CALCULUS
Limit problems




SOME EXAMPLE LIMIT PROBLEMS:
(1) lim (7z° — 4x + 3) 722 — 4z + 3], .5

r—5  polynomial,

so continuous = 7(52) —4(5)+ 3

Fact: Rational functions are continuous
(at every point of their domain).

Fact: Polynomials are continuous
(at every real number).

Def'n 2.19, p. 42:
f Is continuous Iif,
Va € dom|[f], f is contin. at a.

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(1) lim (7z° — 4x + 3) 722 — 4z + 3], .5

r—5  polynomial,

so continuols = 7(52) —4(5)+ 3

Def'n: We say f(x) is continuous in x
T f is continuous.

Def'n: We say f(s) is continuous in s
T f Is continuous.
etc., etc., etc.

Def'n 2.19, p. 42:
f Is continuous Iif,
Va € dom|[f], f is contin. at a.

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(1) lim (7:132 — 4z + 3) :75152 —4x + 3], _5

r—5  polynomial,

so continuous = 7(52) —4(5)+ 3

Def'n: We say f(x) is continuous in x
T f is continuous.

Def'n: We say f(s) is continuous in s
T f is continuous.

etc., etc., etc.

Fact: If f(x) >0, Vz € R
and if f(x) is continuous in z

then +/ f(x) is continuous in .

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(1) lim (7:132 — 4z 4+ 3) = :75152 —4x + 3], _5

r—5  polynomial,

so continuous = 7(52) —4(5)+ 3

< IS continuous in x.
So V&2 is continuous in x,
i.e., |x| is continuous in x,
e | is continuous.

Fact: If f(x) >0, Vz € R
and if f(x) is continuous in z

then +/ f(x) is continuous in .

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(2) lim (42 + |z — 2|)
rT—2

| @ | is continuous.

| @ | is continuous.

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(2) lim (42 + |z — 2|)
rT—2

Fact: If f is continuous
and if g(x) is continuous in x,
then f(g(x)) is continuous in .

| @ | is continuous.
r — 2 IS continuous in x.
So |x — 2] is continuous in x.

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
(2) lim (42 + |z — 2|)
rT—2

=[x+ |z —-2[];, o =4-2+|2-2| =8 H

Fact: A lin. comb. of continuous expressions
IS continuous.

dx IS continuous in .
|lx — 2| is continuous in x.

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEI\/IS

z3 4+ 4x — 3+ 4x -7
(3) lim i = + 4w
r——-3 b —3zx | 5—-3z 3
rAtional, S

50 ¢@gntinuous (at
numbers in domain)

/ (=33 4+4(-3) -7
§ o 14
[5 —3x],: 43 /

=5-3(-3) = 14—
nonzero

NO T E: Continuity is a powerful tool.
2.3 Let's try It some morel




SOME EXAMPLE LIMIT PROBLEMS:
$4—5az3+9932—7az-|—2

4) IIm
W N 5 268 11241023
{565 — 2z -+ 5x3 — 1122 ~+ 10x — 3}:6__)1: O
""" E R T - PR T et
1 —1 4 —f 3
1 -1 4 -7 3 [

Strategy: Factor z — 1 from numerator and
denominator as many times as possible,
then cancel £ — 1 in the numerator
with £ — 1 in the denominator
as many times as possible.

Let's finish up the denominator first. ..




SOME EXAMPLE LIMIT PROBLEMS:

. 4 — 523 4+ 922 — 7z + 2
(4) lim
=1 2 — 24 4+ 523 — 1122+ 10x — 3

] 1 -2 5 -—-11 10 -3
1 -1 4 -7 3
] 1 -1 4 —7 3 [0
1 0 4 -3
] 1 0 4 -3 [0
1 1 1 5
1 1 5  P+#£0

> — 2x* + 523 — 1122 + 10x —
= (z — 1)2(23 + 42 — 3)
[333 + 4z — 3}

=240 11

r.—1




SOME EXAMPLE LIMIT PROBLEMS:

. 4 — 523 4+ 922 — 7z + 2
(4) lim '
z—1 12 — 24 4+ 5xP — 1122+ 10x — 3

Let’'s factor z — 1 from the numerator now. ..

