Financial Mathematics

Introduction to
the Black-Scholes formula



Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one-share of a stock with current price Sj.

(Typically, Payoff: f(8) := (S — K)4

e.g., T'=1/4:

annual drift = ug

Market \].. T e

.= drift-aqver ears = ugl’

a .

Banker: ann. arithmic risk-

volatility over-F.year oAk

free factor=1»

r= factor over T' years = re/4
Given tous: peR, c>0,7r>0 t
We select: p € (0,1) qg.=1-— ANNUAL
vintegers n > 1, Centrality of BS!
— For any choice of p € (0,1),
n-subperiod (p, q) N o0 _Black-Scholes
CRR model model

Goal:lim nth option

price, as n — oo

Describe the model,

its |pricing 2
and its hedging.




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price 5.

Payoff: f(S) .= (S - K)4+

annual drift = u«
Market analyst: { annual volatility = o«

p .= drift over T' years = T
o = volatility over T years = o<V T
Banker: ann. logarithmic risk-free factor = ry
r := log. risk-free factor over T years = rx1’
Giventous: pueR, c>0,r>0
We select: p € (0,1) g =1-—p
vintegers n > 1,

. P
n-subperiod (p. q) stock price: § xg

CRR model

change to P ;51 + un
Goal:lim nth option In(stock pr): ;s‘< 3
q

price, as n — oo




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price 5.

Payoff: f(S) .= (S - K)4+

annual drift = u«
Market analyst: { annual volatility = o«

.= drift over T' years = 4T
o = volatility over T years = o<V T
Banker: ann. logarithmic risk-free factor = ry
r .= log. risk-free factor over T years = rx1’
Giventous: pueR, c>0,r>0
We select: p € (0,1) g =1-—p
Vintegers n > 1, drift over T'/n years = u/n

n-subperiod (p. q) volatility over T'/n years = o/y/n

CRR model

change to ;S( —|- Un
Goal:lim nth option| In(stock pr): ;s‘< 2

price, as n — oo 4+ dp,




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price 5.

Payoff: f(S) .= (S - K)4+
Market analyst: { annuaanlnvuoalla‘g[llg — g:
.= drift over T' years = 4T
o .= volatility over 1" years = oV T
Banker: ann. logarithmic risk-free factor = rx
r = log. rsk<free factor over T years = rx1’
Given to ug ¥

We sele 'e(o :
vVintegefs' n > » over T'/n years =pu/n
attiraver F/n years = o//n

pun + qdn = p/n

change tO

Goal:lim nth option
price, as n — oo

In(stock pr):¥

Q
o
_|_
&
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Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price 5.

Payoff: f(S) .= (S - K)4+

annual drift = u«
Market analyst: { annual volatility = o«

.= drift over T' years = 4T
o = volatility over T years = o<V T
Banker: ann. logarithmic risk-free factor = ry
r .= log. risk=free factor over T years = rx1’
Given to U e R, o0, r > 0

We selec @4 gr<1—p
' over T'/n years = u/n
r /n years =o/+/n

vPa un dn) _ U/V_Ehange to § 1 Un
Goal:lim nth option| In(stock pr): F<x .
price, as n — oo ¢ ~4 +dy




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price 5.

Payoff: f(8) = (S —K)4

annual drift = u«
Market analyst: { annual volatility = o«

.= drift over T' years = 4T
o .= volatility over 1" years = oV T
Banker: ann. logarithmic risk-free factor = ry
r .= log. risk-free factor over T years = rx1’
Giventous: pueR, c>0,r>0
We select: p € (0,1) g:=1—0p , _
vintegers n > 1,  pup + qgdp = p/n | &2/0ration:
— _ Solve for
pun + qdn, = u/mﬁ(u” —dn) =0/v/n un, dn later. ..

