) = 1/(2m))

fla,t) =

o\ /7t (Total heat 1)) °




THE HEAT EQUATION

5, H2
a[f(:c,t)] = @[f(w,t)]

Pick any “reasonable” expression Q(X) and set

fat) = [ QU ¥ e X ax

g(a:' + 3, t) — /_O:O/Le;%'f] [Q(X)]Q—XQte—i(zc—l—\S\)f t?i

f(z,t) = e/ (41 (Q(X)=1/(2n))
’ 2\t (Total heat 1)
R(X) = > [Q(X)]
g(z,t) = / FIR(X)]e X PteinX gx f(:f,t)




THE HEAT EQUATION

5, H2
a[f(w,t)] = @[f(:v,t)]

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

/) (O(X) =1/(2m))

f(@,t) = > /mt (Total heat 1)
R(X) = e [Q(X)]
g(z, t) = /OO :R(X):e_the_mX dX

9(z +3,t) = f(z,1) 0




THE HEAT EQUATION

5, H2
a[f(:v,t)] = @[f(:v,t)]

Pick any “reasonable” expression Q(X) and set
)= [ [Q(X)e e

L0 Q) =1/(2m)
fla,t) = > /mt (Total heat 1)

g(x,t) = f(xz — 3,t) (Total heat 1)

9(z +3,t) = f(z,1) o




THE HEAT EQUATION
5, H2
— t)| =

Pick any “reasonable” expression Q(X) and set
@) W2 o
fla,) = | [QEON e X ax

L e \(Q(x) = 1/(2m)
fla,t) = > /mt Total heat 1)

g(z,t) = f(x —3,t)  (Total heat 1)

h(z,t) = 4[f(z,t)] + 5[g(x,1)] (Total heat 9)

5, o2
7;t_[h(zv,fﬁ)] = @[h(cc,t)] —[g(ac- t)] = —[9(@




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

6—332/(41;)
f(z,t) = N Oof =011 f
g(x,t) = f(x — 3,1) dog = 0119

h(z,t) = 4[f(x,t)] + 5lg(z,t)] Ooh = 011h

The heat equation is linear, /..,
a linear combination of solutions is a solution,

e.g., 02(4f +5g) = 011(4f + 59)
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THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

EXAMPLES OF
NONLINEAR DIFFEQS

0 0 5
(@ 0] = | [f(@.D)

‘flzef‘ ‘f’=f2‘

EXAMPLES OF
LINEAR DIFFEQS

05 f = 07 f]

f'(x) = [z2][f ()]

The heat equation is linear, /..,
a linear combination of solutions is a solution,

e.g., 02(4f +5g) = 011(4f + 59)
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THE HEAT EQUATION

H2
S0l = gl 0| ool = 0ud

SKILL:
Recognize if a given differential equation
IS l[inear or nonlinear.

The heat equation is linear, /..,
a linear combination of solutions is a solution,

e.g., 02(4f +5g) = 011(4f + 59)
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THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

6—332/(41;)
f(z,t) = N Oof =011 f
g(x,t) = f(x — 3,1) dog = 0119

h(z,t) = 4[f(x,t)] + 5lg(z,t)] Ooh = 011h

The heat equation is linear, /..,
a linear combination of solutions is a solution,

e.g., 02(4f +5g) = 011(4f + 59)
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THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

6—562/(4t)
f(z,t) = N Oof =011 f
g(x,t) = f(x — 3,1) dog = 0119

h(z,t) = 4[f(x,t)] + 5lg(z,t)] Ooh = 011h

time O:

O  f(x,t) is the
<] $ : | : ; ’ltemperature
| . .
one unit at the point «x

| .
of heat at time ¢ e




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

—xz/(4t)
2+/7t

fz,t) ==

Orf = 011f

dog = 0119

h(z,t) = 4[f(x,t)] + 5lg(z,t)] Ooh = 011h

time O:

- 1g(x,t) is the

« : : : ¢

~temperature

one unit
of heat

at the point =

at time ¢ 68




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

6—562/(4t)
f(z,t) = N Oof =011 f
g(x,t) = f(x — 3,1) dog = 0119

h(z,t) = 4[f(x,t)] + 5lg(z,t)] Ooh = 011h

time O:

