CALCULUS
Rates of change and slopes of lines




EXAMPLE: Find an equation of the tangent line
to the parabola at the point 7 = (1,1).

m .= slopeOf the green line

Eqg'n of the green line:
—1l=m(xz—-1)

ind m

s =2

Q = (s,s2) is on the graph.

mpQ ‘= slope of the purple line




EXAMPLE: Find an equation of the tangent line
to the parabola at the point P = (1,1).

Q=(s,5%) m = slope of the green line

Eqg’'n of the green line:
y—1=m(x—1)

Goal: Find m

Equation of the line

through (zg, yg)
of slope m: Idea: Redsd this, with

y—yo=m(r—29)| s:=1.51.1,1.01, 1.001, ...

2.1 and find the limit of the mpQSs.




EXAMPLE: Find an equation of the tangent line
to the parabola at the point P = (1,1).

Q=(s,;5%) m = slope of the green line

Eqg’'n of the green line:
y—1=m(x—1)

Goal: Find m

.......... :' ‘ s:= 1.5

m Q = (s,s?) is on the graph.
U better!
mpg ‘= slopg of the purple line
_rise _ —1 225-1
Equation of the line ~ run J—1 15_1
through (zg, yo) =25
of Slope m. Idea: Redo thiq’ with exercise

y—yo=mx—-z0) | s:=1571.1,1.01, 1.001, ... D—
2.1 and find the Iimrtofthe mpQS.




EXAMPLE: Find an equation of the tangent line
to the parabola at the point P = (1,1).

Q=(s,;5%) m = slope of the green line

Eqg’'n of the green line:
y—1=m(x—1)

_ Traditional
Goal: Find m |touse 1 +nh

instead of s

1.5-1
= 2.5

(1+h)2-1 [dea: Redo this, with ;.

s:=1.5,1.1,1.01, 1.001, ...

2.1 and find the limit of the mpQSs.




EXAMPLE: Find an equation of the tangent line
to the parabola at the point P = (1,1).

Q=(s,;5%) m = slope of the green line

Eqg’'n of the green line:
y—1=m(x—1)

Traditional
Goal: Find m [touse 1+ h
instead of s
s'=—= 1.5 h — O instead
of s — 1

?gz’b Q = (s,s2) is on the graph.
mpQ ‘= slope of the purple line

m = |lim

s2 1

s—1 s — 1

lim

(1+h)2-1

h—0 (Z

§2.1

h) —Z

_rise _s?—1_225-1

run s— 1 1.5—-1

= 2.5
[dea: Redo this, with , _ .

h .= 0.5,0.1,0.01, 0.001, ...
and find the limit of the mpgs.




EXAMPLE: Find an equation of the tangent line
to the parabola at the point P = (1,1).

Q=(s,;5%) m = slope of the green line

Eqg’'n of the green line:
y—1=m(x—1)

Traditional

touse 1+nh

instead of s

h — O instead
of s — 1

?gz’b Q = (s, s2) is bn the graph.
mpQ ‘= slope of t*he purple line

rise s2—-11| 225-1

run s— 1 1.5—-1
= 2.5

Goal: Fin

h “exercise 7

§2.1




DONE!

EXAMPLE: Find an equation of the tangent line

to the parabola at the point P = (1,1).

Q=(s,;5%) m = slope of the green line

Eqg’'n of the green line:
|y —1=2(x—1)

Traditional
touse 1+ h
instead of s

s = 1.5 h — O instead

of s - 1

?gz’b Q = (s,s2) is bn the graph.
mpQ ‘= slope of the purple line

>, rise  s?2—1| 225—1
S —_— e — - —
m=|iml 1 run s—1 1.5—-1
ST — 2.5
1+ h)2 -1 1+h)2 -1
=Iim( +h) :Iim( ™ ) = ...=2
h—0 (L +h)—X h—0 h exercise 8

§2.1




DONE!
EXAMPLE: Find an equation of the tangent line

to the parabola at the point P = (1,1).

