Financial Mathematics
Pricing/hedging in many subperiods
Part 2



f(S) = (50008 — 5000) 1 probability problems,

then expected value problems

Goal: Qapproximately,

Compute‘the exp%ted vafue of f(elivtiady
Then multiply by €TV & (e =V

Coin-flipping o.)f A\ fair coin times.

o — 1.00060007 If H heads and/ T tails,

Hu~+Td
N = 2,592,000 pay\ f(e ),
T 30 days\from now.

e’ Ny = expected payout =: E = 777
Vi=le-"™E
discounted expected payout




£(S8) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expected value of f(eHutTd),

Easier problem:
Compute the expected value of f(D»).

Do = Hy —"1I5":
oo y@e—
\
—0.5 A0 f(0)—
\ works for
——0.254-2 f(=2)e— any function
l fi—g

[0.25][f(2)] + [0.5][f(0)] + [0.25][f(=2)] = 1,250
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Define: ¢(S) = 5e° + 52

Easier problem:
Compute the expected value of ¢g(D»>).

Do = Ho — 15 :
0.2542 g(2)
0.5 40 g(0)
0.254-2 g(—2)

[0.25][g(2)] + [0.5][¢g(0)] + [0.25][¢g(—2)] = Exercise
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Recall:

Goal:

f@s

= (500051 — 5000)

Qapproximately, E

Compute'the expected value of f(eflut1dy

New easier problem:
Compute the expected value of f(2).

7

—

1

V2

e=7%/2 gy - r f(x)—

Do this for

v

all x € R

/_OO ()] —L— e=2°/2 4y

0

= |

V2r
|/ @ = (5000@ — 5000) 4}

I[f(m)]le_xz/2 dr = exercise

O




Recall: f(S) = (50008 — 5000)

Goal appro><|materJ E
Compute'the expected value of f(ef

New easier problem:

Compute the expected value of f(Z2).

O this for
all x € R

BN e a2 a0

\VaPal\

Td)_




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expected value of f(eHutTdy,

New easier problem:
Compute the expected value of f(2).

7 .
Do this for

D
e~ T7/2 dp Az €T
/() all x € R

RS
)

works for
any exp-bdd
function

fi—g

B = s [ U@le /2o




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expected value of f(eHutTdy,

New easier problem:
Compute the expected value of ¢g(~2).

Z:
2 Do this for

L /20 g(x)

V2m all x € R
works for

any exp-bdd
function g
temporary change of color... 9

Elg(2)] = 5 /O; [9(2)] e=%°/2 d




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expected value of f(eHutTdy,

New easier problem:
Compute the expected value of ¢g(~2).

7 .
Do this for

D
e~ T7/2 dp Az €T
9(x) all x € R

RS
)

works for
any exp-bdd
function g

temporary change of color...

Elg(Z2)] = ﬁ /OO [9(2)] e=%%/2 da

— OO




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expected value of f(eHutTdy,

New easier problem:
Compute the expected value of g(~2).

Z: _
1 —z2/2 Do this for

—— ¢ dedzx g¢g(x)

V2m all x € R
Change every Z to = _22/5 works for
and then(inicegrate hz)| = e~/ aﬂfy exE_—bdd
against A(zx) dzx, T [ unction g
from —oo 13:30 oica 27

_ 1 [* —z2/2
BlgN = 4= [ e /2de




Recall: f(S) = (50008 — 5000)

Goal: appro><|materJ B

Compute'the expected value of f(eflut1dy
New easier problem: 9(X) X = Dn/VN
Compute the expected value of ¢g(~2).
o 2 Do this for
1 —x</2
—— € dr qx x
V2T 9(2) all x € R
WOrks for
any exp-bdd
function g

BlgN = & [ l@ie*/2da
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Recall: f(S) = (50008 — 5000)

Goal appro><|materJ E
Compute'the expected value of f(eHutTdy,
New easier problem: X =Dy/VN

Compute” the expected value of g(X).

approximately

7k
@ 1 22/ Do this for
—— e dedx g(x)

X V2T all x € R

works for
any exp-bdd

function g

Elg(X)] =

12

Blo(N = & [ l@ie/2da




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expéected value of

et

Td)_

New easier problem: SubgoalChoose gs.t.0]]

Compute*the expected value of g(X).

approximately

Elg(X)] =

BlgCO1~ 5= [ tane /2 da
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Recall:  f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expéected value of

write H, T
as expr.s of X

l

|

et

Td)_

: _ _ : —
New easier problem: Subgoal: Choose g s.t.:||g exp‘rbdd.