0 3 h(z,t) is the
" ltemperature
T T 5 the Soint

four units five units | 1@t the point x

I .
of heat of heat :at time ¢ *




THE HEAT EQUATION

2[J"’(CB, t)] = 8—2[f($, D] |02f = 011/]
ot Ox2
o—2/(4t)
f(z,t) = N Orf = 011f
g(x,t) = f(x — 3,1) dog = 0119
h(z,t) = 4[f(z,t)] + 5lg(z, )] Oxh = 011h

time O:

:
T

one unit
of heat

I I I I
D | i i i

.f(a: —y,t) is the
utemperature
at the point =

at time ¢ 70




THE HEAT EQUATION
o 02
@] =S50 @ ]| [P2f =00 f]

(ot = © Onf = D11 f
ZU,t p— p—
/ N 2 11
1 unit of heat at y yields: f(x —y,t)
time IO: S SR .f(.:r; —y,t) is the
- ! ! ! ? ! utemperature
—— at the point z

| .
of heat at time t | n




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

(ot = 1 Onf = D11 f
ﬂf,t — =
f N 2 11
1 unit of heat at y yields: f(x —y,t)
time 0: Let ¢(y) be the temperature: :
at the point y at time O, vy-:c(a’:,t) s the
temperature
Amt of heat between a and b: :at the pOInt T

Lﬁ¢@my at time ¢t [




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

fz,t) = /e Oof = O11f
9 2\/% ‘
#(y) dy units of heat [f(z — v, )] 6(w)] dy
at y yields:
~ 1 unit of heat at y yields: f(x —y,t)
Hme o Ia_te ttrq]b é ygoti)net tyh eattet?;npee roa,t\LvJ/;e.i Eéfﬁ [?e :Zttuhrz
Amt of heat at y: at the point x

o (y)dy iatUmet 7




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

fz,t) = /e Oof = O11f
9 2\/% ‘
#(y) dy units of heat [f(z =y, )] [p(y)] dy
at y yields:
- Add up via [Z3, yields: c(z,t)
Hme o Ia_te ttr(]/5 é ygoti)net tyh eattet?:npee roa,t\LvJ/;e.i Eéﬁ; [?e :Zttuhrz
Amt of heat at y: at the point x

o (y)dy iatUmet o




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

(o, = 10 Oof = 011
ZU,t — e
/ N > 11
. (X> . CXD ‘
Add up via [ vields: [ [f(z —y,0][¢(y)] dy
— 00 — 00
Add up via [22 vields: c(z,t)
time 0: Let ¢(y) be the temperature: :
at the point y at time 0, Vy.! c(x,t) is the
rtemperature
Amt of heat at y: at the point x

o (y)dy iatUmet =




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

N oty = Onf = 011
ﬂf,t — o
/ N > 11
. (X) . w ‘
Add up via [ yields: [ [f(a -y, D][6()] dy
Add up via [22 vields: c(x,t)=c(x)
time 0: Let ¢(y) be the temperature: : \
at the point y at time O, vy-:c(az‘,t) s the
rtemperature
Amt of heat at y: at the point x

o (y)dy iatUmet 7




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

ft(x)§ e_xQ/(zu;)
f(z,t) = N Oof = 011 f

[ e = o) dy = | 1 — u,0le@w)] dy
7 |
o(z, t)=ci(z)

time 0: Let ¢(y) be the temperature:

at the point y at time O, ‘v’y.:c(il?,t) IS the
temperature
Amt of heat at y: '3t the soint z

o(y)dy iat timet [




Definition:

For any ‘“reasonable” p,q: R — R,

the convolution of p and ¢ is the function
p*ql: R — R defined by

(@) (@) = | [z —)]la(w)] dy

[ e = llow)] dy = | 1 — u,0le@w)] dy
o | |
(fi * $) () o(z, t)=ci(z)

time 0: Let ¢(y) be the temperature:

at the point y at time O, ‘v’y.:c(il?,t) IS the
temperature
Amt of heat at y: '3t the soint z

o (y)dy iat time t [




THE HEAT EQUATION

Q[f(w t)] = 8—2[]“(:10 t)] ‘8 f=0 f‘
ot ’ 012 ) 2 11
fr(z) _22/(4t)

%f(ﬂ?,t) — € 2\/% 82f p— allf

|
(ft * ¢) ()

[7 e = llsw)] dy = [ 1 w01l dy

time 0: Let ¢(y) be the temperature
at the point y at time 0, Vy.

