CALCULUS
Limit laws




cf. 32.3, p. 32, THEOREM 2.7:

Works for |Iim , lim , Ilim, lim , [|im
r—at x—a- T4 IT7X r——00

Need to assume that the limits on the RHS_ exist.

f

im[(f(z)) + (g(x))] = [lim f(z)] + [lim g(z)]
imle(f(x))] = cllim(f(z))]

lim co utes

alar multiplication

“commutes’ pefers to-travelig —
watch/c and _Hm trave).

7 dmie(f(@))]

“scalar’ mearis number, e.g., 12, 7, —m, etc.
“‘scalar Jltiplication” means

multiplication by a (real) number 2

52.3|¢c"is a (real) number, not a function or expression




cf. §2.3, p. 32, THEOREM 2.7:
lim , |Iim

Works for |

im , lim , lim,
:c—>a‘|‘ r—a

r—a I—/0&K0 r——0o0

Need to assume that the limits on the RHS exist.
Can conclude that the limit on the LHS exists.

lim is linear
i.e.: both

im[(f(z)) + (g()).

and

lim distributes over addition

lim{e(f(x))]

l

lim is additive

[lim f(z)] + [lim g(z)]

%§61”01Cf($))]

lim commutes with scalar multiplication

lim distributes over multiplication

i.e.. |im[(f(flf))(g(a:‘))]>'=[|im f(@)][lim g(x)]

lim is multiplicative

lim distributes over division

i [12) \

I.e.:

g(x)

lim f(x)

/_—>Iim g(x)
3
provided [this denominator|is not zero




lim is linear Works for

T .1 0o

limA/orks for ITm ", “1im , Iim 2 1lim , lim a , lim, lim,
lim distributey—gq+ z—a— T—0 T—00 z——00,+ g-—g— L0
CONCLUSIONS: im , Iim

L—0 r——00

lim respects linear combination

||m IS 1rear

ieslimla(f(z))+b(g(x))] = allim f(z)]+bllim g(z)]

lim distributes over multiplication

lim distributes over division

§2.3




lim is linear Works for

lim distributes over multiplication lim , lim , lim,
lim distributes over division r—at x—a— T4
CONCLUSIONS: lim , lim

lim respects linear combination RS

ielimla(f(z))+b(g(z))] = allim f(z)]+bllim g(z)]

. " lim commutes
lim is additive \\ //with scalar mult

[lim{a(f(z))]] + [lim[b6(g(z))]]
QED




lim is linear

lim distributes over multiplication
lim distributes over division

CONCLUSIONS:

lim respects linear combination

IWorks for

lHm , lim , lim,
:c—>a‘|‘ r—a L—a
lhim , Ilim .

L—0 r——00

e.: limla(f(z))+b(g(x))] = allim f(z)]+bllim g(x)]

e.g.: im[B( f(x))

—9(g(x))] =5[lim f(z)]

coefficients

EXAMPLE 1:
im f(x) = 4 im g(x) = —
r——3 r——3

Evaluate xl_|>m3 [(f(:v)) + 5(g(x))].

1

!

2

4+ 5(-2

§2.3

|
—6
]

—9lim g(z)]




lim is linear Works for
lim distributes over multiplication lim ., lim , lim

lim distributes over division gt p—aq— TQ

CONCLUSIONS:
lim respects lingar combination

lhim , Ilim .
L—00 Lr——00

ielimla(yf () +b(g(x))] = allim f(z)]+bllim g(z)]
e.g.: im[5(f(x))—9(g(x))] = 5[lim f(x)]-9[lim g(x)]

coeffs 1 and —1

lim distributes/over subtraction (cf. TH'M 2.7, p. 32)
e lim[(f(z)) — (g(x))] = [lim f(z)] — [lim g(z)]

lim comm. with |pos. int. WErs
ie im[(f(z)"] = [nm”

I equal QED
im[(f (@) (f (@)1 = [lim_f(@)][lim(f(z))" 1]
=...=[lim f&)]---[lim f(x)]

= [lim f(z)]"




lim is linear Works for

lim distributes over multiplication lim , lim , lim,
lim distributes over division r—at z—a— T4
CONCLUSIONS: lim , lim

