CALCULUS
Bounded functions and
horizontal asymptotes




Def'n: The image of f is

im[f] := {f(=) |z € dom[f]}.

cf. 42.5, p. 40, Def'n 2.17: A function f is bounded
if im[f] is contained in a bounded interval.

e.g.. g(x) := cosx is bounded.

COs iIs oscillatory; It doesn’t grow,

§2.5

but it also doesn’t settle into a limit.




non-e.g.: h(x) :=tanx is unbounded.

§2.5




tan . ) . . . . 4
Tan :=tan|(—35, 5
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Vertical asymptotes are related
to limits that equal +oo. ..

45° line
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verticalé
asymptote:

arctan = Tan—!
bounded

-1l
Tan ;= tan|(—

unbounded
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272

évertical
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Next: asymptotes




Vertical asymptotes are related

to limits that equal £oo. .. lim Tanz = oo
T—5"
verticalé
asymptote;

arctan = Tan—!

‘vertical

tasymptote
lim Tanz = —oo
5[:—)—%"{' :
Tan :=tan|(—5,5 ;

§4.10




Iilm Tanx = oo

2
Inverse interchanges
vertical and horizontal:
asymptotes. . ; :
horizontal arctan settles
asymptote 5 : INto a limit.

arctan := Tan—

-5 horizontal
asymptote
lim Tanxz = —oo
xﬁ_%—{_ : :
Tan :=tan|(—73, 5 8




Horizontal asymptotes are

related to limits at +co. .. T
i . T
horizontal : _ 5 lim/arctan z — —
asymptote : 5 : L— 00 >

........... e = Tan- !

4+  i[2 :  horizontal
lim arctanz = —— asymptote
58—)—%‘1‘ 5
Tan :=tan|(—5,5 5




Definition of horizontal asymptote? a
Horizontal asymptotes are im Tans — oo e
related to limits at +oo. .. z—T =
: 4 : |<_(
)
Z
O
Z
: WEI

horizontal [ lim arctanz = —

asymptote : > T— 00 2

horizontal

NIH

. -
lim arctanz = —— asymptote
€Tr—— 00 :
lim Tanz = —oo
r—s—T+ :
Tan :=tan|(—5,5 -




DEFINITION: The line y = L is a
horizontal asymptote of the curve y = f(x) if

/\M
: < ] C
either lim ) = L :
£C—>OOf( ) / horizontal
L:‘ asymptote
y =L

f /J,_\
- A \ >
o a:irDOO f(aj) =L r;‘brizontal :
L:’ asymptote
y = L

Key point: Finding horizontal asymptotes

IS the same as computing limits

11

Spp at co and at —oo. ..




Limits at o0 of rational functions
Def'n: f(x) ~ g(x) means lim [f(x) =1.
v v g(:l?) —00 S a 5,00

The Joy of Asymptotics. ..
PROBLEM: lim f(x) =L

[f1()]

flx) =

T—ra

V2@ [(3@)?/7]

fa(@)] | {f15()

[91.()] [y/92(2) | [(93(2))?/7]

filz) ~_ g1(x)
Vfo(z) ~ /g2(x)
(f3(x))%/ 7T~ (g3(2)?/7

fa(z) ~

—a

Vfs(x) ~ {/gs5(x)

ga(x)

~J
r — a

[94()] | {/95(2)|

ASYMPTOTICS ALERT!

Spp

— L

r—a
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oo Of rationa

Limits at -

Def'n: f(z) ~ g(x) means |lim

f(z)

T—a g(m)_

The Joy of Asymptotics. ..
PROBLEM: lim f(x)

T—ra

flz) = (f1(2)) + (fa(z))

ASYMPTOTICS ALERT!
(nowhere to go)

functions

= 1.

—o0o < a< oo

fi(z) ~ _ g1(z)
folz) ~  g2(x)

— Qa
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Limits at -

Def'n: f(z) ~ g(x) means |lim [

oo Of rationa

r—a

The Joy of Asymptotics. ..
PROBLEM: lim f(x) =L

T—ra

f(z) =/ fi(z) +/ fo(x)

functions

= 1.

