CALCULUS
Sum of angles formulas in trigonometry
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T he standard orbiter
IS @ particle
that travels

(1,0)@t 27 counterclockwise

at speed 1
starting at (1, 0)




Let Ri(x,y) denote the result of rotating the point (z,vy)

counterclockwise about the origin by t radians.
e.g.. position of std orbiter at time = /2

R?T/Q(]-a O) — (07 1)

Let's study R_,4 next.
Ry /2(0,1) 2 (~1)0) i

(0, 1)
T he standard orbiter
IS a particle
that travels
(1,0) counterclockwise
(—=1,0) 1 at speed 1

starting at (1,0)




Let Ri(x,y) denote the result of rotating the point (z,vy)

counterclockwise about the origin by ¢ radians.
e.g.. position of std orbiter at time n/4

R, /4(1,0) = (vV2/2,v2/2)

Let's study general R; next.

(—v2/2
V2/2) (V2/2,v2/2) 114 standard orbiter
IS @ particle
\ that travels
—1 (1,0) counterclockwise
1 at speed 1

starting at (1, 0)




Let Ri(x,y) denote the result of rotating the point (z,vy)

counterclockwise about the origin by ¢ radians.
position of std orbiter at time ¢
R:(1,0) = (cost,sint)
et's study general R; next.
R:(0,1) =(—sint,cos

(—sint,cost) 1.1

(cost,sint) 1 he standard orbiter

’ is a particle

¢ that travels
-1 ¢ N 0) counterclockwise

1 at speed 1
starting at (1,0)
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Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by t radians.

R:(1,0) = (cost,sint) R(5,0)
R:(0,1) = (—sint,cost)
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Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by ¢ radians.

R:(1,0) = (cost,sint) Ri(5,0) = ( 5cost, b5sint )
R:(0,1) = (—sint,cost) R:(7,3)




Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by ¢ radians.

R:(1,0) = (cost,sint) Ri(5,0) = ( 5cost, b5sint )
Rt(0,1) = (—sint,cost) Ri(0,3) = ( —3sint, 3cost )
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Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by ¢ radians.

R:(1,0) = (cost,sint) Ri(5,0) = ( 5cost, b5sint )
R:(0,1) = (—sint,cost) R:(0,3) = ( —3sint, 3cost )
NOTHING SPECIAL . 5cost 5sint

< t To get here: Start at (0,0),
03% ..... go 5cost horizontal, 5sint vertical
/<

then go —3sint horizontal, 3cost vertical

*

““““““ go 5 horizontal, O vertical
V- then go O horizontal, 3 vertical




Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by ¢ radians.
R:(1,0) = (cost,sint — T COSt  zsint
((1,0) = sint) Re(, ) ( —ysint > 4y cost
R:(0,1) = (—sint,cost)

NOTHING SPECIAL . 5cost 5sint
< t To get here: Start at (0,0),
e . . .
% go 5cost horizontal, 5sint vertical
// “"

then go —3sint horizontal, 3cost vertical

*

““““““ go 5 horizontal, O vertical
WA then go O horizontal, 3 vertical

|/ &0 : ’ 0




Let Ri(x,y) denote the result of rotating the point (z,vy)
counterclockwise about the origin by t radians.
R;(1,0) = (cost,sint — T COst  zsint
t( ) ) ( ) ) Rt(:ﬁ,y) ( —ySint ) —I—‘yCOSt
R:(0,1) = (—sint,cost)

Key point: Rotation is linear!

R:(1,0) = (cost,sint)
Rt(0,1) = (—sint,cost)
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Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by t radians.

. T COSt xrsSint
Re(,y) = ( —ysint > 4y cost )

——————————————————————————

Key point: Rotation is linear!

MULTIPLY by .
R{(1,0) = (cost,sint) Ri(4},0) = ( xzcost,| xsint )

R:(0,1) = (—sint,cost) Ri(dQ,y) =( —wysint,| ycost )
MULTIPLY by y. ADD

‘ . T COSt xrsSint
Re(,y) = ( —ysint > 4y cost )
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Let Ri(x,y) denote the result of rotating the point (z,vy)
counterclockwise about the origin by t radians.

/ .
x COSt xrSint
Rt(iﬁ,'y) ( )

/ —ysSint +ycost

~
Let Rg(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by [@radians.

Ru(, ) _ T COSuc T Sinu
ul\L, Y —1 Sin u\’ —+1y COS u

Then Ry (Rt(1,0)) is the result of rotating the point (1,0)

counterclockwise about the origin by t + v radians.

This is the same as
the position of the
standard orbiter

at time ¢t + w. 13

Spp Ry (R:(1,0)) = (cos(t + u),sin(t 4+ u))




Let Ri(x,y) denote the result of rotating the point (z,y)
counterclockwise about the origin by t radians.

This is the same as
the position of the

x COSt T Sin

standard orbiter
at time t.