L—00 Lr——00

lim respects linear combination

e limla(f(z))+0b(g(z))] = allim f(z)]+bllim g(z)]
e.g.: im[5(f(z))—9(g(z))] = 5[lim f(z)]-9[lim g(z)]
lim distributes over subtraction (cf. TH'M 2.7, p. 32)
e im[(f(z)) — (g(x))] = [lim f(z)] — [lim g(z)]
lim comm. with pos. int. powers Def'n 2.18, p. 42:
e im{(f(x))"] = [lim f(x)]"| ¢ is continuous at «

MORE FACTS: i lim f(z) = f(a).
constants are continuous

. : at every real £
e lime=-¢c - .
T—a f'n: The identity is

f :— const fn with value ¢

the identity is continuou the function ¢ R — R
i.e.:limz,aszba‘ ’ '
§2.3 T—a (a:) (a,) def'd by v(z) = x. 8




lim is linear
lim distributes over multiplication lim . lim , lim,

lim distributes over division

CONCLUSIONS:

lim respects linear combination

IWorks for

r—qt xz—a— TTC

lim , |Im
L—0 r——00

e limfa(f(z))+b(g(z))] = allim f(z)]+b[lim g(x)]
e.g..im[5(f(z))—9(g(z))] = 5[lim f(z)]-9[lim g(z)]
lim distributes over subtraction (cf. TH'M 2.7, p. 32)

e im[(f(z)) — (g(z))] = [lim f(x)] — [lim g(x)]

lim comm. with pos. int. powers |Def'n 2.18, p. 42:
e im[(f(z)"] = [lim f(2)]"| ¢ is continuous at «

MORE FACTS:
constants are continuous

. at every real
limec = c

the identity is continuous

I.e.:

§2.3

. at every real
Iilm . = a
Tr—a

i lim f(z) = f(a).

r—a

lim x = oo, lim = —o0
L— 00 T——00

Def’'n: The identity is
the function ¢+ : R — R

def'd by «(x) = x. °




lim is linear : :

lim distributes over multiplication Def 4 2'15' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(gj) — f(a).
Im distrihiites over <ithtraction r—a

Im respects linear combination .

constants are continuous pos. int. powers of contin.
the identity Is continuous functions are again contin.

lim distributes over subtraction

lim comm. with pos. int. powers |Def'n 2.18, p. 42:
f is continuous at a

i lim f(z) = f(a).

r—a

constants are continuous

the identity is continuous

10

§2.3




lim is linear : .

lim distributes over multiplication Def 4 2'1?' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(gg) — f(a).
lim distributes over subtraction L—a

lim comm. with pos. int. powers

constants are continuous pos. int. powers of contin.

the identity is coptinuous functions are again contin.

Proof:

Know: aljlﬂ)’]a f(x) = f(a)

Wants Jim (£ 2 ()"
A\ 74

lim f(a;)}”

r—a

QED

11
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lim is linear : .

lim distributes over multiplication Def 4 2'1?' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(gg) — f(a).
lim distributes over subtraction L—a

lim comm. with pos. int. powers

constants are continuous pos. int. powers of contin.
the identity Is/continuous functions are again contin.

MORE FAC/IS:

POS. Int. powers are\continuous
: . n n at every real
e lim/xz"” = a

: . at every real (odd roots)
DO.S. INt./roots are continuous at every pos. real (even roots)

i.e.: 9gimaWE = Va (I\n is even, we assume that: a > 0.)
—_

12
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lim is linear : .

lim distributes over multiplication Def 4 2'15' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(aj) — f(a).
lim distributes over subtraction L—a

lim comm. with pos. int. powers

constants are continuous pos. int. powers of contin.
the identity Is continuous functions are again contin.

MORE FACTS: L .
SN IS continuous

posS. int. powers are continuous at every real
e lima” =a"
r—a

at every real (odd roots)
at every pos. real (even roots)

is even, we assume that: a > 0.)