Q=(s;s%)

m .= slope of the green line

Eqg’'n of the green line:
y—1=2(zx—-1)

N
N

secant line
tangent line

SOME TERMINOLOGY

difference quotient

2 _
| 21 S 1
m = |lim s— 1
s—1 § —
14+ h)2 -1 1+hr)2 -1
=Iim( +h) =Iim( +h) = ...=2
h—0O (Z h) —/ h—0| h exercise 9

§2.1




Given two points on a line, the slope is computed as a
difference quotient.

The slope of a secant lineis computed as a

Q=(s;s%)

N
N

h—Q (1+h)—1

§2.1

lim

(14+h)2 -1

h—0|

h

difference quotient.

The slope of a tangent line
IS computed as a limit of

difference quotients.

secant line
tangent line

difference quotient

2 -1

s — 1
p— ---_: 2

exercise 10




Given two points on a line, trle/slope iIs computed as a
difference quotient.

The slope of a secant lineis computed as a
difference quotient.

The slope of a tangent line

rise  change in y-coordinate is computed as a limit of
difference quotients.

run change in x-coordinate

Given two positions of a moving particle, e.g., a falling ball,
the average velocity is computed as a difference quotient.

V4 The instantaneous velocity

change in position _ o
— IS computed as a limit of
change in time difference quotients.

Given any two quantities related by a formula,
the average rate of change of one w.r.t. the other
iIs computed as a difference quotient.

change one quantity ¥
change the other

The instantaneous rate of change of one w.r.t. the other
IS computed as a limit of

difference quotients.

THIS IS THE THEME OF .

DIFFERENTIAL CALCULUSI!!

§2.1




Farenheit is related to Celcius by
F=(9/5)C+ 32

_ (See §1.1, Example 1.1, p. 3,
ays: 9/5. and §1.1, Exercise 12, p. 6.)

Rate of change is a

Tax is related to (adjusted gross)._income
by a form

.1, Exercise 16, p. 6.)

]

Rate of change not constant, (See

and is called the inal tax rate” .

This “other”

r example ...

Given any two quantities related by a formula,
the/average rate of change of one w.r.t. the other
change oné quantity is computed as a difference quotient.

change the other

The instantaneous rate of change of one w.r.t. the other
IS computed as a limit of

THIS IS TH rTHEME OF difference quotients.

> DIFFERENTIAL CALCULUS! §




If
then

you graph some function,

: average rates of change«—slopes of secant lines
an

instantaneous rates of change<«—slopes of tangent lines

Let's see this through an example

/or function

Given any two quantities related by a formula’
the/average rate of change of one w.r.t. the other
change oné quantity is computed as a difference quotient.

change the other

The instantaneous rate of change of one w.r.t. the other
IS computed as a limit of

THIS IS TH rTHEME OF difference quotients.

> DIFFERENTIAL CALCULUS! 3




O ¢

§2.2

=k ON|
~ 40 ||
4

Average velocity between 1 and 2 seconds
4 —1

2—-1
= slope of the secant line

14




Instantaneous velocity at the one second mark
(14 h)2-12
= |im
h—0 (1 —+= h) — 1

§2.2

= slope of the tangent line

15




If
then

you graph the function,

: average rates of change«—slopes of secant lines
an

instantaneous rates of change<«—slopes of tangent lines

Let's see this through
another example

16




400 miT Chicago

235 mit* Rest stop
400 mi

O mi--l\/linneapolis

O hrs, leave Minneapolis
4 hrs 20 mins, start break

5 hrs, notice problem,

6 hrs, leave Minneapolis
8 hrs, arrive Chicago

head back

17

2115 hrs 40 mins, arrive Minneapolis




velocity = rate of change in position w.r.t. time
4 speed = |velocity|

A00 M T T :

235 mi-

0O Mi-

O hrs, leave Mi
4 hrs 20 mins, start break

5 hrs;

ve Minneapolis
8 hrs, arrive Chicago

ad back 18

2.1]2 hrs 40 mins, arrive Minneapolis




velocity = rate of change in position w.r.t. time
4 speed = |velocity|

Average velocity owér-the eight hrs:[instantaneous
[/(8)] —[f(0)] 400-70 velocity is 50 mph
S0 =g = 50 | at some time (45 min)
Average velocity is 50 mph 19
§2.1 from O hrs to 8 hrs.




EXAMPLE 1.

IT a rock is thrown upward on the planet Mars
with a velocity of 10 m/s, its height in meters

t seconds later is given by y = 10t — 1.86t2.

