CALCULUS
Summation




124+...4+n2 = 77

Solution: For any sequence aq,aq,ao,..

7.1

ajl — ao, a — ajy,

‘1

ANag, Aay, Aay, .. |is the sequence

az — ay,




1°2+...+n® = 77
Solution: For any sequence aqg,ai,a2,...,

ANag, Aay, Aay, .. |is the sequence
ajl — ap, a —ai, a3z — an,
E.g.: Let xp := 2n, SO xg,x1,X2,... IS

o, 2, 4, 6,
Then Axg, Axq1,Axo, ... IS
2-0, 4-2, 6-4, 8-—6,
More simply, A(2n) = (2(n+ 1)) — (2n) = 2.

Note: [(Aap =0),Yn] = J|ag=a1=apr="---,
i.e., an is constant]

1 An* = ((n+ 1)*) — (n%)
11211 = (D +4n34+6n2+4n+1) — (%)
1 33 1 — 4.3 2
T 46 4 1 In> + 6N+ 4n+1 .




124402 = 7?7
Solution: For any sequence aqg,ai,a2,...,

ANag, Aay, Aay, .. |is the sequence
ajl — ap, a —ai, a3z — an,
E.g.: Let xp := 2n, SO xg,x1,X2,... IS

o, 2, 4, 6,
Then Axg, Axq1,Axo, ... IS
2-0, 4-2, 6-4, 8-—6,
More simply, A(2n) = (2(n+ 1)) — (2n) = 2.

Note: [(Aap =0),Yn] = J|ag=a1=apr="---,

| | i.e., ap is constant]
n* is quartic (degree = 4)

1 An* = ((n+ 1)%) — (n%)
1 1
Lt + 602 4 4n + 1) — (ad)
1 3 = 4 3 ) 2 4 1
1l 44 6 4 1 C?Sbic_l_(degree-l_: ??3_'_ )

7.1




I

124 ... 4 n2

Solution: Aanp

= (lanlp:—n+1) — (@n) = apy1 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442

Aap|= ([an]n:—m—l—l) — (an) = An+1 — On.

n? is quartic (degree = 4)

1 An* = ((n+ 1)%) — (n%)
Lt = (I + 4n3 + 6n2 + 4n + 1) — ()
1 4 6 4 1 cﬁbic_l_(degree-l_: ??3+ >

7.1




I

124 ... 4 n2

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.
Let sg, 51,50, € sequence
. 12422 12+22+32 1242

ie., spn=124+224+...4n? (understood that sg = O)
Then Asy = (n 4 1)2

Spa1 F 12422432+ ... 4+ n2+ (n+1)2
sp=124+22432+ ... +n?

n? is quartic (degree = 4)

1 An* = ((n+ 1)%) — (n%)
Lt = (I + 4n3 + 6n2 + 4n + 1) — ()
1 4 6 4 1 c?l}bi(:_lzdegrej:g+ ’

7.1




12 4+ ... 4 n2 — 77?7 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.
Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
ie., spn=124+224+...4n? (understood that sg = 0).
Then Asy, = (,n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

n? is quartic (degree = 4)

1 An* = ((n+ 1)%) — (n%)
1 1
Lt + 6n% 4+ 4n + 1) — (%)
1 3 = 4 3 ) 2 4 1
1l 44 6 4 1 cﬁbic_l_(degrejm ??3+ !

7.1




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.
Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442
ie., spn=124+224+...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).
An3 =3n?+3n+.1

/1

" is”Quartic (degree = 4)

. = ((n+ 1)%) — (n*)
: = (I + 4n3 + 6n2 + 4n + 1) — ()
1 331 = 4an3+6n°+4n+1
1 4 6 4 1 c?l}bi(:_lzdegrej:g+ °

7.1




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
ie., spn=124+224+...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).
An3 =3n2+3n+1
An2 = 2n +1

i+ is quartic (degree = 4)

1 An* = ((n+ 1)%) — (n%)
s — (D2 L 4and3 4+ 6n24+4an+1) — ()
1 4 6 4 1 c?l}bi(:_lzdegrej:?g+ ’




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: Aanp

= (lanlp:—n+1) — (@n) = apy1 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
je., sp=1%24224...4n? (understood that sg = 0).

Then Asp, = (n+ 1)2 — n2 + 2pn 4 19uadratic (degree = 2)

Then sn should be cubic (degree = 3).
5 [ an3=3n243n+1 .
NG 2 — on 4 I\ ' Ais LINEAR!

An =

A\ distribut
A is additive: A(an + bn) = (Aan) + ) over addition.