Ri(r,y) = ( —ysint > 4y cost

t

R:(1,0) X ( cost , sint

Let Ry(x,y) denote the result of rotafing the point (z,y)
counterclockwise abowt the origin by u radians.

R’U»(xa y) )
=

Ry(cost,sinty=

x COSu xSinu

—qy Sin% Yy COS u
COS t][CcOS u] [cos t][sin u]

—[sint][sinu] ’ H[sint][cosu]

Then Ry(Rt(1,0)) is the result of rotating the point (1,0)
counterclockwise about the origin by t + v radians.

This is the same as
the position of the

standard orbiter
at time ¢t + w.

Spp Ru(R:(1,0)) =

)
)

|

)

(cos(t + u),sin(t + u))

14




R:(1,0) = ( cost , sint

Ri(1,0)=(cost,sint)

al
//
Ry(R¢(1,0)) = (cos(t + u),sin(t + u))

. _ [cos t][cos u] [cos t][sin u]
/%u COSt,sint) = ( rsintllsinu] * [sin#][cos ul

|

)

Ru(R(1,0)) = (cos(t + u),sin(t + u))
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(cos(t + ), sin(t + u)) = ( [cos t][cos u] [cos t][sin u] )

—[sin t:l:sin 7 [sin t][cos u]
. [cos t][cos u]
cos(t +u) — —[sint][sin u]
. v B [cos t]"[sin u]
sin(t +u) = ~+[sin t][cos u]
B ( [cos t][cos u] [cos t][sin u] )
—[sint][sinu] ’ H[sint][cosu]

(cos(t + u),sin(t + u))
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[cos t][cos u]

cos(t + u) —[sin t][sin u]
_ B [cos t][sin u]
sin(t +u) = +[sin ] [cos u]
sin(t +wu) = |[sint][cosu] + [cost][sinu] ;- . ,
cos(t+u) = [cost][cosu] — [sint][sinu] “ &

sin(fae 4+ B) = [sina][cosB] + [cosal[sin 5]

cos(a + B) = [cosal][cosB] — [sina][sin (] -
sin(2a) = [sinal][cosa] + [cosa][sin «]
cos(2a) = [cosal[cosa] — [sina][sin a] 17




sin(a + B) = [sina][cos 3]

cos(a + B) = [cosa][cos ]

+ [cos a][sin 5]

— [sin a][sin G]

sin(2a) = [sina][cosa] +
= 2[sin a][cos «]

(cos a[sin ]

sin(fae 4+ B) = [sina][cosB] + [cosal[sin 5]

cos(a + B) = [cosa][cosB] —

[sin o] [sin G]

sin(2a) = [sinal][cosa] + [cosa][sin «]

cos(2a) = [cosa]l[cosa] —

[sin o] [sin ] 18




sin(fae + B) = [sina][cosB] + [cos a][sin 5]
cos(a + B) = [cosal[cosB] — [sina][sin (]

sin(2a) = 2[sina][cos o]
2[sin a][cos «]

cos(2a) = [cosa][cosa] — [sina][sin a]
= [cos?a] — [sin?al]

cos(2a) = [cosa][cosa] — [sina][sin «]

19




sin(a + B) = [sina][cos 3] + [cosa][sin 3]
cos(a+ 3) = [cosal[cosB] — [sina][sin §]

sin(2a) = 2[sin a][cos ]

cos(2a) = [cosa][cosa] — [sina][sin o]

= |[cos2a

Z

[1 = sin? a]—[sin? a]

Spp

|
1 — 2[sin?q]

<

] — [sin?a]

N

[cos? ] —|[1 — cos? a]

|
2[cos?a] — 1
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SUM OF ANGLES FORMULAS
sin(a + B) = [sina][cos 3] + [cosa][sin 3]
cos(a+ 3) = [cosal[cosB] — [sina][sin §]

sin(2a) = 2[sin a][cos ]

1 — 2[sin? a]
Y
cos(2a) = [cos? a] — [sin? o]

olcos2al — 1

cos(2a) =
[cos?a] —  [sin?q]
72 N

Spp 1 — 2[sin?q] 2[cos?a] — 1
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SUM OF ANGLES FORMULAS
sin(a + B) = [sina][cos 3] + [cosa][sin 3]

cos(a+ B) =

[cos a][cos 8] — [sina]

sin 3]

sm(za) = 2[sin al[cos o

DOUBLE ANGLE FORMULAS

1 — 2[sin? «
sN(2Pv) — ')Icln n;'ll'r‘r)SOé]

cos(2a) _[cos al] — [sin? o]

o[cos2a] — 1sin2a]

7

cos(2a) = [cos? a] — [sin? o]

olcos2al — 1
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SUM OF ANGLES FORMULAS
sin(a + B) = [sina][cos 3] + [cosa][sin 3]

cos(a+ 3) = [cosal[cosB] — [sina][sin §]

DOUBLE ANGLE FORMULAS
sin(2a) = 2[sin a][cos ]

- 2[sin? q]
cos(2a) Z [cos? a] — [sin? a]

olcos2al — 1
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