CALCULUS
The limit game and
the exact definition of a limit




THE LIMIT GAME!

_Hovv close
IS close?

1. You pick a vertical distance € > 0.

: | represents tolerance
&9l for output error
2. I pick a horizontal distance § > O.
e.g. represents tolerance
7 for input error

NOo answer needed!

ou pick a point on the z-axis.
Must meet input tolerance.

Must be within § of 2,
but not equal to 2.

4. Apply f to the point.

I win if output meets
output tolerance.

IT answer is within € of 5,
I then|I win;
_ otherwise you win. 2




§2.3, p. 29, Def'n 2.3: Iim f(z) = L is read

r—a
the limit of f(x) as x approaches a is equal to L
and means, intuitively:
T x is close to a, but not actually equal to a,
then f(x) is close to L

or.

i dist(z,a) is small, but not actually 0O,
then dist(f(x), L) is small
and means, rigorously:

Vtolerance to output error € > 0O,
Jtolerance to input error 6 > 0O
such that

If dist(z,a) is small enough

to meet the input tolerance of 9,
but is not actually O,

then dist(f(x), L) is small enough

§2.3 to meet the output tolerance of ¢




§2.3, p. 29, Def'n 2.3: Iim f(z) = L is read

r—a

the limit of f(x) as x approaches a is equal to L

and means, rigorously:
Vtolerance to output error € > 0O,
-tolerance to input error 06 > 0O
such that
I dist(z,a) is gmall enough
to meet the input tolerance of 9,
and means, rigorodsly: but is not actually O,
tlhhmnin A+l LA TN\ i~ chanall A
Utput érror & > oPugh

vtolerance to
+A mAant+ FlhAa A
Jtolerance 16 input error § 5 gtPut tolerance of e

Ve > 0dist(xz,a) is small enough
to meet the input tolerance of 9,
but is not actually O,

then dist(f(x), L) is small enough

§2.3 to meet the output tolerance of ¢




82.3, p. 29, Def'n 2.3: Iim f(x) = L is read

r—a

the limit of f(x) as x approaches a is equal to L

and means, rigorously:
Vtolerance to output error € > 0O,
Jtolerance to input error 6 > 0O

such \that
f\cgc(ac ,a) IS s?/éll enough
to meet the input tolerance of o
Bt TS ot actually 0
then dlst(fX{O\/ is s aII en ugh
ee S outp t tolerance of ¢

or.
Ve >0, 46 >0 su
it dist(z,a) < 6, but dist(x,a) # O,

then dist(f(x),L) <e

§2.3




82.3, p. 29, Def'n 2.3: Iim f(x) = L is read

r—a

the limit of f(x) as x approaches a is equal to L

and means, rigorously:

dist(x,a) > 0O
ve >0, 36 >0 such that gist(z, a)

If dist(z,a) < 6, but |dist(x,a) = O
then dist(f(x),L) <€

PERFECTLY RIGOROUS,
BUT ATYPICALLY PHRASED.
MORE TYPICAL...

Ve > 0, 40 > 0 such that
it dist(z,a) < 6, but dist(x,a) # 0O,
then dist(f(x),L) <e

§2.3




82.3, p. 29, Def'n 2.3: Iim f(x) = L is read

r—a

the limit of f(x) as x approaches a is equal to L

and means, rigorously:

dist(x,a) > 0O
ve >0, 36 >0 such that gist(z, a)

if dist(x,a) <9, but |dist(z, a)
then dist(f(x),

or.
Ve >0, 46 >0
if 0 <dist(z,a) < 9,
then dist(f(x)/L) < ¢

dist(s,t) = |s —

or:
Ve > 0, 6 > Qfsuch that

TO<|z—al <9,

=51 then [(f(z)) ~ L| <«




§2.3, p. 29, Def'n 2.3: alci£>na,f(x) = L is read

the limit of f(x) as x approaches a is equal to L

and means, rigorously:

Ve >0, H46 > 0 such that
f0<|z—al<d, then |(f(x))—L|<e.

\

The typical form of the rigorous definition

FYI: Intuitive def'ns will be tested,
but not the rigorous ones.

