Financial Mathematics
The Triangular Central Limit Theorem




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € 7 le””‘_pn] NS.

Then Y, — Z in distribution.

Def’r/ Vp,q € |0, 1], By = U ngg 2
q

medns: E[¢(Yn)] — El6@)],

YV bdd contin. ¢ : R — R

_____________________________ 1 2
equivalent: Fé[Yn] — Fo[4! gep%t, 3s/gt




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,pe,p3,... € (6,1 —¢).

For all integers n > 1, let\Y, € [ B

Then Y, — Z in distributi

Def’r/ Vp,q € |0, 1], By|:= U ngg 2
q

/

medns: E[¢(Yn)] — \/L / [cb(:c)]e—xQ/? iz,

equivalent: Fé[Yn] — e t2/2.




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,pa,p3,... € (e,1 — ).

Y] =
Yo =
Y3 =
Def'n: Vp,q € [0, 1], <
st.p+q=1
The iid sum of the iid sums of 9

general binaries S the union of  g5acific binaries.

yrBy =" U By =U "B

d<u d<<u




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € 7 lej’”‘_pn] NS.

Then Y, — Z in distribution.

st.p+q=1 d<u

Def'n: Vp,q € [0, 1], Byl = U Bgﬁ <
q

The iid sum of the iid sums of

general binaries S the union of  g5acific binaries.

sy =2t UB=U "5

d<u d<<u




Th'm (ACLT): (Triangular Central Limit Theorem)

Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € [Z” Bpipn] ﬂS

Then Y, — Z in distributiow

Pf: Vn, choose d,, < 4

n P, Un _ﬁn\/ﬁ
Y, € Y5 P
Def'n ‘v’p,qE[O o= UBg: D
d<u
P .-— Pn !
q .— Qgn




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € [X"BY" 1NS.

\ —Prny
Y

= X8, V]

— n RPn,Un i .
T {Z BQ’ngdn] /\/ﬁ Ne)lgnsc}efz?ﬁ, dn,.




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € [2" Bp_pn] NS.

Then Y, — Z in distribution. /

Pf: qn ‘= 1 — pp, qn ‘= 1 — pp,
e Xy v NS
([Z”Bp’”’ " Vm) NS £ 0 un > dn

n RPn,Un Next step: 8




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € 7 Bpipn] NS.

Then Y, — Z in distribution.

Pf: qn ‘=1 — pp, Up, > dp,

(izn Bﬁ;?:dnl /x/ﬁ) NS #0

identically distributed

renormalized

Z’I’L Bpnv n] /Vn| C & iid.sum preserves and

o reflects| standardness

Bpn ’d C S Next step: 9
T

qn’ Fll’ld Un,, dn




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € 7 Bp’”’_pn] NS.

Then Y, — Z in distribution.

Pf: qn ‘=1 — pp, Un > dp
YoYe s B v/
Pn,U
qudn Cc S
Pn,Uw | —_—
E Bqn,dn_ =0
[ 12Pn,Un| __
var ngﬁﬁ __1 S Next step: 10




Th'm (ACLT): (Triangular Central Limit Theorem)
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € [X"BY" 1NS.

_pn

Then Y, — Z in distribution.

Pf: qn ‘=1 — pp, Up, > dn
n,Un PnUn T (g dn =0
Yo €SBy 0] /v o
p’nun T Qndn — 1
Bpn,un C S Solve for uy, d.
dn.,an —
) ) exercise:
E [571] =0 un = \/qn/Pn
) dn — —\/pn/qn
Pn,Un | __
Var _qudn_ = 1

Next step: Show| 11




Th'm (ACLT): (Trigq, go, g3, - .

0 < un </(1—¢)/e

M .= \/(1 —¢)/e

—\/(1—e)/e < dn <@

. € (g,1 — g)prem)

Un

PnUn T
2

p’nun T ¢

dn, Un, &

Un — \/(}n/}?\L > 0
dn = —\/Zgn/xfln

Mext step:Show| 12
unFind Fé[Yn]l.