POS. int. roots are C Inuous

j.e.. lim Vzx = Va (If

r—a

e.g.. Iim [sin (a:Q)} = sin (Iim < '=sin(49) B

r— 1 r—(

_ |an expressiones with fns
THEOREM (fn«<lim): inside a funchictontinuity

f continuous at limg(z) = lim f(g(z)) = f(lim g(z)).[ 1
§2.3




lim is linear : .

lim distributes over multiplication Def 4 2'1?' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination if lim f(gg) — f(a)
lim distributes over subtraction L—a

lim comm. with pos. int. powers

constants are continuous pos. int. powers of contin.
the identity Is continuous functions are again contin.

MORE FACTS: L .
sSin IS continuous

posS. int. powers are continuous at every real
e lima” =a"
r—a

: . at every real (odd roots)
POS. INt. roOts are CONtINUOUS 3¢ cicry pos. real (even roots)

e.. lim Vx = Va (If nis even, we assume that: a > 0.)

r—a

{z,/”m g(az) lim commutes with roots

we assume that: lim g(x) > 0.)

commutes with fns
s of continuity

THEOREM (fn«lim):

f continuous at limg(z) = I
§2.3

f(g(a?)) =f(limg(x)).| 14




lim is linear

lim distributes over multiplication
lim distributes over division

lim respects linear combination
lim distributes over subtraction

lim comm. with pos. int. powers
constants are continuous
the identity is continuous
POS. int. powers are continuous

POS. int. powers are continuous

§2.3

Def'n 2.18, p. 42:
f is continuous at a

i lim f(z) = f(a).

r—a

Def: A polynomial in z

is a finite linear comb.

of 1, ac,acz,...

15




lim is linear : .

lim distributes over multiplication Def 4 2'15' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(g;) — f(a)
lim distributes over subtraction L—a

lim comm. with pos. int. powers
constants are continuous ) g .

the identity is continuous s a finite linear comb.
POS. int. powers are continuous of 1, z, 35‘2.

e.g.: 54+ 3¢ — 222
4 4+ 1,000,000

34+ 522 — 192°

Defs: polynomial in ¢
polynomial in u
polynomial In ¢
etc. polynomial

€.9.:5 + 30 —2e?
4 1 1,000,000

Def: A polynomial in z

16

§2.3 3 4+ 502 —19e°




lim is linear

lim distributes over multiplication
lim distributes over division

lim respects linear combination
lim distributes over subtraction
lim comm. with pos. int. powers
constants are continuous

the identity is continuous

POS. int. powers are continuous

Def'n 2.18, p. 42:
f is continuous at a

T lim f(x) = f(a).

r—a

Def: A polynomial in z

is a finite linear comb.

of 1, x, 35'2,

Defs: polynomial in ¢

P

§2.3

polynomial in u
polynomial in q
etc. polynomial

efs:AratiQnal gn, s 2
qu otlent of two polys.

~— — g == -

polynomlal INn q
etc. polynomial

17




lim is linear

lim distributes over multiplication
lim distributes over division

lim respects linear combination
lim distributes over subtraction
lim comm. with pos. int. powers
constants are continuous

the identity is continuous

POS. int. powers are continuous

Def'n 2.18, p. 42:
f is continuous at a

T lim f(x) = f(a).

r—a

Def: A polynomial in z

is a finite linear comb.

of 1, x, 35'2,

Defs: polynomial in ¢

- 54+ 3x — D2
€.9-- 4 1,000,000

polynomial in u
polynomial in q
etc. polynomial

Def: A rational fn is a

7 + 2t2 4 4410
(1 —1t)(4+1)

quotient of two polys.

Defs: rat’l expr. of ¢
rat’l expr. of v

rat’l expr. of b

W) | rat’| expr. of «

§2.3

[4 2w2—7w]/[7 (1 4+ w)(2uw? —
;;_- w’ 255__ w’

etc. | is




lim is linear : .

lim distributes over multiplication Def 4 2'15' p. 42:

lim distributes over division J is continuous at a
lim respects linear combination i lim f(aj) — f(a).
lim distributeg over subtraction L—a

lim comm. with pos. int. powers

constants are/continuous Def: A polynomial in x

is a finite linear comb.

the identity is continuous
pos. int. p rd are continuous of 1, z, 2, ...
any polynomjial is continuous—<-"Defs: polynomial in ¢
(at 2!l real numbers) polynomial in u
any rational fn is continuous polynomial in q
(at numb }s§ in its domain) etc. polynomial
FACT :(Polys 5\@ rat’'l fns are contin)| Def: A rational fn is a
If fis a polynomial or quotient of two polys.
rational function, Defs: rat’l expr. of ¢
and if a € dom[f], rat’l expr. of v
rat’l expr. of b
then Iim f(xz) = f(a). rat’l expr. of «
r—a etc. [ 1o

52.3] Next: Determinate and indeterminate forms. ..




