Financial Mathematics
Pricing/hedging in three subperiods




Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Current: 1 share of XYZ = $1

Strike price: $0.97 /share (a.k.a. Exercise price)

Underlying market: Shares of XYZ stock

Derivative market: Options on shares
of XYZ




Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Gail selects:
A three-subperiod 90 — 10 CRR model.
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Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Gail selects:
A three-subperiod 90 — 10 CRR model.

Market analyst: _ .
~drift = 0.29499181536 /12 per month
unrealistically high — 0.024582651

unrealistically low annual

volatility = 0.05171367815 /+4/12 per month

= 0.014928453
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Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Gail selects:
A three-subperiod 90 — 10 CRR model.
Market analyst:

lesser drift lesser drift = 0.024582651
= 0.02453Y651
volatility volatility = 0.014928453
w — 0.074928453
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Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Gail selects:
A three-subperiod 90 — 10 CRR model.

Market analyst:
(0.9)u + (0.1)d = lesser drift = 0.024582651

per month
W //(0.9)(0.1)(u — d) = volatility = 0.014928453
change in o0%e~8 1+ U |u = 0.029558802
In(stock price): §<+ 6
{107~ 5+ d|d = —0.020202707




Harry is the CEO of XY~Z corporation.

Harry wants to buy 1000 shares of XYZ
stock for $970, three months from now.
The right, but not the obligation.

Gail sells (and hedges) this option.  Price?

Gail selects:
A three-subperiod 90 — 10 CRR model.
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ed = 0.9800

\ change in 900/0 AT ulu = 0.029558802
In(stock price): §<+

109~ + d |d = —0.020202707




900/0 1.03 S
S<
10%~0.98 S
Banker:

continuous compounding nominal rate
= 0.23763152755 2/123|per month

= 0.019802627




900/0 1.03 S
S<
10%5~0.98 S
Banker:

r = continuous compounding nominal rate
— 0.019802627 per montper month

= 0.019802627
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Change measure to the risk-neutral world . ..

00%e—~1.03 S o0%~1.02 L
S< L
10%~0.98 S 1.02 L
Banker: . (or logarithmic risk-free faetor)
r = continuous compound

— 0,0]]9802 [ per month

e” = 1.0200
o0le~ Le o~ + 7
loan: L<X In(loan): | <+
0%~ Le” 0~ +r
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Change measure to the risk-neutral world . ..
00Y%e—~1.03 S o0%~1.02 L
S< L<
10%~0.98 S fog>1.02 L

Banker: . (or logarithmic risk-free factor)
r = continuous compounding nominal rate

— 0.019802627 per month
e’ = 1.0200

°/0 0/c’ [+ r
loan: L In(loan): l
Le” [+ r

°/0 Set 900/0 s+ u
stock price: S In(stock price): s<
Sed {0P~s 4+ d
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Change measure to the risk-taeutral world . ..

{1.03 Se——
/ 0.98 S+——

Expected value: 1.02 S
Expected return: 2%

800/0 1.02 L~—
L<
N o

Expected value: 1.02 L
Expected return: 2%

——downtick

risk-free upticks

factor factor factor
~0.98 1.02] 1.03<
| —
»80% 20%+
risk-neutral risk-neutral
~uptick downticks

probability

probability [ 1




Change measure to the risk-neutral world . ..

%00/0 1.03 S
S<
20%7~0.98 S

Expected value: 1.02 S
Expected return: 2%

800/0 102 |_
L<
209,~1.02 L
Expected value: 1.02 L
Expected return: 2%

—

equall

e

The 80-20 world is risk-neutral, and, here,
ANY portfolio in stock and bank will have
an expected growth of 2% per month.
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share price, in dollars Ao

. . \O
portfolio value, in dollarsoge(\

number of shares in é‘e Ve
bank loan, in dollars

1

7

N

7

money goes in

option price

N

four variables

VA VA VA

multiply by 1.03

multiply by 0.98 J/

“self-financing” |

1N0 SOWO0D Aduow

B




share price, in dollars
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share price, in dollars

uptick factor: 1.03
downtick factor: 0.98

1.03

0.938

1.032 = 1.0609
1.03 x 0.98 = 1.0094
0.982 = 0.9604

1.09273

1.0609

1.03968

1.0094

0.98921

0.9604

0.94119
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share price, in dollars

portfolio value, in dollars 113327733‘
1.0609 J
1.03 1.03968
7 69.68 |
1 1.0094
< /
0.98 0.98921
N 19.21
0.9604

