CALCULUS
Absolute value and distance




absolute value of z
|z :

Definition:

Spp

L

x, ITax>0
z, ITx<O0




absolute value of x
Definition: |z|:

Spp

5

5| =5m




—x, IT <0

Iy

e.g.:| — 5‘ = —(-5)=5m

Definition: |z :=

absolute value of x { T if_:z:5> 0
—5
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absolute value of x
Definition: || :




absolute value of z x, 1T x>0
Definition: |x| := o
—x, ITx<O0

distance from 1 to 4 is: 4 — 1]
distance from — . 13— (—2)
7

distance from

distance fro
a .

4 -3 -2 -1 0 1 2 3
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absolute value of x, Ifx>0
Definiti = P
crinition: | . If:CSO
r| = |z — 0| = dist(x, 0)
r|<r < —r<x<r
|z — a| = dist(z, a)
x—a|<r < aoa—r<z<a—4r
distance from a to bis: |b—a
|
dist(a, b)
-4 -3 2 -1 0 1
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absolute value of z x, 1T x>0
Definition: x| := e
z —x, ITx<O0

strict ineg.:|le —a|lKr < aoa—rKdx<Ka—+r
x—a|<r < aoa—r<z<a—4r

distance from a to b is: |b— a/
|
dist(a, b)

4 -3 -2 -1 0 1 2 3 4
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Definition:

x| :=

absolute value of ¢ { x, ifxz>0

z, ITx<O0

x—al<r & a—r<z<a-4r
x—a|<r < aoa—r<z<a—4r
distance from a to b is: |b— a|

-4 =3

dist(a, b)

1.7 2.3

2 -1 0 1\2/3 4

<5 Exercise:Graph [z — 2] < 0.3.
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=z €(1.7,2.3)




Definition:

x| :=

absolute value of ¢ { x, ifxz>0

z, ITx<O0

x—al<r & a—r<z<a-4r
x—a|<r < aoa—r<z<a—4r
distance from a to b is: |b— a|

—4 -3

dist(a, b)

1.7 2.3

2 -1 0 1\2/3 4

ssp1EXercise:Graph lx — 2|@O 3.

=z €(1.7,2.3)
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Definition:

x| =

absolute value of ¢ { x, ifxz>0

z, ITx<O0

x—al<r & a—r<z<a-4r
x—a|<r < aoa—r<z<a—4r
distance from a to b is: |b— a|

—4 -3

dist(a, b)

1.7 2.3

-2 -1 0 1\2/3 4

<55 Exercise:Graph \:U—QI@O 3‘?5661 ]

omml—y

[1.7,2.3]
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Definition:

x| :=

absolute value of ¢ { x, ifxz>0

z, ITx<O0

x—al<r & a—r<z<a-4r
x—a|<r < aoa—r<z<a—4r
distance from a to b is: |b— a|

—4 -3

dist(a, b)

1.7 2.3

2 -1 0 1\2/3 4

s EXxercise:Graph |z — 2| < 0.3.

€ [1.7,2.3]
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Exercises:

€ (0.5,1.5)
Graph |z — 1] < 0.5 ’

x—al<r & a—r<z<a-4r

x—a|<r < aoa—r<z<a—4r

4 -3 -2 -1 0 1 2 3 4

T —

0.5-neighborhood of 1 13
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EXxercises:
Graph |z — 1] < 0.5.

Graph O < |lx — 1| < 051?7 T € (0-571-5)1}

set-theoretic
subtraction

~ x € (0.5,1.5)

-4 -3 -2 -1 0 1 2 3 4
—t : : ; : . . |

punctured 0.5-neighborhood of 1| 14
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EXxercises:
Graph |z — 1] < 0.5.

Graph O < |lx — 1| < 051?7 r € (0.5,1.5)\{1}
= €(0.7,1.3)
Graph |z — 1] < 0.3.

~ x € (0.5,1.5)

-4 -3 -2 -1 0 1 2 3 4
— } } | 'Hl : r

0.3-neighborhood of 1

Spp




EXxercises:
Graph |z — 1] < 0.5.

Graph O< |z — 1| < 051?7 r € (0.5,1.5)\{1}
= €(0.7,1.3)
Graph |z — 1] < 0.3.
Graph 0 < |z — 1| < 0.3 €T MY

~ x € (0.5,1.5)

—4 -3 -2 -1 0 1 2 3 4
— } } " 'Hﬁl : r

punctured 0.3-neighborhood of 1

Spp




EXxercises:
Graph |z — 1] < 0.5.

