CALCULUS
Trigonometric limits




Calculation of area inside a circle. . .
circle of radius r
iIncribed regular n-gon
n = 6 (hexagon)

Split the hexagon
into six triangles.
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Calculation of area inside a circle. . .
circle of radius r
iIncribed regular n-gon
n = 20

Split the hexagon
into six triangles.
Compute area inside
hexagon.

Generalize to n-gon
Let n — oo.
Get area inside circle.

n—~6

Spp
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Calculation of area inside a circle. . .
circle of radius r
iIncribed regular n-gon
n = 6 (hexagon)

TN\

Split the hexagon
into six triangles.
Compute area inside
hexagon.
Egpira_liz;_to n-gon \ é / ----- height =: hg
Get area inside circle.

v
base =: bg

Spp




Calculation of area inside a circle. . .
circle of radius r
iIncribed regular n-gon

n = 6 (hexagon)

Split the hexagon
into six triangles.
Compute area inside
hexagon.

Generalize to n-gon
Let n — oo.
Get area inside circle.

----- height =: hg
Area inside one triangle:

(1/2)bghs [ s

Spp




Calculation of area inside a circle. . .
circle of radius r
iIncribed regular n-gon
Back to: 20-gon n = 6 (hexagon)

Area inside inscribed hexagon:

Split the hexagon Bl(1/2)de
into six triangles. = (1/2)Cdhs
Compute area inside
c Ih_exatgon.
eneralize to n-gon - | |
Lot 1 o oo g- e height =: hg
Get area inside circle.  N\&i ' Area inside one triangle:
base =: bg (1/2)b6h6 9

Spp| Cg := circumference of hexagon = 6bg




Area inside incribed n-gon:
(1/2)Crhnp

.. Sind
d\ A\ —s Next: IlmT

As n — oo () — 27r N

Area inside circle of radi \
lim (1/2)CrRp

—_ 2
im (Rer)r = nr

circle of radius r
iIncribed regular n-go

n = 20
Area inside\in§crNed 20-gon:

Split the hexagon hoo

into six triangles. — (1/2)C-nh
Compute area inside (1/2)C20h20
c Ihexagon.
eneralize to n-gon o
Let n — oo. _ ~-height=: hag
Get area inside circle. Area inside one triangle:
base=: byg (1/2)5201120 10

Spp| (o := circumference of hexagon = 20bo(




area in the sector area in the sector - v,
T - ﬂ area in circle IQW

| 0
area in the sector = [w : 12} [XI =g
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0 0

area in the sector = [w : 12} [_] = —

2% 2
-h  sin@
0<O<m/2 area in the blue triangle = ZT =

h
sin = — =~h
X
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H
tan = —=H
A
- H tan9
area in the red triangle = ——
2 2
. 0 0
area in the sector = [w : 12} [_] = —
2K 2

2

-h siné
area in the blue triangle = ZT —
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area in the red triangle = =———
2 2
V
0 0
area in the sector = [w : 12} [_ —
2" 2
V
: : sin 6
area in the blue triangle = 5
sin 6 < 0 < tané
2 2 2
sin 6

sinf < 6 < tanf =
Ccos
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sin @
Ccos 6

V0 € (0,7/2), sinf <<
Ar 4

0<f<m/2

sin @
Ccos

sinf < 6 < tanf =
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sin @
Ccos 6
DIVIDE BY siné 0 1

V0 € (0,7/2), sinf<O<

sinfg cosé

0 — 0T sin 0
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§4.3

sin @

> —— > COSs0
0

1 1

\

1
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Siné , Sin @
im — =1 im —— =

0—0—

'Sin 6

N, ]9>+—0001

’sin(&0.001)
—0.001 ]

[+ sin(0.001)
+0.001

sin(0.001)
0.001
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sin @ sin @

hm — =1 im — =1
9—>O+ v, 6—0—
~ siné One of two important
Iim — =1 trig limits. The other is
6—0 0 the limit as & — 0 in. . .

1 — cosé
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sin O One of two important
Him — =1 trig limits. The other is
6—0 0 the limit as & — 0 in. . .