(a) Find the average velocity over the given
time intervals:

(i) [1, 2] (i) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity \évh_eri

20
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EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(1) 11,2] (i) [1, y =10t — 1.86¢41,1.1]

N M1 1 Nn11 Fo.N 1 1 N1

(a) Find the average velocity over the given
(b) time intervals:nstantaneous velocity when

() [1.2] (i) [1.1.5] (iii) [1,1.1]

\ [y ]i —>1+h[1 laverage velocity over [1,1 + h]

[t]t —>%+ht|mate the instantaneous velocity when
t:— t=1.

21
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EXAMPLE 1:y= 10t — 1.86¢t2

(a) Find the averag

OcCity over the given

time interv4ls:

(1) [1,2] (i) [1,1.1]
(iv) [1,101 001]

(b) Esti e the instantaneous velocity \]/tvh_en
i I# aver/#ge velocity ove\[l, 1+ h)
[t]t{—>1+h\(a)(| h-—1 (i)h:—0.5 (ii)h:— 0.1

Fo g (V) k= 0.01 (V) h :— 0.001

10(1 + h) ~ [T0(1)[E=1.86/(1)]

r—

§2.1

[1+h] —[1]

LOI((1 4+ R) = (1))]l= [1-86((1-|-\h)\ (12))]

22




EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1,2] (i) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity \évh_er{
‘ [y]?:%#—h _ average velocity over [1,1 4+ h] |
;=i
- Q 12+ 2(1)(h) + 12
[10((1 +h) — (1))] — [1.86((1 + h)* — (12))]

[1 4 h] —[1]

[10((1 4+ h) — (1))] — [1.86((1 + h)?% — (12))]

[1+h] —[1] %

§2.1




EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1,2] (i) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity \évh_er{
‘ [y]?:%#—h _ average velocity over [1,1 4+ h] |
Gleta
| \ 12+2(1)(h)+h2
[10((X 4+ h) — ()] — [1.86((1 + h)? — (¥?))]

[+ h] — [4]

|
[10h — 1.86(2h + h?)]

h 24
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EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1,2] (ii) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity when
t=1.
[y]i:;ﬁ—h _ average velocity over (1,1 + h]
Ohmeas
\
[10k — 1.86(2k + h?)]

[10h — 1.86(2h + h?)]

h 25

§2.1




EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1, 2] (ii) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity \évh_er{

‘ t:—1+h '
[y]t:_)1+ _ average velocity over (1,1 + h]

Uhmeal
\
[10k — 1.86(2k + h?)]
||n#0
10 — 1.86(2 + h)

| "

§2.1 10 — 3.72 —1.86h = 6.28 — 1.86h




EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1, 2] (ii) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity \]/tvh_er{

\ [y ]i —>%+h average velocity over [1,1 + A]

fE= R (@) (D k=1 (iDh:—05 (iii)h:—0.1
o weo| - (iv) h:—0.01 (V) h :— 0.001

6.28 — 1.86h

h#0

27

§2.1 6.28 — 1.86h




EXAMPLE 1:y= 10t — 1.86t2

(a) Find the average velocity over the given
time intervals:

(i) [1, 2] (ii) [1,1.5] (i) [1,1.1]
(iv) [1,1.01] (v) [1,1.001]
(b) Estimate the instantaneous velocity when
t=1.
[/ ]i —>%+h average velocity over [1,1 + h]
[t]ti_ﬁ_l_h (a)(ihHYh:—1 (ii)h:— 05 (ili)h:—0.1
bt (V) hiA 0.0l (V) h :— 0.001
(a) 6.28 —(1;§§h’ \
(i)6.28 — (1.86)(1) (ii)6.28 —(1.86)(0.5) (iii)6.28 —(1.86)(0.1)
= 4.42 = 5.35 = 6.094
(iv)6.28 — (1.86)(0.01) (v) 6.28 — (1.86)(0.001)
= 6.2614 = 6.27814

28

§2.1 (b) 6.28




EXAMPLE 2:

The displacement (in centimeters) of a particle
moving back and forth along a straight line is
given by the equation of motion

s = 2[sin(~wt)] + 3[cos(nt)],
where t is measured in seconds.