N

strike price: $0.97

(1000 x 1.09273) — 970 =122.73
(1000 x 0.94119) — 970 =—28.81

N

0.94119

O

Payoff:f(S) = (10005 — 970) 4 = 1000(S — 0.97)
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share price, in dollars

. ) 1.09273
portfolio value, in dollars 190 73 I«
|“contingent claim"| 1.0609
1.03 1.03968
69.68 |+
1 1.0094
=
0.98 0.98921
19.21
0.9604

0.94119

O
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share price, in dollars

. . 1.09273
portfolio value, in dollars \ 190 73 I«
. o\q
RN uptick: 80% 1.0609 |
RN downtick: 20% 109.92 /
103 Vo [1.03968
\\ 69.68 |
1 1.0094
58.42%
0.98 \ 0.98921
\\ 19.21
0.9604
15.07
risk-free factor: 1.02 0.94119
0

(80%)(122.731).-5-2(20%)(69-68) — 109 92
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share price, in dollars
portfolio value, in dollars

RN uptick: 80%
RN downtick: 20%

1.03 chQ\Q
O7.67

1 N X0s.
0.98
48.77

risk-free factor: 1.02

(80%)(109.92)4(20%)(58.42) :\97_67

1.02

1.09273

122.73

1.03968

09.63

0.98921

19.21

0.94119

O
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share price, in dollars
portfolio value, in dollars

RN uptick: 80%
RN downtick: 20%

1.03
97.67
1 %§\°
86.16.) ",
o 1 0.08
\48\77
AN

risk-free factor: 1.02

1.09273

122.73

1.0609

109.92

1.03968

09.63

1.0094

58.42

0.98921

0.9604

19.21

15.07

(80%)(97.67)4(20%)(48.77) >86.16

1.02

0.94119

O
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Price x1.023 = expected contingent claim

Eight scenarios, from up-up-up

122,73

to dovvn—dovvn—dovv%
Q
Q

N uptick: 80% 1@
RN downtick: 20% _— /
//%@’(( NS
/ - 69.68
S — S
\. — — | 2
« — Do
N T~—_ - 19.21
0\0
Xt >
\\
risk-free factor: 1.02 \,
O

Expected value of any
(self-financed) portfolio

grows by 2% per month.
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Pricex1.023 = expected contingent claim

Eight ssenaros, from upfup-up
to dgwn-down-down .
Q

9]4.44/1.023 =86.16 S

a—

X

G
S

4

on

(o]
<l
[ —
Qo
Q
Lo

Y
X

s A

/ 3

o\0
A
0\0 o
L

S
1(.8)3(122.73) /l 4
+13(.8)2(.2)(69.68) &S
+H3(.8)(.2)2(19.21)
+H1(.2)3(0) = o91.44 = the expected

122.73

69.68 ¢

two
more

end
here

19.21

two
more

end
here

contingent claim
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SUMMARY

RN uptick: 80%
RN downtick: 20%

risk-free factor: 1.02 1.0609-
169.92
1.03//
QF 67 /
86.16+F 3.4
| 0.98 7%
4BFL | y
0.964,
/
uptick factor: 1/0 i %

downtick factgr” Q.28

Payoff: f(S)¥=71000S — 970)

A1.09273

F122.73

/

/

1.03963

-09.63

0.98921

—19.21

/

0.94119

0
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GAIL AND HARRY

share price, in dollars 199,2..2,%
portfolio value, in dollars %%%;g—
number of shares in hedge [1.0609 | '
bank loan, in dollars 109 92 —
109.92 - —
' 1.03__ 1.03968]
5767 — 169689
07 67 . 69.68
1 1.0094]
= — e Tren] —
| 86.16_ - 5ETLA o
36.16 —0.98 28.42 0.98921]
— 2877 = 079571
10.9604
— 05GA —
] ] N =
15.07 0.94119
I 0.9(’)'-119
] 0
]
]




GAIL AND

share price, in dollars
portfolio value, in dollars
number of shares in hedge
pbank loan, in dollars