1

— ~ 0
106
The form determines the answer.
(¥ 1 1?
Form of answer:/,— = 0
determinate form™ =
1
Problem: Evaluate lim —. _
T—0 hm =z =
r—0Q0
. . 1
Solution: Ilim = = 0 M
Tr—0Q0 €T
il 117 1
1/(_00) - O —106 ~
lim f(x) = lim . 0
€T) = —oO ==
f(x)
Works for |Iim , |Iim , lim, |lim, |Iim

r—at x—a~

lim f(xz) =00 = |Iim f(la’:) =

0

r—a I—/0K0 r——o0

20




"1/(07) =00” “1/(07),= —o0”

, 1
M — = oo

r—0T &
Iim — DNE
, 1
im — ="—o¢
r—0— X
lim f(x) = lim . 0
€Ir) — —OCO =
f(x)
Works for |im , |im , lim, lim, Ilim .

r—at z—a- ¥4 TT7OC Tr——00

0 21

lim f(xz) =00 = |Iim 1

Spp f(x) B




"1/(07) = 0" "1/(07) = —o0”

im f(z) = 0 lim f(la:) = oo/ Jlim f(x) =/f — lim f(la:) = —0
MEANING?

IimJr f(x) = L~ means, intuitively:
Lr—Q
T x is close to a, but greater than a,

then f(x) is close to L, but less than L,

1
im f(x) = —o0 = lim =0
() (@)
Works for |im , |im , lim, lim, Ilim .

r—at x—a- TT@ 7O r—-—00

0 22

lim f(xz) =00 = |Iim 1

Spp f(x) B




"1/(07) = 0" "1/(07) = —o0”

lim f(z) = 0= lim ) = lim f(z) = o/«— — lim =
]
MEANING? &)
im f(x) = Lﬂor;rswtgg%?’fjintuitively:

ac—>a+
T x is close to a, but greater than a,

then f(x) is close to L, but less than L,
and means, rigorously:

Ve >0, 36 >0st. a<zr<a+d = L-—ec<f(zx)<L.

Yoo 00 = oo’ (10%9)(10°) is very positive 5 MORE

) K ) ] ETERMINATE
00+ (—00) = —0o0 (10°)(=10°)  |\DETERMINATE
"(—00) 00 = —0o0” (—10°)(10°) FORMS

23

“(—00)-(—00) = 0" (~10°)(~10%)




"1/(07) = 0" "1/(07) = —o0”

1
lim f(z) = 0T = lim = oo| |lim f(z) = 0~ = lim = —00
f(z) f(z)

: 2 _ A+ : 1
Iim z==0", so IIm—% =
x—0 7—0 22

nonstandard

lim f(x) = L~ means, intuitively:

ac—>a+
T x is close to a, but greater than a,

then f(x) is close to L, but less than L,
and means, rigorously:

Ve>0, 40 >0st. a<zx<a+d = L—s<f(a:)<L.

¥ 17

0000 = OO “oo 5 = MORE

. . +7 - DETEEI{I\%NATE
00 (—00) = —0o0 "oo — 7 = o0’ INDETERMINATE
u(_ ). — _OO” _I_ c — 11 FORMS

24

Spp “(_OO)'(_OO) = 00" “( OO) +c= —0o0"




“1/(07) = oo”

“oo:(—o—o) = —o0"
“(—o0) 00 = —o0"
“(=00)-(—00) = oo

“1/(07) = —o0”

‘D00 = 0"
"3 00 = 00"
“(—=3) 00 = —0o0”
e>0=c-00 = 00"
fce<0O=c-00=—00"