—o0o < a< oo

o~ /Jg1(z) +/g92(=)
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Limits at +oo of rational functions
Def'n: f(x) ~ g(x) means lim /(=) =1.
r—a r—a g(m)_ _oogagoo

A polynomial is asymptotic at O
to its lowest order term.

polynomial
polynomial

rational =

asymptotics of polynomials at +o0?

First, let's review

asymptotics of polynomials at O. .. T

Spp




Limits at +o0c0 of rational functions
f(xz)
Def'n: means |im = 1.
f(z), ~, 9(x) oy

How about asymptotics at +o0?
A polynomial is asymptotic at O
to its lowest order term.

e.g.: 3z —T7z%4 223 — 22 ~ — 2

3 5_7 4 o) 3 .2
pf 2L v +2 T oY 32347122741
—7 x7#=0

—~ —3.0347-02—-2.0+41

r— 0

= 1
QED
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Limits at +oo0 of rational functions
Def'n: f(z) ~ g(x) means |lim /(=) =1.
T—a g(x)_ o< a <o

How about asymptotics at o007
A polynomial is asymptotic at co —oo
to its highest order term.,

|
leading term

e.g.: —7.174—|—2:c3—a:2 ~  3z°

pp 30— Te 42032 71,21 11
32 3 ¢ 3 x2 3 23

7 2 1
5 1—--.04+4-.0---0 =1

same result and same proof for —co. .. 17




Limits at +o0c0 of rational functions
f(xz)
Def'n: means |im = 1.
f(z), ~, 9(x) oy

—o0 < a < oo

+
A polynomial is asymptotic at —oo
to its highest order term.,

|
leading term

e.g.: 3z —T7z*+ 223 — 22 ~ _ 3z°

pp 30— Te 42032 71,21 11
32 3 ¢ 3 x2 3 23
xj—ool_g O4+—-—-0—-——-0 =1
QED
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Limits at +oo of rational functions
f(z)
Def'n: means |im = 1.
f(z) ~ g(z) 2 | g(z) e

A polynomial is asymptotic at +oo
to its highest order term.,

|
leading term

e.g.: lim 7—|—2£132—$—|—3
' '-mﬁ—w@—l—xf’ + 524 —8z3 +2x + 9

6T '4.

. 3
T ool T a2 T Q)

same degree = limit at oo is quotient of leading coefficients

@r9—8az7—5:c2 Sr + 3 _@_1

e.g.: lim =X = —
Sppg 33—>00@r9—7:65—a:4—|—7:c3—|—8w—9 @ 2.19




Limits at +=oo of rational functions
Def'n: f(z) ~ g(x) means |lim /(=) =1.
T—a g(:l?)_ o< a <o

A polynomial is asymptotic at +oo
to its highest order term.

|
leading term

e lim 100000027+ 500022 + 3000000000
T w900 28— 999999923 — 50000000000
100000047 1
= lim_ 7 = lim 1000000 -~ = 10000000 =0
0o L il X B
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Limits at +oo of rational functions
. f(xz)
Def'n: ~ means |im = 1.
f(x)m — ag(m) r—a g(:E)_

—o0o < a< oo

A polynomial is asymptotic at +oo
to its highest order term.,
|

_ leading term
How about larger degree in numerator?

1000000z" 4+ 5000z2 4+ 3000000000

e.g.. lim
z——o00 8 — 999999923 — 50000000000
1000000 1
= Iim 2 o = |im 1000000-—=1000000-0=0
T—>— 0O T r—r—0Q T .

larger degree in denominator = limit at d+co is O

322 — 2234+ 422 — 2+ 09

e.g.. lim =0l 21

Son z——005x9 — 78 — 26 — 223 — 7 — 9




Limits at +oo0 of rational functions
Def'n: f(z) ~ g(x) means |lim /(=) =1.
T—a g(m)_ o< a <o

A polynomial is asymptotic at +oo
to its highest order term.,

|
_ leading term
How about larger degree in numerator?

e.q. ”m—2:1:8—|—3333—:c2-|—8 lim —2x%
77 z—=00 —0909999x5 4+ 2 =00 —99999945
_2 3

lim - T
r—o0 —999999

=+4oo M

How about the limit at —o0?