1.03
97.67

[
I
0.98

48.77

36.16

A-hedging

“pricers got hedge”

HARRY

1.09273

122.73

1.0609

109.92

1.0094

58.42

0.98921

19.21

0.9604

15.07

0.94119
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GAIL AND HARRY

share price, in dollars
portfolio value, in dollars
number of shares in hedge

bank loan, in dollars 1.0609
109.92
1.03
97.67
1 .1.0094
86.16 58.42
0.98
10.9604
-15.07
. ] e elta
1.0094 — 0.9604" “omSla number

naive vol of each share of stock of shares

WARNING: Rounding error

1.09273

122.73

1.03963

69.68

0.98921

19.21

0.94119

0
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GAIL AND HARRY

share price, in dollars

: ) 1.09273
portfolio value, in dollars 190 73
number of shares in hedge '
bank loan, in dollars 1.0609

109.92
1.03 1.03968
O7.67 69.68
1 1.0094
86.16 58.42
0.98 0.98921
A48.77 19.21
e 0.9604
—_— 15.07
58.41960784 15.06823529 0.94119
58.42 — 15.07 0
— 884.69
1.0094 — 0.9604 884.7218888
1.00940000 0.96040000 gg4.72




GAIL AND HARRY

share price, in dollars

: ) 1.09273
portfolio value, in dollars 190 73
number of shares in hedge '
bank loan, in dollars 1.0609

109.92
1.03 1.03968
O7.67 69.68
1 1.0094
86.16 58.42
0.98 0.98921
A48.77 19.21
—_— 15.07
58.41960784 15.06823529 0.94119
58.42 — 15.07 0
— 884.69
1.0094 — 0.9604 884.7218888
884.72




GAIL AND HARRY

share price, in dollars
portfolio value, in dollars
number of shares in hedge
bank loan, in dollars

1.03
97.67

36.16

0.98
48.77
334.72

> I

Fewer than 884.72 shares
and the hedge’s nailve vol
will be < 58.42 — 15.07.

More than 884 .72 shares
and the hedge’s naive vol

will be > 58.42 — 15.07.

1.0609

109.92

1.09273

122.73

1.03963

1.0094

58.42

69.68

0.98921

0.9604

15.07

19.21

0.94119

0
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GAIL AND HARRY

share price, in dollars

portfolio value, in dollars
number of shares in hedge

pbank loan, in dollars 1.0609
| 109.92
1.03
O7.67
1 1.0094
86.1L6 58.42
0.98
AB.TT
(384.72 0.9604
48.77/ 15 07
port‘J’oIio u '
(88%.72 x 0708)

]
= 48 77 \This iS

the eg’'n of this node.

1.09273

122.73

1.03963

69.68

0.98921

19.21

0.94119

0
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GAIL AND HARRY

share price, in dollars

portfolio value, in dollars
number of shares in hedge

bank loan, in dollars 1.0609
109.92
1.03
97.67
1 1.0094
86.16 58.42
0.98
48.77
884.72 0.9604
S 15.07
(884.72 x 0.98)
—
= 48.77

N = 313.25

1.09273

122.73

1.03963

69.68

0.98921

19.21

0.94119

0
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GAIL AND HARRY

share price, in dollars

>

. . 1.09273
portfolio value, in dollars< 190 73
number of shares in hedge '
bank loan, in dollars 1.0609

ANY order 109.92
1.03 1000 1.03968
97.67 950.98 69.68
1 1000 1.0094
86.16 932.33 58.42
977.85 0.98 1000 0.98921
891.68 48 77 950.98 19.21
818.25 15 07
400.08 0.94119
(884.72 x 0.98) 369 17
— - 0
= 48.77

N = 313.25
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GAIL AND HARRY

share price, in dollars

portfolio value, in dollars
number of shares in hedge
bank loan, in dollars

1.03
97.66623216
1 999. 9999992

86.16450683 1932. 333717
077.845519 (.08

891.6840122 48.77385621

384. 7218888
318. 2535948

1.0609

1.092727
122.727

109.9196073 % g

1000

950.9803922 | 59 682

1.0094

58.41960734

1000

950.9803922 |19 2192

0.9604

15. 06823529

1.039682

0.989212

400. 0832986 0.941192

3609. 1717647 0

==-