Ve >0, H46 > 0 such that
TO<|z—al <9,

§2.3 then ’(f(él}))—Ll <é€




Def'n: aljimaf(a:) = L is read
the limit of f(x) as x approaches a is equal to L
and means, rigorously:
and7e. > 05 0_> OveHch that
f0<|z—al<§, Ithen |(f(z)) — L] <e.
then f(x) is close to L

and means, rigorously:

Ve > 0, H0 > 0 such that
fO<|zr—al<é, then |(f(z))—-L|<e.

§2.3




Def'n: lim f(x) = L

r—a

IS read

the limit of f(x) as x approaches a is equal to L

a

and means, intuitively:

T x iIs close to a, but not equal to a,

then f(x) is close to L

and means, rigorously:

Ve >0, 46 > 0 such that

fO<|zr—al<é, then |(f(z))—-L|<e.

Alternative notation: f(z) - L as z = a

=

§2.3

NONSTANDARD
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Def'n: Iim f(x) =L is read

r—a

the limit of f(x) as x a‘zproaches a

a} _|_

and means, intuitively:

from the left|

IS equal to L

T x is close to a, |but less than aj,

then f(x) is close to L

and means, rigorously:

L

\f/\_

Ve > 0, 46 > 0 soeh—Hhaat

fa—90<x<a, then

62.4

(f(x)) = L| <e.

Alternative notation: f(z) — L as x —a”,lim f(x) =L

1 a zla
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§2.4, p. 34, Def 2.11: lim f(x) =L s read

r—a

the limit of f(x) as x approaches|a [from the right

IS equal to L

and means, intuitively:

0

if x is close to a, |but greater than al

then f(x) is close to L

and means, rigorously:

I /Mf

\V/\_//=

Ve >0, d46 > 0 such that
fa<zx<a-4+d then

Alternative notation: f(x) — L as & —

(f(x)) = L| <e.

Y
|

at,lim f(z) = L
rla

Fact: Iim f(z) =L

r—a

62.4 r—a~

RN

both Iim f(x) =L and Im f(xz) = L.

SC—>(L+
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Def'n: lim f(x) = oo is read
JJ—)(L_I_

the limit of f(x) as = approaches la from the right
IS equal to linfinity

—00

and means, intuitively:
T x is close to a, but greater than a,

N r
and means, rigorously: ”
unneeded
VR[>0, 35 > 0 such that
fa<xz<a—i, then f(x) > R.

Alternative notation: f(z) — o0 as & — a™ lim f(x) = oo

“> 0" needed only on ¢ - l , Tla
traditional on € and ¢

on other i/p or o/p specifications,

traditional not to say “> 0" or “< Q", 13

Spp but I will ...




Def'n: lim f(x) = —oo is read

CU—>(L+
the limit of f(x) as z anroaches a from the right
) is equal to |negative infinity

and means, intuitively:
T x is close to a, but greater than a,

asymptote "l
and means, rigorously: A /
VR <0, 46 > 0 such that \/\"/\I/

fTa<x<a-4o, then f(x) < R.
Alternative notation: f(z) — —oo0 as & — a7, Iiin f(z) = —o0
M xrla
T | a
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Def'n: lim f(x) = —oo is read

r—a

the limit of f(x) as x [approaches a
IS equial to negative infinity

and means, intuitively: o
if x is close to a, |but not equal to d,

then f(z) is very negative vertical 4 N\ £

asymptote |, N /
and means, rigorously: >
VR <0, 40 > 0 such that \/\‘/\./

TO<|zr—al <é, then f(xz) < R.

Alternative notation: f(x) - —oc0 as =z — a




Def'n: lim f(x) = oo

r—a

the limit of f(x) as xz apgproaches a

a

and means, intuitively:

IS read

IS equal to |infinity

If x is close to a, but not equal to a,

then f(x) is|very positive vertical

and means, rigorously:

VR >0, 46 > 0 such that
TO<|z—al <§,

asymptote

a2
Ly
..........
.....