/m(fnm —d N =n~/./n
Vrp, := logarithmic interest rate over T'/n years = r/n

Goal:lim nth option -
price, as n — ocoption price, as n — oo
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e
e{rn edn e mn ern
eun _“ edn eun\_ edn
| |
. RN uptick RN downtick _—. an

Pn = probability probability

Giventous: pueR, c>0,r>0

We select: p € (0,1) g =1-—0p | o

vintegers n > 1,  pup + qgdp = u/n | &2!0ration:
Solve for

VPa(un —dn) = o /y/n un, dn later. ..

rn .= logarithmic interest rate over T'/n years = r/n
8

Goal:lim nth option price, as n — oo




Goal:lim nth option price, as n — oo

ed’n e"“n eun
— _A J

v Y

e{rn — edn eun —_— er?’b

eln — efn eln — efn
| |

.— RN Auptick RN do*vntick —.
Pn = probability probability - dn
Givento us: pelK, c>0,r>0

We select: p € (0,/1) g =1-—0p

Vintegers n > 1, /| pun + qgdn = p/n
| rm =T/n
pa(un — dn) = o/ 3/
ern . edn e’Uﬂn, . e?"n

rn Pn — dn — —1—pnr"/’n

eln — edn etn — edn
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Goal:lim nth option price, as n — oo




Goal:lim nth option price, as n — oo

| |
| | |
ed’n e"“n eun
— _A J
~ Y
e — efn eln — e'n
elin — efn elin — efn
| |
.— RN uptick RN downtick _—.
Pn = probability probability - dn
— P
p/n
™m =T/N
o/\/n " /
eln — e'n
eun — edn L= pn
10

risk neutral probabilities




Goal:lim nth option price, as n — oo

n .— in#ial value of hedge = nth option price
- i final price _ un\7 ( ,dn\n—7
Goal: nl|_|’>noo Vi of underlying — ©0 (etn)d (e )
r = logarithmic interest rate over 1' years

Vhe” = RN expected final value of hedge
— i [RN probJ [ payout ]
— 7,m— ] 7»n—J
7=0

;)

Giventous: pueR, c>0,r>0
We select: p € (0,1) g =1-—p
Vintegers n > 1, pun + qgdn = p/n

\/_(Un dn)—a/\/_ rn=r/m
_er — ed _elin —eln
pn\— etn — ed'”’ / " eUn — edn 1—=pn
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risk neutral probabilities




Payoff: f(S) = (S - K)4 Sgedunt(n—75)dn

Vi = initial value of hedge |
T final price dnp\n—
Goal: n||—>moo Vn of underlying — )7 ()7
r .= Iogarithmlc iInterest rate over 1" years

[]an_]
( ) nQn ]]

Given toas pweER, c>0,r>0
We select: p € (0,1) g:=1—0p
Vintegers n > 1, pun + qgdn = p/n

f(Soejurz+(n_])drz)]

IMMIM

/P (’U/n, dn) — O'/\/_ n :’I"/’I’L
- e — ein _elin —eln
pn\— en — edn / " en — edn 1—=pn
12

risk neutral probabilities




f(8) == (58— K)y

Goal: Iim V,
n—oo

r .= logarithmic interest rate over 1’ years

\/ e
) n n | _ f(S) : (S_K)—l—
VET=1S ( ) (9 g ][ (Sgedtint(n=i)dn)]
=0

mn

— n -7 S ejurz,+(n_j)dfrz,
) (j) whar ] [£(So )]

j=0

Giventous: uelR, c>0,r>0 Goal: lim Vj,

We select: p € (0,1) g:=1—7p e

Vintegers n > 1, pun + qgdn = p/n
rm =T/n
\/PQ(’U% dn) = o/y/n
- e'n — edn _elin —eln
pn_e“n—edn qn_e“n—edn_l_pn
\ / 3

risk neutral probabilities




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

= |logarithmic interest rate over 1’ years

CRR Option Pricir;)}g Formula: f(S) = (S — K)
Va=eT")_ ( )[P% “I[f (Sl i ”d”)]

7=0

This gives us V,,. Next ...

Giventous: uelR, c>0,r>0 Goal: lim Vj,
We select: p € (0,1) g:=1—p R
Vintegers n > 1, pun + qgdn = p/n

\/ (’U/n, dn) — O'/\/_ 'n = ’I"/’I’L
_eln — ed _elin —eln
pn\— eln — Bd'”’ / " eUn — edn 1—=pn
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risk neutral probabilities




Description of Black-Scholes: We price and sell a

T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

r .= logarithmic interest rate over 1’ years

K
Let K’ := present value of strike = —.
(&

bogus at the money quotient ;= S5/ K
at the money quotient := Sy/K’

logarithmic at the money quotient := In(Sy/K")

