Financial Mathematics
Ito’s lemma




3800-1.Let We be a Brownian motion.
Let Xy = e3Wt and Yy = cos (2W,).

a. Compute dX¢, using Itd's Lemma.

b. Compute dY, using It0's Lemma.

c. Compute d(X+Y%), using Itd’'s Lemma.

d. Compute

[(X¢)(dY)] 4+ [(dXe) (Ye)] + [(dXy) (dY?)],
using a, b, and the rules

of Stochastic Calculus.




3800-2. Let We be a Brownian motion.
Let Xy = €3t and Y; = cos (2W,).

a. com
b.Com

c.Com
d.Com

oute dX¢, using Ito's Lemma.
oute dY, using It0's Lemma.

oute d(X:Yz), using Itd's Lemma.

pute

[(X)(@Y?)] + [(dX) (Y],
using a, b, and the rules

of Stochastic Calculus.




3800-3. Suppose dXt = o dWs + u dt.

d(e*t)

x, — X +[1/2] [dX4]?,

Show that

I.e., show that

d(e*t) .
i, = lovdWi + pydt] 4 [1/2] [0 dt].




33800-4. et We be a BM. Let Xy i= e4Wt2_t3.

a. Using Itd’'s Lemma, compute dX;.
Hint: Let f(x,t) := e4x2_t3,
sO Xt = f(Wy,t).
b. Let Y; := arctan(2t + X;).
Using It0's Lemma,

compute dY: from dX; above.
Your answer should be in terms of
t, Wy and X,
but should not involve d.Xj;.

Hint: Let g(a,t) := arctan(2t + z),

SO Yy = g( Xy, t).




3800-5. Suppose Xe Solves
dX; = X+(0.30dW; + 0.01dt), Xg="7.
Solve the SDE above for X,.

3800-6. Suppose Xe Solves
dXy = 0.3dW; — 0.04 X, dt, Xg = 3.
Let Uy := e00MX, and let V; := UZ.
a.Compute SDEs for Ue and then V.
b.Compute E[Ug] and E[Vg] from the SDEs.
c.Compute Var[Xg].

Hint: Var[Xg] = (E:XS]) — (E[Xgq])?

= (E[(e~0360U5)2)) — (E[e~030U0])? [