Compute~the expected value of g(X).

approximately

WOrks }for

any exp-bdd
function g

BlgCOl~ b= [ lae /2 da
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Recall:  £(S) = (50008 — 5000) 4 ac o & of x
Goal: Qapproximately, E 1 1
Compute'the expected value of f(eHutTd),

New easier problem:
Computethe expected value of g(X).

approximately

X|=|(H - T)/v/N N = 2,592,000
xv/ N X\/N
HAT =N ADD H+T=N ADD
NEGATE |—H +T = — XV N
2H = N+ XVN 2T = N — XN

BlgCOl~ o [ l@le ™ 2de




Recall:  f(S) = (50008 — 5000)

Goal: Qapproximately, B
Compute’the expec

New easier pro
h

elex'pected value/of g(X).

pproximately

H = [N + Xv}/2 T =[N - xVN1/2

N = 30 x 24 x 60 x 60 = 2,592,000

2H = N+ XvVN 21'= N — XN

DIVIDE BY 2 DIVIDE BY 2

BlgCO1~ o [ l@le ™ 2de




Recall:  £(S) = (50008 — 5000) 4 ac o & of x

Goal: Qapproximately, E 1 1
Compute'the expected value of f(eut1d).
New easier problem:
Compute’the expected va
approximately .
H = [N + X+/N]/2 T =[N - XVN]/2
X U X d
Hu = [Nu + XV Nu /2 AIfL)D
Td = [Nd — XV/Nd ]/2

Hu+Td=[N(u+d) + XvVN(u— 2
. NG o XN G )2

BlgCOl~ o= [ la@le ™ 2dr




Recall:  £(S) = (50008 — 5000) 4 ac o & of x
Goal: Qapproximately, E 1 1
Compute'the expected value of f(eHutTdy,

New easier problem:
Compute’the e

approxima

ed value of g(X).

XN /2 T = [N — XVN]/2
Hu+Td — [N (u+d) /211 XV N (u—d) /2]
— ;6N<ul(d>/2; (VN (u—d){2)X]

Hu J¢L Td
“Hu+Td= [N(u+d)/2] + [(XVN(u-~-d)/2]

BlCOl~ i [ e e




Recall:  £(S) = (50008 — 5000) 4 ac o & of x
Goal: Qapproximately, E 1 1
Compute'the expected value of f(eHutTd),

New easier problem:
Computethe expected value of g(X).

approximately

H =[N+ X+/N]/2 T =[N - XVN]/2
Hu+Td C J]g
eHutTd — [eN(u+d)/2) [e((/N(u_d) /Q)X] — kX

" Hu+Td= [N(u+d)/2] + [(XVN(u—d)/2]

BlyCO)~ 5z [ l@e = Rae




Recall:  £(S) = (50008 — 5000) 4 ac o & of x

||

Goal: approximately,
cted value of | f(eHuT1dy

Compute'the ex

Restatement of al:

Compute’the expected v
approximately

E = Elg(X)]~ A /_OO (@) e=*°/2 dz _




Recall: f(S) = (50008 — 5000)

Goal: Qapproximately, E
Compute'the expéected value of

Restatement of goal: |
Compute*the expected value of g(X).

approximately

N = 2,592,000 uw = 0.00003561536577
~0.00003561463419

£(.0573390439012

f(eH“ Td)_

1.00094857729.<

eHutTd — [eN(uFd)/2] [ N(u_d)/i)x] — kX

g(z) := f(Cer™)
f(efutld) = f(CePt) = g(X)

E = Elg(X)] ~ A /_OO (@) e~ *°/2 dz .