Giventous: uelR, c>0,r>0 Goal: lim Vj,
We select: p € (0,1) g =1—p s
Vintegers n > 1, pun + qgdn = p/n rn = r1/n
\/PQ(Un—dn) =(7/\/ﬁ "
erf’n _edn GUn . e?"n
pnzeuﬂ_edn qn:eun_edn_l_pn
\ / T

risk neutral probabilities




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

et K = K
et KT - In% /K"
Black-Scholes center = 0
O

logarithmic at the money quotient := In(Sy/K")
Giventous: pueR, c>0,r>0 Goal: Ilim V,

We select: p € (0,1) g =1-—p B
Vintegers n > 1, pun + qgdn = p/n B
\/PCJ(Un —dn) =0/y/n rn=r/m
e — ein eln _ oTn

\ etn — edn / eln — e

risk neutral probabilities




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

K In(So/K’
Let K/ :==—. Letdy = (So/K) + 2
e’ o 2
In(So/ K’
Black-Scholes center := 0/K)
o)

Black-Scholes interval := (d_,d )

logarithmic at the money quotient := In(Sy/K")
Giventous: pueR, c>0,r>0 Goal: Ilim V,

We select: p € (0,1) g =1-—p =
Vintegers n > 1, pun + qgdn = p/n .
\/p_q(un—dn)=a/\/ﬁ rn=r/n
e — ein eln — e'n
Pn — dn — dn — 1 —pn

\ etn — edn / eln — e

risk neutral probabilities




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

K In So/ K’
| Let K':="—. Let ds (So/K) + 2.
Giventous = e" O, . _O_.. ... 2/
We select: p € (0,1) g:=1-— L=
Vintegers n>1, pun + gdn = ,u,/n
rm =17/n

\/P_Q(Un dn) = 0/\/_

Pn — — — 7. q

I ( "IICT@.H\Q,?”{'; eun_ed i
R R s o o = f(8) = (5 = Ky
ity — e 3° ( )[p% Jl[f(SoeJ'“’”H” ﬂdn)] _
j=0__H___ '

\ < et v - /

n — r’ — = 1 — '
P eln — edn € in eun — edn0 P
18




Description of Black-Scholes: We price and sell a
T-year (European) call option, struck at K,
on one share of a stock with current price Sp.

Giventous: ueR, c>0,r>0 Goal: lim Vj,
We select: p € (0,1) g =1—0p B
Vintegers n > 1,  pun + qdn = p/n /
™' — T /1
\/PQ(’U% —dp) = 0/\/5 "
B eln _ edn B eln,/ oTn

CRR Option Prici%g For?n;ula: | | (S) = (S _ K)-|-

Vh=reT"), (j) [phap 211 f (Sge?vnt{n=a)dny)

7=0

IN(Sq /K’
Theorem: Let K’ 7( Let d+ 1= (So/K7) + E_
e’ o 2

Then lim Vp = Sol®(dy)] — K'[®(d_)]. | *

n—oo




Remarks: verison zero
This is the Black-Scholes
Option Pricing Formula.

Several proofs offered,
in later lectures.

Giventous: ueR, >0, r>0 Goal: Iim Vj,
We select: p.e (0,1) g:=1—p A=
Vintegers n >\1,  pun +qdn = u/n = 1/n
v/ P4 Pq(un — dn)—a/\/_ "
. n o elin —¢eln
pﬂj—e_u?_ed\ qn_e“n—edn_l_pn
CRR Option Pncw;)/g For?n; a. f(S) — (S K)
Vo= ey ( ) g =I1[ (Spelt(n=i)d)
j=0 \J
K In(Sq /K’
Theorem: Let K/ := —. \J\et dt+ = (So/K7) + 2_
e’ o 2
Then lim Vyp =|So[®(d4)] - K'[®(d-)]. | *




Remarks: verison zero simplicity, NOTE:
This is the Black-Scholes k—rhis does not

Option Pricing Formula. d
epend on
Several proofs offered, 0 ([))r pcentrality
\ in_later lectures. '
Given tous: peR, >0, r>0
We select: p.e (0,1) g.=1—p
vVintegers n >\1,  pun + qdn = p/n . r/n
\/pQ(Un —dp) = U/\/;fb "
ern — dn eun | er’n
pn:eun—e‘b\ qn:e“n—edn_l_pn
CRR Option Pncn’Tng For?n; a. | | f(S) :‘ (S _ Kd)+
A ( ) I qp I [f (SgenHn=3dn)]
j=0 \J
K IN(Sn/ K’ o
Theorem: Let K' := —. \J\et d+ == (So/K) + —.
e’ | o 2
21

