Financial Mathematics
Basics of random variables




2900-1. For any measure u on R,

the center of mass of pu is /R xdu(x).

a. Find the center of mass of
the distribution of the PCRV

Y : [0,1] — R defined by

3, i1 0.00 <w < 0.40
—2, 11 0.40 < w < 0.55
—1, 11 0.5 < w <0.80
k—12, T 0.80 < w < 1.00

b. Compute (Yx(X))([—1,3)),
where X is Lebesgue measure on [0, 1].

Y(w) =X
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2900-2. Define a RV Y by

[ 3. if 0.00 < w < 0.40

—2, 11 0.40 < w < 0.55
—1, i1 0.55 < w <0.80

\—12, T 0.80 <w < 1.00

Y(w) =X

a. Compute Pr[2 <Y?2<09].

b. Let v be the distribution of Y?2.
Compute v([2,9]).




2900-3. Define a RV Y by

[ 3. if 0.00 < w < 0.40

—2, 110,40 <w < 0.55
—1, i1 0.55 <w < 0.80

\—12, T 0.80 <w < 1.00

Y(w) =X

a. Compute E[Y].
b. Compute E[Y?].

c. Let v be the distribution of Y?Z2.
Compute the center of mass of v.




29000-4.Let Z:=d~1:(0,1) = R.
Compute the expectation and variance
of X ;=272 +e3472:(0,1) > R.
That is, let Q:=(0,1),
let A1 be Leb. msr (restr. to ),

and compute

= X dAq, 2::/ X — )2 d).
v /Q 1, O Q( p)<dxq
Hint: Use & to make a change of variables.

2900-5.Let Y be a PCRV

Suppose PrlY = 1]

and Pr[Y =9

= 4/5
—1/5.

Compute the expectation and variance of Y.
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2900-6. Let X be a binary PCRV
s.t. Pr[X =0] = 0.65
and s.t. Pr[X = 4] = 0.35.

Let FF: R — [0,1] be the CDF of §y,
defined by F(z) = Pr|[X < x].

Let Y := F(X) = F o X be the grade of X.
Compute PrlY < 2/3].




2000-7.Let Z := &~ 1 be a std normal variable,
X =57+ 2 normal, with SD =5, mean = 2.

Let F(z) = Pr[X3 < z] be the CDF of 3.
Let Y := F(X3) = F o X3 be the grade of X3.
a. Compute Pr[2/3 <Y].
b. Compute Pr[Y < 7/8].
Cc. Compute Pr[2/3 <Y < 7/8].
d. Compute Pr[ (2/3<Y) | (Y <7/8)].
e. Compute Pr[ (7/8<Y) | (Y <2/3)].




2900-8.Let 2 :=(0,1), with Leb. measure.
et Z:=d 1: QSR Let X :=—-42°+38.
_et u be the distribution of X : €2 — R.
Define F: R — [0,1] by F(z) = Pr[X < z],
so F'is the CDF of ox.
Let @ := F~1(1/4) and b := F~1(7/8).
a. Compute u((—o0,b]).
b. Compute Pr[X < b].
c. Compute Pr[X < b].
d. Compute Pr[X < a].
e. Compute Prla < X < b].
f.let Y :=F(X)=FoX:(0,1) — [0,1],
SO Y is the grade of X.
Compute Pr[1/4 <Y < 7/8].




2900-9. Let Z be a std normal variable,
X :=42734+87+ 3.

Let F'(x) = Pr[X < z] be the CDF of dy.

Let Y := F(X) = F o X be the grade of X.

a. Compute
b. Compute
C. Compute

d. Compute
e. Compute

5/8<Y].
Y < 9/8].
5/8 <Y <1].
(5/8<Y) | (Y <7/8)].

(5/8<Y) [ (Y <1/8)]




2000-10. Let p:= (0.4)d5 + (0.1)64 + (0.5)55.

a.Com
b.Com

c.Com

Let v:= (0.2)071 -
oute u * v.
oute Fu and Fu.

oute (Fu)(Fr)
and F(u=*v).

- (0.5)04 1

- (0.3)6¢.

d.Find two independent RVs X and Y
on 2 :=[0,1] x [0,1] (with Lebesgue msr)
S.t. 5X = U and 5}/ = V.

e.Compute E[e™"X] and E[e~“Y].
f.Compute (E[e X)) (E[e~%Y])

and E[e~#(X+Y)],
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