Recall: f(S) = (5000S — 5000)
\ = 5000(|S‘— 1),
g(x) := f(CeF) = 5000(Cer — 1)

1.00094857729

g(z) == f(Ce"?)

k

0
2
B~ / 5000(Cek” — 1) e /2 da
— O 7'y

_~0.0573390439012

E = E[g(X)] =

ﬁ /_O; lg(@)] e—*°/2 da

22




©. @)
2
b~ ﬁ /_ 5000(Cef* — 1) e ” /2 da

5000 foo 0 2 5
411 J — 0O
1.00094857729§C k40.0573390439012

k40.0573390439012

1.00094857729§C 23




1 > >
b~ —F—— / 5000(06’“ — 1)_|_ e & /2 dax
s OO

k

1

00 / 2
__ 5000 —22/2 g

~0.0573390439012]

00094857729 < a=—nC)/k

= —0.0165354585751

24




©@)
2
Er / 5000(Cek” — 1) e /2 da
— OO

2
— 5000 kr 1) e—T°/2 dp
__ 5000 [°° .
— Von (Cekx—l)e x/zda’;
M
2 0 2
0055000 C/ kx ,—x</2 1. _/ e—T%/2 da’:]
a
_1_.660_9_4_85??55;_ - _0.0573390439012 [
kT 4= 20.0165354585751




1.00094857729 _0.0573390439012 26
O k¥  a=-0.0165354585751




NEGATE\THE LOWER

DON’—I— LIMIT
- FORGETW 2P (+a)
5000 B —22/2 .2/
F ~ =F= exex/da’;—/ex/daz
27T C (0n <
B — — THE LOWER
Q) LIMIT

ok (z+k) 6—(m+k)2/2 A
k2 e_x% o—k? /A KT

THE LOVVER LIMIT

:cb(k: —a)

DON'T NEGATE THE LOWER
FORGET LIMIT

1.00094857729 _0.0573390439012 27
O k¥  a=-0.0165354585751




\/%2(—&)

5000 X e _22/9 /OO 2
E ~ T o1/ - x=/2
o C/a e"te dx i e dx

_—

—

/OO k(z+E) —(:c—l—k)2/2 T
k— —
ok? o—22/2 ,—k? /2
e
ok? /2

T/%CI;(; — a)J

1.00094857729 _0.0573390439012 28
O k¥  a=-0.0165354585751




5000 b —22/D / _22/5
E ~ T o1/ - x=/
/—QWCae e dx i e daz]

1.00094857729 _0.0573390439012 29
O k¥  a=-0.0165354585751




%g(.—a)

o0 o0
b=~ Eﬁ% C/a ekxe_an/Qda:‘ —/ 6_372/26133]

a

_—

ekQ/Q)%CD(kz —a)

59;\7252 0.52944 0.5066

v ly k2/2\ s N —
=5000|C e/ 2Pk —a)] *+ [P(=a)] ]
07387450247 0.0165354585751

k= o= 20.0165354585751




Coin-flipping game: Flip a fair coin N times.
[T H heads and T tails,

e” = 1.000000001 O
N = 2.592. 000 pay f(u"d"),
b = 30 days from now.
"NV =expected payout =: E = 777

V =e¢"™VE approx.

‘H‘II

discounted expected payout

V = e "NE ~120.757060394
1.000000001

N
e’

121.0704638706 e~ ™N =70.997411356336
exact answer?l soon. ..

E=~=121.070463876
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N = 30 x 24 x 60 x 60 = 2,592,000




Scenarios with 3 upticks and N — 5 downticks:

There are (N) of them.

J

Each has (ri/s/k-neutral) probability:—(0.5)7(0.5)N 7
/

prob.  _ (N) (0.5)7(0.5)N—i

V = e ™ x120.757060394
1.000000001

N
e’

e ™ = 0.997411356336

exact answer?
F~121.07046876

32

N = 30 x 24 x 60 x 60 = 2,592,000




Scenarios with 3 upticks and N — 5 downticks:
In(stock price) starts at 0O,

£(8) = 5000(8Nju + (N —j)d
stock price ends atiedut(VN—=j)d

option pays 5000(e/4+(N=7)d _ 1)

N = (N) (0.5)(05)N—1 ~— ~

J.N—73 \j ending value of hedge

V = e ™ x120.757060394
1.000000001

N
e’

e~ ™N = 0.997411356336
exact answer?

E=~=121.070463876
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N = 30 x 24 x 60 x 60 = 2,592,000




Scenarios with 3 upticks and N — 5 downticks:
E — (risk-neutral) expected ending value of hedge

To compute it, multiply this by this,
then add over/ = 0,. \N.

option pays 5000(ej“+(N_j)d — 1)_|_

Y
ending value of hedge

prob.