Then lim V, =|So[P(dy)] — K'[P(d-)].

n—oo




Remarks: inputs: u, o, r, p, Sp, K

NOTE:

/ThIS does not
depend on

outputs: Vi, Vz“®/
asymptotic output: V = nILmOO Va [ Or p.
Given tous: pn€R, 0 >0, r>0
We select: p € (0,1) g.=1—p
Vintegers n > 1,  pun + qdn = p/n . r/n
\/ Pq(un — dn)za/\/ﬂi "
_er —8 _eun_ern
pn_e’“’n—edn qn_e“n—edn_l_pn
CRR Option Pricir;Lg Formula: f(S) (S _ K)-|-
Vi, —=e " Z ( ) [p% J][f(soe]ufz+(n—3)dn)]
7=0
K In(Sq /K’
Theorem: Let K':="—. Let d4 :== (So/K7) + 2_
e’ | o 2
Then lim Vyp =|So[®(d4)] - K'[®(d-)]. | ?




Remarks: inputs: u, o, r, p, Sp, K

NOTE:
his does not

outputs: V7, Vz,y/gepend on

asymptotic output: V =
nN—00

Iim V,

{1 or p.

Given tous: pn€R, 0 >0, r>0

std to use

We select: p € (0,1) q.=1-—p vélNelx\lnchjA;rthgrrelg:
Vintegers n > 1,  pun + qdn = p/n .
vt —d) =o/vg
e — ed ein | — e
pnze’u,n_edn Qn:eun_edn—l—pn
CRR Option Pricir;Lg Formula: f(S) (S _ K)-|-
Vi, —=e " Z ( ) [p% J][f(soe]ufz+(n—3)dn)]
7=0
/
Theorem: Let K’ := 5 Let dy == In(So/K) + 2
e’ | o 2
Then lim Vyp =|So[®(d4)] - K'[®(d-)]. | ®




Remarks: inputs: u, o, r, p, Sp, K

.= lesser drift over 1T' years = ugl’

o := volatility over T years = Vi_ﬁ\
' to use
Giventous: ueR, c>0,r>0 ANNUAL drift.

We select: p € (0,1) g.=1-—p vol and interest
Vintegers n > 1,  pun + qdn = p/n

rm =T/nNn
\/PQ(’U% dn) = o/\/n " /
_e"“’”—edn o elin —¢eln
pn_e’“”n—edn qn_e“n—edn = 1= pn

CRR Option Pricir;)}g Formula: f(S) ;= (S — K)
;) e

Vh=1eT)_ ~I)[f(Sgetnt{n= J)d”)]
j=0

In(Sg/ K’
Theorem: Let K' := 5 Let dy 1= (So/K7) |

o
e’ o 2

Then lim Vp = Sol®(dy)] — K'[®(d)]. |

n—oo




Remarks: inputs: u, o, r, p, Sg, K po= pst’

O — O'*\/T

— logarithmic interest rate over T years = ngl’
‘ o — U*\/T \ ‘

: . td t
Giventous: pn€R, 0 >0, 7r>0 ANN%AL\;%@
We select: p € (0,1) g.=1—p vol and interest
Vintegers n > 1,  pun + qdn = p/n rn = r/n
\/ pq(un — dn) = 0/\/_ "
_eln — ed o elin —¢eln
pn_e’“”n—edn qn_e“n—edn_l_pn

CRR Option Pricir;zg Formula: f(S) ;= (S — K)
;) e

Vh=1eT)_ ~I)[f(Sgetnt{n= J)d”)]
J=0

In(Sg/ K’
Theorem: Let K' := 5 Let dy 1= (So/K7) |

o
e’ o 2

Then lim Vp = So[®(dy)] — K'[®(d)]. |

n—oo




Remarks: inputs: u, o, r, p, Sg, K po= pst’