Graph O< |z — 1| < 051?7 r € (0.5,1.5)\{1}
z € (0.7,1.3)
Graph |z — 1| < 0.3.7
Graph O< |z — 1| < 0.3 = o € (0.7,1.3)\{1}
z € (0.9,1.1
Graph |z — 1] < 0.1.7 ( )

~ x € (0.5,1.5)

:_4 _3 _.2 _:.l O 1 2 3 4

&

0.1-neighborhood of 1

Spp




EXxercises:
Graph

Graph 0 <
Graph
Graph 0 <
Graph
Graph 0 <

-4 -3 -2 -1

x — 1
r — 1
x — 1
r — 1
x — 1
r — 1

~ 05~ "€ OS5 LN
L z€(0.7,1.3)

< 0.3.
. .g x € (0.9,1.1)

< 0.1.
c017°€ (0.9,1.1)\{1}

O 1 2 3
. 5 , .

Spp

punctured 0.1-neighborhood of 1
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Exercises:

Graph 0 < |z — 1|\ 0.1.

> XL c (05, 15)\{
.z € (0.7,1.3)

x € (0.9,1/1)\{1}

4 -3 -2 -1 0

Spp

2 3 4
punctured 0.1-ngighborhood of 1] 19

should change units, for visibility:e»




On the line,

dist(a,s) = |s — a| = \/(s —a)?

In

Spp

the plane,

dist((1,2),(6,5)

= /(6 - 1)24 (5 - 2)?

T
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On the line,
dist(a,s) = |s —a|l = \/(s —a)?

In the plane,
dist((1,2),(6,5)) = /(6 — 1)2 + (5 — 2)2

dist((a,b), (s,£)) = /(s —a)2 + (t — b)?

In the three dimensions,
dist((a,b,c), (s,t,u))

= /(s = )2+ (t = )2 + (u—c)?

21

Spp




S

Fact (triang)éinequal v Pn the\ine):
dist(a, c) < [dist(a, b)] + [dist(bd, c)]
" Fact (triangle inequality on the plane):
dist((a,p),(c, 7)) <
_________ dist((a, p), (b, ¢))] + [dist((b, @), (¢, 1)) _

e.g..dist((2,1),(7,3)) <
[dist((2,1), (5,4))] + [dist((5,4),(7,3))]

1234567 22




Fact (triangle mequahty on the Iiné):
dist(a, c) < [dist(a,b)] + [dist(bd, c)]
" Fact (triangle inequality on the plane):
dist((a,p),(c, 7)) <
_________ dist((a, p), (b, ¢))] + [dist((b, @), (¢, 1)) _

e.g..dist((2,1),(7,3)) <
[dist((2,1), (5,4))] + [dist((5,4),(7,3))]

1234567 23




Fact (triangle inequality on the line):
dist(a, c) < [dist(a,b)] + [dist(b, c)]

ja—cl < Ja=0b 4+ [|b—¢




Fact (triangle inequa

a — C

a — C

VANRVAN

ity on the line):

a—>b
—
Clu'b

b—c
-
b'fU'C
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Fact (triangle inequality on the line):

a—c < Ja—=b + [o—¢
—— — —

[u+ ’UJS\M + |l

U

a—c = (a-% + (h—0)
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“Absolute value is ‘subadditive’.
Fact (triangle inequality on the line):

U+ v U + v

IA A

U -—rTv u T (Y

“The absolute value of the sum
IS less than or equal to
the sum of the absolute values.”
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“Absolute value is ‘subadditive’.
Fact (triangle inequality on the line):

lu 4+ < [uf + [

Suppose |r — 3| < 0.002 and |y — 5| < 0.007.
How closelis 1+ y to 3 57

Intuition:

7

R

error < 0.002)
(errer < 0.007)

5 (error < 77)
0.009
Pf. ..

S

SN
QN
W O
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“Absolute value is ‘subadditive’.
Fact (triangle inequality on the line):

[




“Absolute value is ‘subadditive’.
Fact (triangle inequality on the line):

lu 40| < [l + v

Suppose |z — 3| < 0.002_and |y — 5| < 0.007.
How close is x4+ y to 3 P57

(x+vy) — (3 < 0.002 4+ 0.007

|(x ‘|‘U§ing {a?gJebFa\End the juality,

we have proved this from these.

< 0.002 + 0.007

30
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“Absolute value is ‘subadditive’.
Fact (triangle inequality on the line):

lu 4+ < [uf + [

3: s 0.002:—0 5:—¢ 0007 —7r
Suppose |z — 3| < 0.002 and |y — 5| < 0.,007.

How close is/xz + y/to 3+ 57
(x +y) — (Z? 51 < 0,002 O/.OO?

lx — 3| < og.and |y —t]| < 7
= |[(z+v <o+T

\ Fact (ad itiv/it/y of erro /.

Exercise: Using algebra and the tra lnquality, | a1
prove this from these.