(VN

7

P

Q,N“h

then f(x) > R./

Alternative notation: f(x) — oo as z — a
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and means, intuitively:
T x Is close to a,

Def'n: lim f(x) =oco s read

r—a

the limit of f(x) as x approaches p [from the left

IS equal to infinity

—00

but less than aj

asymptote "l
and means, rigorously: \f/\_/
VR >0, 40 > 0 such that /

Ta—0<x<a,

then f(z) > R./

Alternative notation: f(z) — oo as & — a_,lim f(z) = oo

ca zla

Fact:

Spp

both

Jim, 7@ = o9

im f(z) =00 and Iim f(z) = oco.

r—a

iff

.’L'->(L+
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Def'n: lim f(x) = —oo is read

r—a

the limit of f(x) as x approaches a from the left

IS equal to

and means, intuitively:

negative infinity|

T x is close to a, but less than a,

then f(x) is|very negative

and means, rigorously:

AV Al
J
VR < 0, 36 > 0 such that \/\‘

Ta—0<x<a, thenf(:c)<R.
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Def'n: Iim f(z) = —oo is read
r—a

the limit of f(x) as x approaches a from the left
IS equal to negative infinity

—00
and means, intuitively:
If x is close to a, but less than a,

then f(x) is very negative vertical % ¢
asymptote e, /
. AN
and means, rigorously: 7 >
VR < 0, 36 > 0 such that \/\‘/\/
ifa—0 <z <a, then f(xz) < R.
Alternative notation: f(x) - —oco asx — a~, Ii?’l f(x) = —o0
X zla
Fact: lim f(z) = —o0 i T

both Iim f(xz) = —oo and lim f(x) = —oo.| 19

Spp r—a - r—aT




the limit of f(x) as x approaches EFgative infinity

IS equ

and means, intuitively:

T x IS

very negative|,

then f(x) is very negative

and means, rigorously:

VR < 0, 45 < 0 such that

T x <SS,

/

Def'n: Iim f(x) = —oois read
r——0C0

o0

| to negative infinity

/

then f(z) < R.

Alternative notation: f(x) — —,olo as r — —oo

20




Def'n: lim f(x) = o0

L—— 00

the limit of f(x) as z ap+roaches negative infinity
IS equal to |infinity

\
\

and means, intuitively:
T x IS very negative,

\

\
\
\

IS read

then f(x) is|very positive ‘\f N /\

and means, rigorously:

VR > 0, 45 < 0 such that
T x <SS,

\//

then f(x) > R.

Alternative notation: f(x) — o0 as © — —0
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Def'n: lim f(x) =00 s read

Ir—00

the limit of f(x) as x approaches||

IS equal to infini

and means, intuitively: e
T x IS |very positive,
then f(x) is very positive
and means, rigorously: \/\
VR > 0, 45 > 0 such that
ifz>9, then f(x) > R.

Alternative notation: f(x) — oo as x

— OO
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Def'n: lim f(x) = —oco is read

r—00

the limit of f(x) as = approaches ipfinity
is equal to |negative infinity

and means, intuitively: L
T x 1S very positive,

then f(x) is|very negative /\/\

and means, rigorously: \/ \=
VR < 0, 48 > 0 such that / \
ifxz>09, then f(z) < R. '

Alternative notation: f(x) — —oc0 as * — oo
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§4.8, p. 81, Def 4.10: Iim f(x) =L s read

$—>OO

the limit of f(x) as z approaches infinity
is equal to L]

—00
and means, intuitively:
T x 1S very positive,

then f(x) is|close to L N
A D
and means, rigorously: / h — .
orizonta
Ve > 0, 38 > 0 such that asymptote
x> .9, then |(f(x)) — L| < e.

Alternative notation: f(x) — L as x — oc

24
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Def'n: Iim f(x) =L is read
r——00

the limit of f(x) as xz approaches

negative infinity

IS equal to L

and means, intuitively:
if = is|very negative|,

then f(x) is close to L s
T’f /T_\\ >
and means, rigorously: h — >
oriZzonta
Ve > 0, 38 < 0 such that asymptote
iz <9, then |(f(x)) — L| < e.

Alternative notation: f(x) — L as £ — —o0
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