_ O — O'*\/T
InDUtSZ T, MUx, Ox, Tx, D, SO, K r =’T'>[<T
‘ \\ \\ \\ td t ‘
Given tous: peR, o>0,r>0 std 1o use
’ ' ANNUAL drift,
We select: p € (0,1) q .= 1\Yp vol and interest
Vintegers n > 1, pun + gdn :\,u,/n
rm =T/n
\/PQ(’U% —dp) = 0/\/5
eln _ edn eln _ oTn
pnze’u,n_edn Qn:eun_edn—l—pn
CRR Op&ion Pricir;)}g For?n;ula: | | f(S) = (S _ Kd)+
Voo 3 ( ) [P [f (Sgelunt (n=)dn)
j=0 \J A\
N K o
Theorem: Let K’ :=\§§. Let d+ 1= (AS\O/ ) + >
(& O

Then lim Vp = Sol®(dp)] — K'[®(d_)]. | *

n—oo




Remarks: inputs: u, o, r, p, Sg, K po= pst’
o= ox\VT
inpUtS: T, MUx, Ox, Tx, D, SO, K =’T'>[<T

T~ : std to use
Given tous: ux €R, 04 >0, r« >0, T >0 ANNUAL drift
We select: p € (0,1) g.=1-—p vol and interest

vVintegers n > 1,  pupn + qdn = usT'/n

V(i — dn) = 0T/ rn = raT/m

_eln — edn _ein—e'n 1
b= etn — edn n = etn — gdn — = T P11
CRR Option Pricir;zg Formula: f(S) ;= (S — K)

Vi, —=e " Z ( ) [p% J][f(SOeJUn+(?’L J)dn)]

7=0
K In(Sy/ K’ VT
T.Let di = (So/K7) T O :
el valk 2

Theorem:Let K/ :=

Then lim Vi, = Sp[®(dy)] — K'[®(d-)]. |7

T — 00




Remarks: NOTE:
_ (V does not
Inputs: I', pux, ox, %, P, depend on
asymptotic output: V — nl|_>mOOV Usx OF p.
Given to us: ux €R, ox >0, r« >0, 1 > 0
We select: p € (0,1) =1-p
. > _ ,
Vintegers n > 1,  pun + gdn M*T/;z, rn = rT'/n
VPa(un — dp) = oxVT /\/n
B eln _ edn B eln | oTn
pn_e’“’n—edn n_e“n—edn_l_pn
CRR Option Pncw;)/g For?n;ula: | ’ f(S) :‘ (S _ Kd)+
Vn=1¢eT)_ ( j) [, g ) [f (Sgef vnt (nm3)dn)y)]
7=0
K INn(Sy/ K’ T
Theorem:Let K/ := Let d&i = (So/K7) + J*\/_.
GT*T v O’*\/T 2
Then lim Vi =|Sol®(dy)] — K'[®(d)]. | *




Remarks: NOTE:
Centrality and simplicity of BSI— V does not
inputs: T, ux, ox, r«, p, S, K depend on

asymptotic output: V = |Iim Vj,, Usx OF p.

17— 00

Given to us: ux €R, x>0, r« >0, T >0
We select: p € (0,1) g.=1—p
vVintegers n > 1,  pupn + qdn = usT'/n

\/CZ;_(](’U% — dn) — 0'*\/_/\/_

- ern — . € — €
pn_e’“’n—edn qn_e“n—edn_l_pn
CRR Option Pricing Formula: f(S) ;= (S — K)

Vi, —=e " En: ( ) [p% J][f(SOeJUn+(?’L J)dn)]

J=0
K In(Sn/ K’ VT
T.Let di = (So/K7) T O :
el oxV 1 2

Theorem:Let K/ :=

Then lim Vi, = Sp[®(dy)] — K'[®(d-)]. |7

T — 00




Remarks:
Centrality and simplicity of BSI—

inpUtS: T, Mx, Ox, Tx, D, SO, K
asymptotic

NOTE:

V does not
depend on

|I’1(SQ/K’)

K
er*T'Let di =

U*\/T
So[®(d4)] — K'[®(d-)]

O'*\/T
2

30




Remarks:

Centrality and simplicity of BSI—
asymptotic output: V := Ilim Vj,
n—00

NOTE:

V does not
depend on

inputs: T, ox, r«, Sg, K

Let K/ 1= K
e L= e’r’*T'
In K’ VT
Let dt = (So/K7) T o :
O'*\/T 2

output: Sg[®(dy)] — K'[P(d-)]