A is commutes with scalar mult.: A(can) = c(DNap)

10

- 11 "commutes” refers to traveling \A'(.“can)’




124 ... 4n? = 7?7 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442
je., sp=1%24224...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

n3= n2 mn .
oo T Ais LINEAR!N

An =1

A(3n%) =n2 4+ n+1

L inear operations: addition, scalar multiplication A distributes
A is additive: A(an + bn) = (Aan) + (Abn)  over addition.

A is commutes with scalar mult.: A(can) = c(Dapn) 4
7.1 |A is not multiplicative: A(anbn)7=(Aan)(Abn)|




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442
je., sp=1%24224...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

n3= n2 n .
oo T Ais LINEAR!N

An =1

A(%n3)=n2—|— n—l—%

Product rule: A(apby) = an(b,4-1 — bn)
V4 A

Opt10p41 — anbn = (ap41><an)by41 + anbyp1 — anbn

12

7 1 A\ is not multiplicative: A(anbn)#=(Aan)(Aby),




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
je., sp=1%24224...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

n3= n2 n .
oo T Ais LINEAR!N

An =1

A(3n%) =n2 4+ n+1

Product rule/: A(anbn) = (Aan)bn+1/+ an(Abp) bn)
7

an4-1bp+1 — anbn = (ap41 —an)by41 + an(by41 — bn)

13

7 1 A\ is not multiplicative: A(anbn)#(Aan)(Aby),




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12+22+32, 12 422 + 32 4 42,
je., spn=124+224. + n? (understood that sg = 0).
Then As, = (n 4 1)2 — n + 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

n3= n2 n .
oo T Ais LINEAR!N

An =1

A(%n3)=n2—|— n—l—%

Product rule: A(anbn) = (Aan)b, 41 + an(Abn)

an IS the “first part” b, is the ‘“second part”

“differencing by parts” 14

7 1 '\ is not multiplicative: A(anbn)#(Aan)(Aby),




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 124022432442
ie., spn=124+224+...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sp, Should be cubic (degree = 3).
An3 =3n2 4 3n 41 :
Ané\l /A is ADDITIVE!!
1. 3\ _ 2 1
QA gn = + " T 3
<QE 1 2\ L 1\%+%:%+%:%
(3n?) = Ho— 1
' A
A (303 +34n2) =n? 4+ 2n + 2 15

7.1




12 4 ... 4 n? = 7?7 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
je., sp=1%24224...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

An3 =3n24+3n+1

ot A is LINEAR!
L (An=1) A is ADDITIVE!
A (3% +5n?) = n2 +2n+3
A (gn) = 6
A (3% +5n?) =n? +2n+3 :

7.1




12 -+ .-+ n2 — 77 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442
ie., spn=124+224+...4n? (understood that sg = 0).

Then Asp = (n+ 1)2 — ,{?}2 + 2,{1 4 1Quadratic (degree = 2)
°N Sy, Shoulld be cubic (degree = 3).

- 3n +|1

1 A is LINEAR!!
N is ADDITIVE!!

MﬁN
e

n)=ﬁ2+2 —|—i

17




124 ... 4n? = 7?7 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432, 12422432442
je., sp=1%24224...4n? (understood that sg = 0).
Then Asy, = (n + 1)2 — n2 4+ 2n + 1duadratic (degree = 2)
Then sy, should be cubic (degree = 3).

A(5p2 422+ g A is LINEAR!!
A is ADDITIVE!!

A(%n?’—l—%nz—l—%n):nQ—l—Qn—l—l:Asn

18

7.1




12 4 ... 4 n? = 7?7 cubic (degree = 3)

Solution: |Aan|= ([an]n: —n+1) — (an) = ap41 — an.

Let sg,s1,82,... be the sequence
0, 12, 12422 12422432 12422432442
je., sp=124224...4n? (understood that sg =
Then Asp = (n+ 1)2 — 12 4+ 2n + 1duadratic (degree = 2
Then sy, should be cubic (degree = 3).

VAN (%n?’ -+ %nz %'n, — Sn) =0

%n3— %nz— én—sn IS @ constant sequenceg.
1,341 2,1 _ —

[37’1, - 5N - gn—sn]n:%O_O—l—O—l—O—O—O
2+ o s =0

A(3n® 4307 +gn) =n®+2n+1 = Asy 19

7.1




on3 +3An2 4+ n

12 + .-+ n? — — " cubic (degree. 3)
cubic (degree = 3)
©
Solution: |Aay= ([an],, (an) = ap41 — an.
Let sg,s1,82,... be the sequ

32, 12422432442
ie., spn =124+ 224+ .4 n? \ (understood that sg = 0).