— 0.5)7(0.5)N—J
i N_j | (0.5)7(0.5)

V = e ™ x120.757060394
1.000000001

N
e’

e~ ™N = 0.997411356336
exact answer?

E=~=121.070463876
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N = 30 x 24 x 60 x 60 = 2,592,000




Scenarios with 3 upticks and N — 5 downticks:
F = (risk-neutral) expected ending value of hedge

option pays

 prob. _ 10.5)7(0.5)N—J
T

o compute it, multiply this by this,
then add over/ = O,..\N.

5000 (e/ut(N—j)d

— 1),

~ -

ending value of hedge

BExact angwer:

V =e "/ E ~120.757060394

J_ii = (JJV) [(0.5)7(0.5)N—J ‘5000(63'“4”—3')‘1 —1)

exact answer?
F~121.07046876

N = 30 x 24 x 60 x 60 = 2,592,000
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V = e "™FE ~120.757060394
% — 0.00003561536577

Exact answer: (0.5)N ld = —0.00003561463419
N _A
N ' , N\ . .
E=Y ( | )[(0.5)3(0.5)N—J]5000(eﬂu+(N—J)d — 1)y
j=0 \

— 121.1129585417487 le "N = 0.997411356336
E~121.07046876
N = 30 x 24 x 60 x 60 = 2,592,000
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Another Central Limit Theorem application:

Recall: Sg =1 is the initial price of the stock.

Let S1 denote the price after one year.

Exercise: Compute E[S1], approximately.

V = e "™E ~120.757060394

v = 0.00003561536577

Exact answer: (0.5)" |[d = =0.00003561463419
- N - _A N . .

E=Y ( | )[(0.5)3(0.5)N—J]5000(eﬂu+<N—J)d — 1)y
0o \J

P

E=12

V =

:

1.1129585417487 le ™ = _0.997411356336

37

e ™ ET=120.7994402 B




Market analyst: annual vol = 0.200002881086
annual drift = 0.03399864624

Recall: Sg =1 is the initial price of the stock.

Let S1 denote the price after one year.
Exercise: Compute E[S1], approximately.

V = e "™E ~120.757060394

Exact answer: (0.5)N d = —0.00003561463419

N A

v = 0.00003561536577

E=Y (]JV) (0.5)7(0.5)N=715000(efut(N=i)d _ 1)y

j=0
— 121.1129585417487
E~121.07046876

e "™V = 0.097411356336

V=c"™E =1207994402m X
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Market analyst: annual vol = 0.200002881086
annual drift = 0.03399864624

Recall: Sg =1 is the initial price of the stock.

Let S1 denote the price after one year.
Exercise: Compute E[S1], approximately.

Solution: By the Central Limit Theorem,

InS1, being a large sum of iid PCRVs,
IS approximately normal.

T hen exponentiation
nearly almost commutes with

expectation E}n S1] 4 & Var[in Sq]
S
That is, E[e"51] & ¢AE[INS1]

39

That is, E[Sq] ~ e=[In S1]+35Varl(in 51]




Market analyst: annual vol = 0.200002881086
annual drift = 0.03399864624

Recall: Sg =1 is the initial priceg of t
Let S1 denote the price after one
Exercise: Compute E[Sq],

ne stock.
year.

pproximately.

Solution: drift vol Squared
E[S] ~ JE[In S SJ+§)/ar[ln S1]

_ (0.03399864624)+5(0.200002881086)°

E[Sl] ~ eE[In Sl]—l—%Var[ln S1]

40




Market analyst: annual vol = 0.200002881086
annual drift = 0.03399864624

Recall: Sg =1 is the initial price”of the stock.

Let S1 denote the price after/one year.
Exercise: Compute E[Sq], imately.

Solution:
1
E[Sl] ~ eE[Insl]_l__
-(0.03399864624)+5 (0. 00002881086)2

54837831
Expected anndal return j$ about/5.5%.
Annual drift’'is 0.03399864624.
Annual ayugmented dyift is, by definition,

(0.03399864624) + 5(0.200002881086)2

b

annual risk-free factor = e@nnual augmented drift