Th'm (ACLT):

Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € [ BY” pn] N S.

Then Y, — Z in distribution.

Pf: qn ‘=1 — pp,
[Zn Bp’na n] /\/ﬁ pnu’g
PnlUy
F6 By
M = \/(1 —¢)/e

= /(1 -e)/e
T Qndn =0
T qnd% =1

dn, Uun € (—M, M)

Next step: 13
Find Fo[Yn].




Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € [ BY” pn] N S.

Then Y, — Z in distribution.

Pf: gn =1 — pn M:=,/(1-¢)/e
. Un + gndnp, = 0

{Zan;n}/\/ﬁ png qfn,frzz,
pnun T Qndn — 1

Falyi]=o S

an.c ¢(t) 1= ppe~tunt 4 gpe~idnt
pn 7 Un z" 4

[ pnztn 4+ gpztn it
A dn, z0n Next step: 14

Find Fo[Yn].




Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € [ BY” pn] NnS.

Then Y, — Z in distribution.

Pf: gn =1 — pp M = \/(:Cli—e)ée
N, PnUn T gnan —
{Zn Bp n] /\/ﬁ pnuq% T qnd% =1
FoBal = o) fig’pfj_fnt(jﬁi‘i?
Fs S B = [p(0)]"
5 ([ B2 /i = [t

Next step: 15

Find Fo[Yn].




Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (e,1 —¢).

For all integers n > 1, let Y, € 7 lej’”’_pn] NS.

Then Y, — Z in distribution.

Pf: gn =1 — pn M = \/(1—5)/5
+ gndy, = 0O
V. € Zn RBPnsUn /\/ﬁ PnlUn dnQn
n{ Qn,dnj prus + gndy = 1
dn, Un - (—M, M)

| Fsal= ot/ V)"
F8 ([ vl = /v

Next step: 16
Find Fo[Yn].




Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let Y, € [X"BY" 1NS.

—pn,
Then Y, —Z in distribution.
Pf: an M = \/(1—5)/5
~+ gndn, = 0
Yy, c |37 RPn PnUn dndn
n { n,dn pnu2 + gnd2 = 1

dn, Un & (—M, M)

t) r— pne—iunt _I_ qne—idnt
Fo[Ynl= lo(t/v)]™

INDETEEMINATE vwant: ¢(t/\/ﬁ) — e_t2/2

17

FORMS .
i.e., FolYn] — Fo|Z]




Pf: o PnUn T q'n,dn =0
'»/Q pruz + qnd2 = 1
7 dn, upn € (—M, M)

5(8) 1= pne~ it 4 gue—idn

Want: [é(t//n)]? — e=t°/2
P want: @i L P 522

LY\~ / Vv 1Y/l

Q;(\’

PnUn T q'n,dfn, =0

pnu% T qnd,,% =1

dp, unp € (=M, M)
p(t) 1= ppe~tnt + gye~idnt

Want: [é(t//n)]* — e~ t/2

18




Pf: o PnUn + qndn =
Y
/*\,/ pnu% T Qndr,% =1
0;(\;'/ dn, Un € (—M, M)
R et 2 e
;
Want aepl R
Want
—5zun/\f —>}O
$(B//n) = pn(d=51un/Vl) 4 g, (- Sldn/ V)
- 1_5iun 5211% | a'r,;u?%
VN 2n n
Ty | — 5zun/\f
>
zn — 0 = e'n=1++ z, xQ” | o(a:n)




Pf: PnUn T qndn —

(Q&"
/'\,/ pnuf,% T qnd,,% =1
@"/ dn, un € R
qb(t) L= pne_wnt + gne 2nﬂ(/j order
want: [¢(t/yn)]" — e /2 S roron.
Want: [¢(5/v/m)]" — e=57/2
—Sidn/\/ﬁ 0
$(5/+/n) = pn(e™3n/V) 4 gy (e=Didn/ V)
. 5 5 5 ﬁn — 0
- (1 } S\Z/u—n _ 2 Un  Ont Maclaurin
n 2n n approx.
tan ([ - S Sdn | Fidy
Vvn 2n n
s Tn .— 5’Ldﬂ/\/7
‘xn—>0 — e =14 xp 332” - o(x2)