Exercise: Use repeated synthetic division to get:
4 — 5234+ 922 — Tz + 2
= (¢ —1)3(z - 2)
[t —2],._,1=—-1#0

x5—2x4—|—5x3— 115(32—|— 10x — 3
= (z — 1)2(23 + 42 — 3)
[.5133 + 4z — 3}

=240 12

r.—1




SOME EXAMPLE LIMIT PROBLEMS:

. 4 — 523 4+ 922 — 7z + 2
(4) lim
=1 2 — 24 4+ 523 — 1122+ 10x — 3

= |lim
r—1

13

§2.3




SOME EXAMPLE LIMIT PROBLEMS:

. 4 — 523 4+ 922 — 7z + 2
(4) lim
=1 2 — 24 4+ 523 — 1122+ 10x — 3

_ i '(ar:—l)g'[ T — 2 ]

z—1 | (z—1)?| 23 + 42— 3

=y e[

[z —2],. .1 =—-1%#0

[333—|—4(L‘—3}_ =2 %0 14




SOME EXAMPLE LIMIT PROBLEMS:

. 4 — 523 4+ 922 — 7z + 2
(4) lim
=1 2 — 24 4+ 523 — 1122+ 10x — 3

_ i '(.:r:—l)g'[ T — 2 ]

z—1 | (z—1)?| 23 4+ 42 — 3

: [ r — 2
_:llﬁinl & _\1] _:133—|—4:c—3]




SOME EXAMPLE LIMIT PROBLEMS:
2x° — 8x% + 4x3l-|- 1522 — 1272 — 4

z—2  5x4 — 2413 4+/29x2 + 122 — 28

(Exercise)
§2.3




SOME EXAMPLE LIMIT PROBLEMS:

, 2x° 4+ 18x2% 4+ 5823 + 9022 + 108z + 108
(6) Iim -

r——3 10 4 822 — 1524 — 36023 — 1485x2 — 2592x — 1701

(Exercise)
§2.3

17




SOME EXAMPLE LIMIT PROBLEMS:
;135—|—3:c4—§'>a:3—23:c2 — 24x — 8

7) lim
()a:—>—1 —:c7—5z:—;9’3;;/15w4+5x3—|—9x2+5m+1
R | = |
= |im : :

left: pos/sm neg )
right: pos/sm pos

— 520 —

(Exercise)
§2.3




General procedure: Let P and ) be polynomials,
and let a € R.

To compute Im, gg% R gg N gg
write P(z) = [(x — a)™][F(2)],

and Q(z) = [(z — a)"][G(2)],
with F'(a)#0 and G(a)#0, and then:

[fm > n, = {((I) — a,)m_n}

If m=n, —

19




General procedure: Let P and @) be polynomials,
and let a € R.

To compute Im, gg R gg; N gg
write P(z) = [(x — a)™][F(2)],

and Q(z) = [(z — a)"][G(2)],
with F'(a)#0 and G(a)#0, and then:

P(.’I}) a:;&a,_ 1 _ _F(,’L‘)_

[fm<n, = — .
Q(x) (&= )" | G()

[l lac ~a
F(a)

70/ 20

§2.3 G’(a)




O:)( O
1 =
then
(x —a)n—m
TN 0.
(Two-sided limit DNE.)
P ZT a 1 F
s ngi = GE%
X I — a X
l Y ] ~-\ ] -
?? lﬂ? — a
F(a)

70l 21

52.3 G(a)




Note: Iim__| of a rational expression of x is easier
x—0

than the rest, because it's so easy to factor
L — O from a polynomial in x. ..

e.g.: Factor x as many times as possible from
28 + 4" 4+ 325 — 2°
= 22(23 4+ 4224 32— 1)

{:c3—|—4:132—|—3;c—1}$ =—-1#01

—0

22




Note: Iim0 of a rational expression of x is easier
Xr—>

than the rest, because it's so easy to factor
L — O from a polynomial in x. ..

2 — 448 4+ 3z — 1225 + 440
r—0 7x8 — 3z’ 4+ 525 — 220

28 [ac4 — 43 4322 - 122+ 4
a0 8 [7@"3 — 32245z -2

_2 23




Exercise: Evaluate the limit, If it exists.
. 1 1 rational
lim

t—0 (; $2 -+ 2t> write as: poly/poly

(t+2) t 41
11 _17 1 t+2[ 1
t o[22 ¢ G+ 2T t@E 1) i+ 2)
tt+2) HENOMINATOR
{1 _[1] [t—-llﬂ’m
t(t + 2) U‘fj \t—_v_—z’ .
t—>0ill lt—>0

=le 1 24

§2.3 >




Exercise: Evaluate the limit, If it exists.

1

t

lim (—
t—0 \ 1

§2.3

1

1

t2 4 2¢

) does NO'T exist.@

1 1 1 t+ 2 1
t2+2t t t(t+2) t(t+2) tt+2)
/>O+ o0
o O |
t(t—|—2) t t——2 m—oo

25




LIMIT ZERO/ (/2 Q
EXAMPLE: Find lim - .

§2.3

LIMIT NONZERO

_ (#+9) -9
#2 [\/tQ +9+ 3]
N 1

1
JRP+9+3 | Jo24+943 6

/ N T

continuous at ¢t =20




Exercise: Evaluate the limit, If it exists.