20

7.1




124 ... 4 n2

EXERCISE: 14-.--4+n

124 ...+ n2

EXERCISE: 134 ... 413

7.1

on3 + 3n2 +n

n® + on3 - n2

21




7.1

124 ...+ n2

134 ... 413

n® + on3 - n2

_ n(n+1)2n+1)

6

n?(n 4+ 1)2

22




7.1

(.

fn,4—|—2n3—|—fn,2 .

(1+---+n)?

EQUAL

I

n?(n 4+ 1)2 ‘

23




7.1

134+ ... 4 n3 =

(14-+n)? = 134...4n3
(1 WHY?7n)?2

24




B

14+2by 142

(142)2

Split along dashed lines . ..

(1)2 — 13

7.1

(1+---+n)?

WHY 7?7

134+ ... 413

25




(1)2 — 13

Split along dashed lines . ..
Two squares (blue and red)

and two rectangles (both green).

Rectangles pair up to form a square . ..

7.1

(1+-4+n)? = 134 +n’
WHY?7?

26




S

(1)? =713

O I

(142)? = (1)24 224 2°
\
=13+@ 27

=13_|_23

7.1

(1+--+n)? = 134...4n3
WHY 7?7

27




(1)? =13
(14+2)% =15+ 23

(1+42)°
(14+2+3)2
=13_|_23
(14 +n)? =
| — 13 4 ...
71 WHY?7? ot ”




(1)2 — 13

Make the old square blue . . . (1+2)2=13423
1—|—2—|—:3: b;/ 1i|—2—|—3
(1424 3)2
(1+-4+n)? = 134 +n’ 25
7.1 WHY7?7?




Make the old square blue . ..

(1)? =13
(14+2)% =15+ 23

(14+2+3)2

Split remainder along dashed lines . ..

7.1

1+ +n)? = 13+ +n3

WHY 7?7

30




(1)? =13
(14+2)% =15+ 23

O
N
N
&

(14+243)2 = (1 2 332432

Split remainder along dashed lines . ..
Two squares (blue and red)

and four rectangles (two green and two orange).
Rectangles pair up to form squares . ..

(1+-4+n)? = 134 +n’ 1
WHY?7?




(1)? =13
(14+2)%2=13+23

1 A HE

(1+2+3)2=(1+%‘32+32
\ .{/

_13_|_23_|_
=13_|_23_|_33

7.1

(14 +n)?

— 134+ ... 413

WHY 7?7

32




(1+2+4+3)2=13423433

(1)? =13
(14+2)% =15+ 23

(14+2+3)2
(1—|—2—|—3—|—4_-)2___3_|_23_|_33
(1+---4+n)2 = 34 ...
— n) WHY??l + - +n 33




Make the old square blue ...

1+24+3+4by14+24+3+4

(1+243+4)2

(1)? =17
(1+2)2=13+423

(14+2+43)2=134234233

(14 +n)?

7.1

WHY 7?7

134+ ... 413

34




2 _ 13
Make the old square pblue ... (1) 1

/ (142)?=13+23
Y i (142+43)2=13423433

1+24+3+4by14+24+3+4

(1+243+4)2
Split remainder along dashed lines . ..

1+--4+n)?2 = 13+...4n3

7.1 WHY 7?7




(1)2 =13
(L 2)%= 18 4 23
an )2 13 23_|_33

e
P —

|

(1+24+34+4)2=(1 ~/" 342442442
Split remainder along dashed lines . ..
Two squares (blue and red)
and six rectangles (two green, two orange and two purple).
‘ Rectangles pair up to form squares . ..

.9 :
< @ ‘

(14 4+n)32 = 134...4n3 36

= WHY?7?




(1)? =13
(14+2)% =15+ 23
(1+%+3)2=13+23+33

/ FEEE

(1+2+3+4)2=(1+27/)2+42+y

=1°+2°+ 3%+ 42
=13_|_23_|_33_|_43

7.1

(14+---4+n)2 = 134...4n3 e
WHY?7?




(1+2+4+3)2=13423433

(1)? =13
(14+2)% =15+ 23

(1+2+3+4)°=1>+2°43%+4°

(1+2+43+4)2

etc.

=13_|_23_|_33_|_43

7.1

(1+---+n)?

WHY 7?7

134+ ... 413

38




(1+2+4+3)2=13423433

(1)? =13
(14+2)% =15+ 23

(1+2+3+4)°=1>+2°43%+4°

etc.

7.1

(14 ---

+n)?

3

[

134+ ... 413

39