Amt of heat at y:
¢(y)dy

 cla,D=c@)

:c(:r;,t) is the
:tenwperature
at the point «x

at time ¢ 7




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

filo) e—o°/(4t)
fla,t) = N Oof = 011 f
SOLUTION

@) = fhx b — ()

time 0: Let ¢(y) be the temperature .
at the point y at time 0, Vy., c(z,t) is the
temperature

Amt of heat at y: at the point x

o (y)dy iat time t [




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

XL
HCON o2/ (41) FUNDAMENTAL

7t -
f(z,t) N SOLUTION

Key idea: Every “reasonable”
SOLUTION solution comes from the
— fundamental solution via

‘Ct(x) (fe qb)(a:')‘ translation and adding.

time 0: Let ¢(y) be the temperature:

at the point y at time 0, Vy., c(z,t) is the
temperature
Amt of heat at y: '3t the soint z

o (y)dy iat timet [=




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

HCON o2/ (41) FUNDAMENTAL
flo) == — SOLUTION
_ 2
&
f1/4(33) — ﬁ

. 2 . .
IS e~* normalized to have integral 1

time 0: Let ¢(y) be the temperature:

at the point y at time 0, Vy., c(z,t) is the
temperature
Amt of heat at y: '3t the soint z

o (y)dy iat time t [




THE HEAT EQUATION

Q=2 ol Bar=ou
Ot ’ 8m% ’

FUNDAMENTAL
OLUTION

fi(2) \xz (4 )\
S =S

is e~* normalized tO\have integral 1

-y Ea'n has 9/0t, 82/0z2.
2

& : R
fija(z) = NG Sol'n has_—t, <.

. 2 . i 83
is e~ %"/t normalized to have integral 1




THE HEAT EQUATION

0 0°
@0l = i@ 0)] [02f = o0 f]

/ t(x)% e~/ (4t) FUNDAMENTAL
f(z,t) = N SOLUTION

How to remember the fundamental solution:

1. Start with e—*°/t.
2. Normalize by dividing by +/=t.
3. Quadruple speed by replacing t by 4t.

a2/t SEc?’n Eas 0/0t, 82/8:1:;
= ol'n has t, xT<.
frja(e) N

84

is e=2°/t normalized to have integral 1




THE HEAT EQUATION
2
S0l = gl 0| ool = 0ud

ft(x) St = e—2°/(4t) FUNDAMENTAL
) —
e SOLUTION

How to remember the fundamental solution:

1. Start with e—*°/t.
2. Normalize by dividing by +/=t.
3. Quadruple speed by replacing t by 4t.

Note:If you skip Step 3, then you get

the fundamental solutlon to :
Rod’s

@Dl =, —5lf(e,0)] [conductance

48 quartered| ®




Conservation of total heat

00 o0 —5’32/(415)
| f@nde=[

dx

o0 o 6_332/(4'6)
/_Oof(as,6)da::/_oo 2\/7 dx

1 o0 .
—— e ¥ der=1
ﬁ/—m
Change 6 to t.

dxv4 - 6
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Conservation of total heat

/O:O f(z,t) de = /OO AN dx

_ 0 \/Z
00 00 —932/(4't)
/_Oof(x,t)d:czf_ooe N dx
00 e—(ﬂf\/r't)Q/(“l't)
— V4
/—oo N A

1 o0 .
—— e ¥ der=1
ﬁ/—oo
Change 6 to t.




Conservation of total heat

5, H2
a[f(w,t)] = @[f(w,t)]

d
S GO AT e
o0 62 o0 82 N A

=0- /w%mx B)] - —[1]da:—o .

O 88