31




inputs: T, ox, r«, Sg, K

Let K = K
e =T
In K’ VT
Let dt = (So/K7) T o :
O'*\/T 2

output: Sg[®(dy)] — K'[P(d-)]

first version of Black-Scholes

32




TAKE In OF BOTH SIDES

inputs: T, &%, m+ 50 /

Lot K= B 4%_1‘( kel
/ SE;*(T.
NONSTD /
I K
Let dt = 29, mm

O x
output: So[®(dy)] —IK][P(d-)]
first version of Black-Scholes N

T*T

[|n(So/K)] ‘|‘ Tsd’

O'*\/T

4 O'*‘\/T

SolP(dy)] — [Ke ™

[P (d-)]

33




inputs: T, ox, r«, So, K

(IN(Sg/K)] + r«T . os/T

O'*\/T 2
[IN(So/K)] + T | o« T
0'*\/T N 2 |

output: So[®(dy)] — [Ke ™ ][ (d-)]
second version of Black-Scholes

Sol®(dy)] — [Ke ™" ][®(d-)]

Let dt =

34




inputs: T, ox, r«, So, K [In(F/K)]
forward price on stock T
Let [F]:= Sge™!. eI’ VT
N %

Let d+ : [In(SO‘?‘%M J*;/T.
output: So[R(d4)] — [Ke [ [P(d-)]

second version &f Black-8ch

=

il

//
[®(d4)] — K[®(d-)])

o‘1~_e(s \ GONE
IS e

[®(d4)] — K[®(d-)])

O’*\/T
2

35




inputs: T, ox, r«, Sp, K [(In(F/K)]

forward price on stock

Let [F]:= Sge™!. oxV 1T
Let dot 1= In(F/K)] T 7 VT

forward price on option
output: e~ ([FI®(d)] — K[P(d)])
third version of Black-Scholes

e T (Fle(dy)] = K[ (d-)])

O’*\/T
2

36




inputs:
Tl Ox, T, SOr K

inputs: T, o«, r«, So, K
forward price on stock

Let

Let

d+

Fl.:= Spe

T*T.

IN(F/K)] | 0T

out

r e

O'*\/T o 2

forward price on option

HFe@T — K]

)])

-

third version of Black-Scholes
[In(F/K)] n oxVT

Let dy =

output: e

—Tx

forward price on option

([FT®(d )] — K[®(d)])|)

third version of Black-5Scholes

FORWARD
FORMULA

37




inputs:
Tl Ox, T, SOr K

Let K 1= K
e = er*T'
IN(So/K") |, 0sVT  |prESENT
Let d4+ 1= + .
+ O'*\/T > FORMULA
output: Sp[®(dy)] — K'[P(d-)]
first version of Black-Scholes

IN(Sg/K)] + rT N oxvVT
o T 2

output: So[®(dy)] — [Ke ™ ][ (d-)]
second version of Black-Scholes

Let di =

forward price on stock
et [F]:= Sem+I .

__[In(F/K)] ia*\/f

forward price on option

et d+ :

FORWARD
FORMULA

output; e~ (F[CD(d_|_)] — K[Cb(d—)])

third version of Black-5Scholes
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inputs: inputs:

T, ox, «, Sg, K EBEIS\/IEUNL—I/_A o, r, So, K
!/ K /
Let KW' 1= . Let K/ 1= —.
GT*T e’f'
IN(So/K") | 0sVT |pPRESENT In(So/K") | o
et dy 1= + . OBMILUIT A 1= + —.

+ o/ T > FORMULA - 5
output: Sp[®(dy)] — K'[®(d-)]| |output: Sp[P(dy)] — K'[P(d-)]
first version of Black-Scholes version zero of Black-Scholes

- PRESENT FORMULA
_ In(So/K)] + 7T | 0uvVT TIME NORMALIZED
Let di = + :

output: So[®(dy)] — [Ke ™ ][ (d-)]
second version of Black-Scholes

forward price on stock
et [F]:= Se™T .

_[In(F/K)]  oxVT

et d+ : +
+ oo/ T > FORMULA
forward price on option
output: e ([F[®(dy)] — K[P(d)])) ”

third version of Black-5Scholes