Pf:

0;(\’

Wa

¢(5,

aa
A

4

+Han (—

CLnn Un, GE ( _Ad[,]»fﬁ)
d(t) 1= pne—z’unt + qne—idnt
Wt [p(t/ /)] — e /2
want: [¢(5/vm)" — e=%/2

V1) = pr(e”dUn/Vn) 4 g (e=Sidn/vy
Pn ( —

51

51

n

n

= |lanpnuy|+
PnUn T q'n,dn =0 ~
u2 + d2 1
ZDTL n ‘QTL

5221,7% | anu%
2n 7

/ 52@ B d2
- 2n n
52 On,

)

oan — O

nd order
Maclaurin
approx.

Bn"“*o

nd order
Maclaurin
approx.

21




On

Pf: pnUun + gndn = 0

2

PnlUy T Qndqzq, =1
dp, up € (=M, M)
¢(t) = pne” "t 4 gne~'dnt
Want: [p(t/v/m)]" — e /2
Want: [¢(5/y/n)]" — e=57/2

On

52

#(5/vn)=1— 5~
RAISE TO
»th POWER

|
|

22




Pf: pnUun + gndn = 0

pnu% T qnd% — 1

dn, un € (—M, M)

B(t) 1= pne™tn" 4 gpeTin!
Want: [p(t/v/m)]" — e /2
Want: wwAFWt+f§ﬂ

whfw—lx\ \\\\»\\\
RAISE TO
nth POV\/ER

[¢(5/ f

AL
Fact: Vx € R, Yoy — 0, []_ — n} — et
mn

The exponential limit




Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (6,1 —¢).

For all integers n > 1, let Y € [ B 1NS.

Then Yy, — Z in distribution.

—I—hrm (ACLTQ) What If thetSet(]U%an?
IS NOT Standarg:
say p1,p2,p3, .5 — p € (0,1).

For all integers n> 1, let Yp € [C" B [NS.
against contin, exp-bdd

Then Y, — Z in distribution’ pf omitted

Pf: Choose e >0 s.t. p

Choose an integer N >
PN>sPN+1>PN x
hen Yn,Yn41,YN42,... = Z in distr.

hen Yq7,Y>,Y3,... — Z in distr.,

24

l.e., Yo — Z in distr. QED




Def'n:  Xp — cZ 4+ p In distribution means
Xn — W

>/ in distribution.

o)

Th'm (ACLT2): What If the sequence,
Say p1,p2,p3,..- = p € (0,1). |

For all integers n>1, let Y, e [>"BY" 1NnS.

1—pn
against contin, exp-bdd
Then Y, — Z in distribution?’ pf omitted

Pf: Choose e >0 s.t. pe (g,1 —¢).
Choose an integer N > 1 s.t.

PNsPN+1,PN+2;--- € (6,1 —¢€).
hen Yn,Yn41,YN42,... — Z in distr.

hen Y1,Y5,Y3,... — Z in distr.,

25

l.e., Yo — Z in distr. QED




Def'n:  Xn — oZ 4+ p In distribution means

X _
n—H . 7 in distribution.

o)

I.e., Vvcontinuous, bounded o,

e [0 (F)] - Ev@), G

o

26




Def'n:  Xn — oZ 4+ p In distribution means

Xn — W

o)

>/ in distribution.

I.e., Vcontinuous, bounded o,

= o

X‘I’L—H/

o

)| - \/127 [ @le?) da,

27




Def'n:

Xn — W

Xn — oZ + p In distribution means

o)

>/ in distribution.