"1/(07) = oo” “1/(07) = —oo”

u\/& — OO” “C > O = C - (_OO) — —OO”
ZUII—>mOO(1/x2)(SC) —0 :‘C < O = C - (_OO) — OO”
$||—>moo(1/x2)(m2) =1 “C > O :> C+ OO0 = OO”

m (1/932)(393) = 00 "c< O=c-00 = —00"

“O-0c0 and O - (—oo) are indeterminate”
im (—1/2z°)(—z) = 0

mI|_>moo(—1/992)(—:193) =1
t . — " lim (=1/z29)(—x°) = 0 MORE
“OO b > $—>°O,(, /z7)( ) DETEEI{]\/%NATE
00 (—00) = —00 INDETERMINATE
“(—o0)-00 = —c0" Yoo+ c=o0" FORMS

Spp “(_OO)' (_OO) = 00" “(—OO) +c= —0o0"




"1/(07) = oo” “1/(07) = —oo”

e = 00" MeT > = 0"

“In(0c0) = 00"

“Voo = oo” ‘ce>0=c-(—00) = —o0"
“(01T)>° = 0" ‘ce<0=c (—00) = 0"
“1%> js indet.” ‘¢c>0=c-00=o00"
“(01)9, oo indet.” “‘c<0=c-o00=—00"

“O-00 and 0 - (—oo) are indeterminate”

“0/0, oo/00, (—00)/00, co/(—00), (—00)/(—00)

“I"'HOpital indeterminate forms” a” |ndeterm|nate”

¥ 17
0000 = 0O MORE
. . DETERMINATE
00 (—00) = —0o0 INDETERMINATE
" FORMS

“(—o0) 00 = —o0" Yoo+ c=

27

Spp “(_OO) ' (_OO) = 00" “(—OO) —|— c= —0o0"




“1/(07) = oo”

“H_00 —

e

— OO” ue—oo — 71

“In(oco) = o0

/0 = 00"

“(0T)>* =0
“1£ js indet.”
“(07)9, 0P indet.”

“O-00 and O-

“1/(07) = —o0”
“(—o0) + (—o0) = —o0”
Yoo + oo = o0
Yoo — oo IS Indeterminate”
“‘e>0=c-(—o0) = —o0"
“‘ce< 0= c - (—0) = 0"
"e>0=c-00= 00"
'ce<0O0=>c-00=—0"

(—o0) are indeterminate”

“0/0, oco/o0, (—0)/o0,

“I"'HOpital indeterminate

00/(—00), (—00)/(—00)

forms”  3|| indeterminate”

“OO:(—C>—O) — —OO”
“(_OO)'OO — _OOH
“(—00) - (—00) = o0

MORE
DETERMINATE
AND
INDETERMINATE
" FORMS

28

Yoo+ ¢ = o0
“(—00) + ¢ = —00”




“1/(07) = oo”

“1/(07) = —o0”

“H_00 —

e

1
— OO (& —

“In(oo) = 0" Next:

Monotonicity

u\/& — OO” and

sgueeze

“(0T)*® =0" Tth'm..
“1E js indet.”
“(07)9, 0P indet.”

“O-.- 00 and O -

b —00 71

“(—00) + 00 1'1/(07) = —oo™"

“(=00) + (—o00) = —o0”
Yoo + 0o = 0"’

Yoo — oo IS Indeterminate”
“‘e>0=c-(—o0) = —o0"
“‘ce< 0= c - (—0) = 0"
e >0=c-00= 00"
'ce<O=c-00=—00"

(—o0) are indeterminate”

“0/0, oo/00, (—00)/00, co/(—00), (—00)/(—00)

“I"HOpital indeterminate forms” all indeterminate”

“oo:(—o—o) = —o0"
“(—o0) 00 = —o0"
“(=00)-(—00) = oo

MORE
DETERMINATE
AND
INDETERMINATE
" FORMS

29

Yoo+ ¢ = o0
“(—00) + ¢ = —00”




TH'M (left montonicity of limit):
If, for some § > 0,

flx) <glxz) on a—-06<z<a,

Any smaller
positive number

would work
for §, too.