1-cosf 1-cos§/l+cosf  [— cos2 4
0 - y 14 cosf  6(1+ coso)
, NO cos; only sin
. sin2 gL
SIN 99:09 =(Q/ 7
transcendental polynomial W@sn’t tend to O
sin20 ~ 62 02 0
0 —0 ~ ; =
0 —0 (14 cosf) 0#01 + cosh
Fact: f(0) ~ ¢g(6) — L = f(0) - L 0
0 — a 0 — a 0 —a 4
' 7(6) o -0 14 cosO
Def'n: f(9) ~ g(@) means |lim [] =1. 20
§4.3 0—a 9(9) —




64.3, p. 68, 1-7: lim 2% — 1
3, p. 68, I.-7: lim . =
1 — cosé
34.3, p. 69 I—lO ]I|m =0
0—0 0 6—0 0
1—-cosf~— 1—cosf 1+cosf®  1—cos?f
0 - 0 14+ cosf  6(14+ cosb)
.
sind ~ 6 = Sin“
0= 0 | 6(1 + cosb)
transcendental polynomial
sin“0 ~ 62 02 0
0 — 0 ~J —
0—0 0(1+ cosf) 0#01H cosb
Fact: f(0) ~ g(0) — L = f(0) — L 0
0 — a 0 — a 0 — a >
' 7(0) 0 —-0 14 cosO
Def n: f(9) ~ g(@) means |lim [] = 1. 21




sin @
4 . |.- im — =1
84.3, p. 68, im —
1 —cosé
34.3, p. 69, |.-10 Img) P —

Asymptotics alert: J ~» g and p ~ g

implies both  fp ~ gg and f/p ~ g/q

Fact:f(@)g:ag(ﬁ)gjaL = f(Q)QjaL

IZS)SII n: f(9) ~ g(@) means 9|I_F>T21 [;Eg;] = 1.’ 22




_ , Sin , , 1 1
e.g.. lim = |Iim — = IIim — = —8

Sine ~  x

z—0T
and A4g° + 3 2 =
\/ T z—0t 4 x>0 2
Asymptotics alert: J ~ g and p ~ q
implies both  fp % g¢ and | f/p & g/q

BUT implies neither f+p ~ g+q nor f_p?{g_q-

Fact:f(@)g:ag(é)gja[/ = f(Q)QjaL

IZS)SII n: f(9) ~ 9(9) means él_r;rl Eég;] = 1.' 23




t—0+ sin? ¢
\/t2 + 5¢3 t50 V t2
\/t2 t3 + ¢4 t30 \/t2
Would like to subtract,
but not\allowed.
Asymptotics alert: J o~ and  p ~ ¢q
implies both fo ~ gg\and f/p ~ g/q

BUT implies neither f+p ~ g+q nor f_p?{g_q-

Fact:f(@)g:ag(ﬁ)gjaL = f(Q)QjaL

IZS)SII n: f(9) ~ g(@) means 9|I_F>T21 [;Eg;] = 1.’ 24




~ 2 —

V2 £ 563 412 43 4 o+ 24/t = 2t

Asymptotics alert: J ~ g and p ~ q
implies both  fp % g¢ and f/p & g/q

BUT implies neither f+4+p ~ g+q nor f_p?{g_q-
VI o Vg oand b v /4

implies VIi+Vp v VIt Va
Spp but not VI=VP ~ VI—/4
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t2 4+ 583 — /12 L3+ ¢4
e.g.. lim \/ T \é T T
t—0T sin<t

V24563 - 12 3 444

Vi< 4+ 5t + Vtc 7+t o+ 2/t = 2t
B \/t2 + 5t3 — \/t2 + 3+ t4 \/tQ + 5¢3 + \/t2 + 3 + ¢4
1 VE2 4513 /12 413 414
2 3 2 3 4 ~ 2 —
\/t + 5t +\/t +t°+t Yot 24/ = 2t




t2 t3— 2 3 4
e.g.. lim \/ T \/t Tt
t_>0+ Sin2t
4¢3 — 4
107 sin2¢| [\/tQ + 563 4 /12 443 -I—t4]

\/t2 + 5t3 — \/tQ + 3+ t4 \/tQ + 5¢3 + \/tQ + 3 + ¢4
1 VE2 4513 /12 413 414
(P +518) — (B + 15+ 1% 443 _ 44
V58324344 24534 /12413 44




\/tQ + 5t3 . \/t2 + t3 + t4 More on

e.g.: lim —5 asymptotics
t—0Tt Sin“t later. . .
| 43 1t .
= Iim
107 sin2¢| [\/tQ + 563 4 12+ 13 + t4]
. 443 4 4
= lim — = Iim - =—-=2MN
t—0t [35‘9} [2¢] t—0t+2 2
4> — t* oo 4¢3
sin“t Yo+ £2
V2 £ 563 412 43 4 o+ 2\/t2 = 2t

Spp