I.e.,|Vcontinuous, bounded o,

E

—

r—

S H)]KNQW 7 B@lle /2 da

o

/ V2T J—

/

I.e.\|vcontinuous, boun
1 oo 2
WANT p —z2/2 |

= ey = B v G ) O

Pf df |l : Giveri continT—bdd . Exercise:
» ¢(m¥= w0z 1) F(’rov)e I
Xn — BN\ Xn — M = Y(Xn

% . —w(&( - )+ ) 2

QED




Def'n:  Xn — oZ 4+ p In distribution means

X _
n—H . 7 in distribution.

o)

I.e., Vvcontinuous, bounded o,
o ()| = = [ @l 2 da,

I.e., Ycontinuous, bounded v,
1 oSN
E (X)) = = [ Teow+ wlle /%] da.

Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let X,, € 3" Bflj’”’_pn.

NO'TT necessarily in &

29




Def'n:  Xn — oZ 4+ p In distribution means

X _
n—H . 7 in distribution.

o)

I.e., Vvcontinuous, bounded o,
o ()| = = [ @l 2 da,

I.e., Ycontinuous, bounded v,
1 oSN
E (X)) = = [ Teow+ wlle /%] da.

Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let X, € "B
Assume E[Xn] — p and SD[X,] — o.

Pn’

30

Then X, — ocZ 4+ p in distribution.




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 — ).
For all integers n > 1, let X, € "B
Assume E[Xy] — pn and SD[X,] —\o.
Then X, — cZ 4+ p in distribution.

Pn’

‘ i  — — \ ‘

on 1= SD[Xy] o —Pn
Uptick/downtick VALUES change,
but uptick/downtick PROBABILITIES do not.

First step:
renormalize X,

Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (e,1 —¢).
For all integers n > 1, let X, € "B

Assume E[Xy] — 1 and SD[X,] — o. o

31

Then Xy, — oZ 4+ p in distribution.




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —5)
For all integers n > 1, let X, € Z”B "
Assume E[Xn] — u and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

—Pn°

o= SD[X,] Yn 7= CTE, NS
Xn = pn o Y,, — Z in distribution

—
Oon /

Th'm (ACLT):
Let e >0 and let p1,po,p3,... € (6,1 —¢).

> 1, let Yo € [X"B" 1N,

Then Y, % Z in distribution. >




Th'm (ACLT3):

Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X,, € 3" Bi’f”_pn.

Assume E[X,] — pn and SD[X, o.
Then X, — cZ 4+ p in distr

Pf: un = E[Xy]

Xn_llfnz — Un

On On

> /, In distribution

33




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

Pn’

Pf: un = E[Xy]
on .= SD[Xy,] — o

X _
2T B 2 in distribution

T

-7

34




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

Pn’

Pf: un = E[Xy]
on .= SD[Xy,] — o

X _
Fr An T Hn o0 distribution

G TR
~

Xn — Un
O

35




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.

4+ 1 In distribution.

Pn’

Pf: un = E[Xn] = w1
on .= SD[Xy,] — o

Xn — Un

> /, In distribution

O

Xn — Un
O

36




Th'm (ACLT3):

Let e >0 and let p1,po,p3,... € (g,1 —€).

For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

Pn’

Pf: un = E[Xn] — w1
on .= SD[Xy,] — o

_ X, —
P B L An T PR 25 distribution

37




Th'm (ACLT3):

Let e >0 and let p1,po,p3,... € (g,1 —€).

For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

Pn’

Pf: un = E[Xn] — w1
on .= SD[Xy,] — o

| > /£ In distribution

o o

Po, — K Xn — P,
—

Xp — W

o)

38




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — cZ 4+ p in distribution.

Pn’

Pf: un = E[Xn] — w1
on .= SD[Xy,] — o

X _
n " P _. 7 in distribution
O
W An — [
Def'n: Xn — oZ + p In distribution means
X —
n H >/ In distribution. 39

o)




Th'm (ACLT3):
Let e >0 and let p1,po,p3,... € (g,1 —€).
For all integers n > 1, let X, € "B
Assume E[Xp] — pn and SD[X,] — o.
Then X, — oZ + u in distribution.

Pn’

Pf: un = E[Xn] — w1
on .= SD[Xy,] — o

X _
n—H . 7 in distribution .
O

Xn — oZ 4+ p in distribution QED

Def'n: X, — oZ + u in distribution means
Xp — W

>/ in distribution. 40

o)