22

Spp larger degree in numerator = limit at oo is +o




Limits at +oo of rational functions
f(z)
Def'n: means |im = 1.
f(z) ~ g(z) 2 | g(z) e

A polynomial is asymptotic at +oo
to its highest order term.,

|
leading term

, 28 4+ 323 2248 , 2z
e.g.: = Iim
@ 999999x5 + z——00 99999925

lim - X
x——00 999999

+oo0 B

How about if
(degree of numerator)—(degree of denominator)

iS even? 23
Spp larger degree in numerator = limit at oo is +o




Limits at +oco of rational functions
Def'n: f(x) ~ g(x) means lim /(=) =1.
r—a r—a g(m)_ _oogagoo

A polynomial is asymptotic at +oo
to its highest order term.,
|

leading term

2294323 — 2248 , 29
e.g.. |Iim = Iim
r——oco 99999915 + x T——00 9999995
_2 4

lim . X
x——o00 999999

=—o B

How about if

(degree of numerator)—(degree of denominator)
is even? 24

Spp larger degree in numerator = limit at oo is +o




Limits at +oco of rational functions
Def'n: f(x) ~ g(x) means lim /(=) =1.
r—a r—a g(.’ﬁ)_ _Oogagoo

A polynomial is asymptotic at +oo
to its highest order term.,
|

leading term

2294323 — 2248 , 29
e.g.. |Iim = Iim
r——oco 99999915 + x T——00 9999995
_2 4

lim . X
x——o00 999999

=00 W

larger degree in numerator = limit at —oo is 00 25

Spp larger degree in numerator = limit at oo is +oo




RN

o]\
0

0.882353
0.975610

0.992218

0.996805 f(x) —

0.999800 x4+ 1

0.999988 A
0.099998 . oxT =1

0.999999 r—d g4 41




1 \ T
7 £(2) J y = f(z)
0] -1 t-1
o f( r) = f(x) o4+ 1
2 ( )2 =22, (—2)* =2, (—2)% =25, ...
3 . “even"
4 .902218 $4 _q ‘
51 0.996805 F(x) =
10| 0.999800 x4+ 1
20/ 0.999988 A
30| 0.999998 lirm -1
40| 0.999999 v g4 - 1
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+10
+20
+30
+40

992218
0.996805
0.999800
0.999988
0.999998

0.999999

1
\\J \y=f(93)
4 — 1
/f(—-fb‘):f(w) T A1
“even”
% — 1

, % — 1

lim =18




Exercise: Find the vert. and horiz. asymptotes of

B \/4.5(:2—|—1

f(z) = o
|6g; — 3| zeroat x =1/2
Vertical: Check Iim .
r—1/2%
Horizontal: Check Iim
T— 100
M x
:UTl/Qf( )

29




Exercise: Find the vert. and horiz. asymptotes of
\/41;2 -+ 1 positive

O6x — 3  small negative
Vertical: Check Iim

flx) =

r—1/2%
Horizontal: Check Iim
T— 100
M = — M
m/zf(m) > af:ll/2f(m)

xr = 1/2 is the only vertical asymptote.

For completeness, we check Iim ...

30

Som xl1l/2




Exercise: Find the vert. and horiz. asymptotes of
\/41;2 -+ 1 positive

6x — 3  small positive

flx) =

Vertical: Check |im

r—1/2%
Horizontal: Check Iim
T— 00
:UTl/Qf(m) > :L‘ll/2f(m) >

xr = 1/2 is the only vertical asymptote.

For completeness, we check Iim ...
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Som xl1l/2




Exercise: Find the vert. and horiz. asymptotes of

\/4.1’:2—|—1
6r —3

flx) =

y = 1/3 is the horiztonal —0? o
Spp asymptote at oo.




Exercise: Find the vert. and horiz. asymptotes of

_\/43’:2—|—1
fl@) =17

y = —1/3 is the horiztonal —00? %
Spp asymptote at —oco. B




L : 2 B
Exercise: Compute xl|_>moo (\\/9xY—I— q éff;)
133—>oo lxﬁoo

fee -+ 00
IS indeterminate.

/922 4 6 — 32 /922 + 6 + 32
1 V922 4 6 + 3

V922 + 6 — 3z =

_ (977 +6) — 977 o

= - om
\\/9332 + 6+ 31-\

%—)OO 34
o0