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the

particle when t = 1.

§2.1

29




EXAMPLE 2: s = 2[sin(xt)] + 3[cos(nt>

(a) Find the average velocity for each time
period:

(1) [1,2] (i) [1,1.1]
(iii) [1,1.01}¢)] 4-(iv) [1,1.001]
(b) Estimate the instantaneous velocity of the
. Pparticle when t=1. .

t:—1+h

[s];: .7 " "eriod:

ezt ()11, 2] (i) [1,1.1]
| (i) [1,1.01] (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when ¢t = 1.

30

§2.1




sin(rt)] + 3[cos(rt)|]

ity for each ftiime

(i [1,1.1]
(i

EXAMPLE 2: § =2
(a) Find the average vel
period:

(1) [1,2]

(iii) [1,1.01]
\ particle when t/= 1.
sy 21
[t]t2—>1—|—h

[ —

(cos(m(1

1
mosm)‘]

h
|
2[sin(m(1 + h))]+3|

t:—1 N |
2[(sint=(1 + h))) g[(ﬁm(”ff’)')]

14(1 + h)))]

2.1 h

31




EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

)T
5
' N sm(wivrh) cos(vr;l; wh)
2[sin(m(1 4+ h))]+3[1 + (cos(n(1 + h)))]

2[sin(7(1 4 h))]+3[1 + (cos(n(1+ h)))]

32

2.1 h




EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

[ ]t_>1+h Vo € R, Vo € R,

[t]i ::%—I—h sin(r 4+ x) = —sinx cos(m+x) = —cosxz
t:—1 sin(7 + 7h) cos(r + mh)
N AL

26 GAF 1431 + (Eos(r(L F M))]

[y
|
*2[sin(wh)] + 3[1 £ (cos(mh))]

h 33
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EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

s @) (k- 1 h =01
i tth | () h:—0.01 (iv) h :— 0.001

Q Exercise: Make these substitutions.
—2[sin(wh)] + 3[1 — (cos(wh))]

h To do (b),
| it helps to rewrite this. ..

h | h

5 {sin(wh)] 3 [1 — (cos(wh))]ﬂ

34
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EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

‘ [8]t2—>1—|—h

t:—1 To _dO (b), . .
t—1+h It helps to rewrite this. ..
[t]t2—>1
N .
5 {sm(wh)] 3 [1 — (cos(wh))]
h | To do (b),
I it helps to rewrite this. ..
:singw%: f]._l— (%os(?h}b)ﬂ)
SIN(m — (COS( T
-2m | == | | — _

§2.1




EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

Tt —1+h
[ ]t —1
t:—1+4+h
[t]t2—>1+
N
sin sin(mh) 1 — (COS(Tl'h)) 1 — (cosz)
— 27 - 37
i |
b [s i o
1 e . |SIN ch)| | 3 1—(c (wh)) 0
IOU §ZS,7T ﬂJh o7 791 IOU 84.3,| 36
51| P- 68, 17 p. 69, I-10




EXAMPLE 2: s = 2[sin(nt)] + 3[cos(t)]

(a) Find the average velocity for each time
period:

() [1,2] (i) [1,1.1]
(i) [1,1.01]  (iv) [1,1.001]

(b) Estimate the instantaneous velocity of the
particle when t = 1.

T 1ti—1+h
[S]t:—>]_
t:—1+h
[t]t2—>1
N
. [sin(wh)] . {1—(cos(7rh))}
—Z£7T I 3T
wh wh
g v J N ~ J/
I I
0 0
(b) —2meemrs—1 /O g
52.1 0




Note: When dealing with expressions of ¢,
one often replaces every “hA"” with “At".

When dealing with expressions of x,
one often replaces every “A" with “Azx" .

More on this later (in: approx. by differentials).

|
| |
| |
Whitman problems : Whitman problems : Whitman problems
‘§2 1, p. 23-24, #1-3,5,7 |, §2.1, p. 23-24, #4,6 §2.1, p. 24, #8

t:—1+h

[ ]t —1

[ty 21"
N

[sm(wh)] 2 [1 — (cos(wh))]

7/ .

\ . 4 \ -

O

Os—=<{ =

(b)—2w cm/s 1

38