: 1 1
1 (t\/4——|—t Qt)

L 1 7 VAF1
tNAEFt 2t 27/'4/4_//2(/4—4_13
COMMON
DENOMINATOR
@ RATIONALIZE __ 2 VA +t 24+V/A4+t
NUMERATOR ot ,—4 ; > \/4_75
_ 4 —1(4&+ 1)
C2tAEF (24 VAT 1)

7

0 ~1
2VaA+t(2+ VA Ft)

§2.3

27




Exercise: Evaluate the limit, If it exists.

1 1
i (t\/4—|— Qt)

1 t;éo —1
tvad+t 2t 2v/4A+t(2+ VA +t)

\ —1
/’2\/4+0(2+\/4+0)

t # 0 —1

VAT I+ A+

§2.3

28




Exercise: Evaluate the limit, If it exists.

1 1 1
lim —_-
t—0 (t\/4 + Qt) 16 =

1 1t7&o —1
tvVEFt 2t 24 F (2/—|-(/'4 Ft)
21

/>2\/4 0(2 + V& + 0)

t—>0 1
16

§2.3

29




Exercise:
Use the Squeeze Theorem to show that

5 27T
o [\/w o ] [Sm a:] =0
[llustrate by graphing the functions f, ¢ and h
(in the notation of the Squeeze Theorem) on
the same gcreen.

\/x +8$ ~p —1<sin<1

for
T € [— 200) =1 sm— 1 for o« #

—\/:c5 -+ 812

5‘|‘8:U Sln7%/\/ac5—|—8x

for x € [-2 oo)\{O}

= and so for z € (-2,2)\{0} ”




Exercise:
Use the Squeeze Theorem to show that

5 2m _
o [\/w o ] [Sm x] =0
[llustrate by graphing the functions f, ¢ and h
(in the notation of the Squeeze Theorem) on
the same screen.

Va5 +8a? < VoS + 802 [sin 2] < /o 4 2 *

X

for x € (—2,2)\{0}

/25 4822 < [\/:c5—|—8:132] [sm—} \/az5 +\§

for z € (—2,2)\{0} N




Exercise:
Use the Squeeze Theorem to show that

5 2m _
o [\/w o ] [Sm a:] =0
[llustrate by graphing the functions f, ¢ and h
(in the notation of the Squeeze Theorem) on
the same screen.

/25 4822 < [\/a:5—|—83:2] [sm—} < /2B + 842 \

X

for x € ( 2 2)\{0}

32

|
|
|
- -
|
= [l2|]| V2> +8| 0
. L . i l
- contin. contin. I
34.3 in x at t =20 I




Exercise:

Use the Squeeze

heorem to show that

t [V + 822 [sin 7] S0

[llustrate by graphing the functigns f, ¢ and h

(in the notation of the Squeezeé Theorem) on

the same screen.

Va5 80? < VoS + 802 [sin 2] < /o 4 82 *

X

for x € (—2,2)\{0}

r— 0

4.3

r— 0

33




Exercise:
Use the Squeeze Theorem to show that

t [Ve® + 02 [sin 7] = 0

[llustrate by graphing the functions f, ¢ and h
(in the notation of the Squeeze Theorem) on
\ the same screen.

—\/ac5—|—8:c2 < [\/a:5—|—8:192] [SIH—} \/ac5—|—83: \
Y,

= X
f(x) g(x) inside the envelope h(a:)
upper
envelope
lower
gnvelope ________ continues B 34
4.3 — to oscillate




Exercise: If

(2) — z%, if x is irrational
flz) = 0,\'1‘ x is rational
prove that alﬂﬂof(a’) ‘\‘F{ tional numbers}
Vo € R\Q, fla) = 2%

y
{irrational nu/mbers} so 0 < f(x) <\&?.

‘v’azE f(z) =0,

{rational numbers} so 0 < f(x) < z%.

Then, Vz eR, 0 < f(z) < z%.

35

4.3




Exercise: If
) — x4, if = is irrational
fz) = 0, if z is rational

prove that gii_njof(:c) = 0. Graph ot s = 727
Then, Vzx €R, 0 < f(z) < z2.
p=
Wi
x — 0 Uolx — O x — 0
L
Oz
Ny
0 0 0
QED
Then, Vz eR, 0 < f(z) < z%.

36

§4.3




Exercise: If

(2) — % if z is irrational
flz) = 0, if = is rational
prove that alzinOf(a?) = 0. Graph of y = f(x)7

y—<o
(parabola)

37

§4.3




Exercise: If

(2) — x4, if ¢ is irrational
&) =10, if 2 is rational
prove that al[pof(m) = 0. Graph of y = f(x)?
vy = f()
............ 38

§4.3




Whitman problems Whitman problems Whitman problems
§2.3, p. 34, #1-15 §2.3, p. 35, #16 §2.3, p. 35, #17

Whitman problems
§2.3, p. 35, #18 Whitman problems
§2.3, p. 35, #19
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