30




TH'M (left montonicity of limit):
If, for some § > 0,

flx) <glxz) on a—-06<z<a,

Any smaller
positive number

would work
for §, too.

31




TH'M (left montonicity of limit):
If, for some ¢ > O, ; El(e;t_é(}nf)d ofa

f(@)RDg(z) on a-d<z<a,
then Iim_f(z)(S) lim_g(=),

r— a7 r—aT
provided both oRNthese limits exist.

L . No larger
Exercise: right monotonicity positive number
Next: two-sided monotonicity would work

for o.

32
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TH'M (monotonicity of limit):
[f, for some ¢ > 0, punctured 6-nbd of a
f(x)<glz) on |z€(a—4d,a-+ 5)|\{a,H
then lim f(x) < lim g(x),

r—a T Ir—a

provided both of these limits exist.

§2.3

33




TH'M (monotonicity of limit):
If, for some § > 0,
f(x) <g(x) on zxze€(a—6ba+9)\{a}
then aLln{ f(x) < lim g(x),

r—a

~_provided both of these limits exist.

I=1m f(zx) < limg(z) < lim h(z) = L

r—a \iU—>CL T r—a
PTis a little harder.
(We onit it.)

54.3, p. 6f: THE 4/1 (squeeze th'm)
If, for some § >0

and if lim f(a:) = |

r—a —a

then lim g(x) = L.

r—a

not needed: [assuming lim g(z) exists| | *

§2.3 r—a




4.3, p. 67: THEORE
If, for some é > O,

flx) < g(z) £ h(z) ony\ z € (a—b,a+d)

and if lim f(x) = Iim h(x) = L,

r—a r—Qa

then lim g(x) = L.

§2.3

r—a

Exercise: left and right squeeze theorem

4.1 (squeeze th’H\)\

\{a}

35




Fact: IT @ =1 on a punctured nbd of a,
then lim gb(a:) = Iim ¢ (x),

r—a Lr—a

|ded th HS exists.

Proof: (z) < ¢(z) < w(a:) oz € (a — dra+0)\{a},

/ so lim ¢(x) = I|m ().
Lr—d r—a QED
84.3, p. EO Y (squeeze thm)

If frsom o >0

fz) < g(x) < h( z € fa—4,a+5)\{a},

and if Clllena’f(a:) :Lw_
then Im = L
lim g(x) = S .

lim h(x)

§4.3 r—a




Fact: [f|¢p =1 on a punctured nbd of g

then Iim ¢(x) = lim ¥ (x),

r—a LT—a

a

37




o (34 h)? —

Fact: If ¢ =1 Oh a punctured nbd of a,

1L—79J

then Iim ¢(x) = lim ¥ (x),

r—a Lr—a

provided the RHS exists.

Fact: IT @ =1 on a punctured nbd of a,
then lim o(x) = lim ¢ (x),

r—a Lr—a

2.3 provided the RHS exists.

38




2 _
EXAMPLE: Find Iim (3+h) 9.

h #= 0

2 _ 2y _
B+ h2 -0 g+6h:h> I Lo,

im 6+h=[6+h], _.o=6

h—0 Holynomial in h,
SO continuous

r.— h, a.:— 0

Fact: IT @ =1 on a punctured nbd of a,
then lim o(x) = lim ¢ (x),

r—a Lr—a

39

2.3 provided the RHS exists.




2 _
EXAMPLE: Find llzimo (3+f;) 9.

h #= 0
(3+h)?*-9 @+6h+thr?)-9 |

— 6 _I_
.z h h f \y
h . .
Qb( ) ¢ = 1) on every punctured nbd of O (h)

3+h)2-0
im S+ = lim 6+ h=[6+ hl}_.o=[6|m
h—0 h \h—>0 polynomial in h,
SO continuous

r.— h, a.:— 0
Fact: If ¢ =1 o\a punctured nbd of 0,%)

then lim ¢(h) = jim Ww(h),
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Whitman problems Whitman problems Whitman problems
§2.3, p. 34, #1-15 §2.3, p. 35, #16 §2.3, p. 35, #17

Whitman problems
§2.3, p. 35, #18 Whitman problems
§2.3, p. 35, #19

41




