CALCULUS
The derivative of a function is a function




The derivative of a function f
is the function [f'| defined by

ey h@o e ) = (/)
[f(u)] - /@)

’LL—>ZU U — T

f’ has all of the slopes of
all of the tangent lines of f

e.d.: The slope of the tangent line
of the graph of f at (7, f(7)) is: f/(7)

DEFINITION 2.18, §82.5, p. 42:
The derivative of a function f at a number a,

[f(a + h)] — [f(a)]
[f(U)] — [f(a)]

denoted by |f/'(a)| is }ILImo

§2.5 = T U — a




The derivative of a function f
is the function [f'| defined by

i i (x4 h)] = [f(x)]
f) = f!,[pO h |

more about
this when
we compute
the deriv.
of | e|

more about
this skill

later, when
we study

gphing
§2.5




The derivative of a function f
is the function [f'| defined by

P = tim YO DI I@]

—0 h

cf. DEFINITION 2.20, §2.5, p. 42:
We say f is differentiable at a if a € dom[f],

e, if f'(a) exists, i.e., if lim &t MI=1f(a)]
h—0 h

cf. DEFINITION 2.20, 32.5, p. 42:
We say f is differentiable if dom[f] = dom[f],

l.e., It f is differentiable at
every number in its domain.

exists.

§2.5




The derivative of a function f
is the function [f'| defined by

i i (x4 h)] = [f(x)]
fla) = A@o h |

SUBTRACT f(x) = g2

h)] — — 2xh + h?
[f(x+ h)] = [f(z)] zh + ~ ) or . AND §

_ EXPR. OF z ALONE
F@ A+ =@ _ = o2 O
h h#0 h— 0
“h" — ‘"chgtox' ? No, too long. Old school:
chgtor #* c¢-h-g-t-o-x “A" for“chgto”
Old school: Replace “A” by “Az" ... c

§2.5




The derivative of a function f
is the function [f'| defined by

oy = fim U@t A~ @)

Ax—0 YANG

e.g.: f(z) =22, f'(z) =77

flz+ Az) = (:c + Ax)?
= a:‘ 2r(Az) + (Az)?

SUBTRACT f(z) = 2 \
[f(z + Az)] — [f(2)] = 20(Az) + (Az)2 — \

/EXPR. OF z AND Ax
B EXPR. OF + ALONE
Sle+ Bl = U@ _ 5 Ad %0 = )

/\r Ax #= 0 Ax — 0O

“h" by “chgtox” ? No, too long. Old school:
chgtor #* c¢-h-g-t-o-x “A" for“chgto”

Old school: Replace “A” by “Az" ... 6
52.5 Ax #*= NAN-x




The derivative of (e)2 is 2(e),i.e., [(¢)2] = 2(e).

d
The derivative of z2 w.r.t. z is 2z, i.e., d—[a:z] = 2.
xr

e.g.: f(z) =22, f'(z) =77

flz+ Az) = (:c + Ax)?
= a:‘ 2r(Az) + (Az)?

SUBTRACT f(il?) = g2

[f(z + Ax)] = [f(2)] = 22(Lz) + (Ax)?
[f(z 4+ Ax)] — [f(@)]

=2z 4+ Ax — 2z = fl(x) @

________ Dr x0T ThSo U
“h" by “chgtox” ? No, too long. Old school:
chgtor #* c¢-h-g-t-o-x “A" for“chgto”
Old school: Replace “A” by “Az" ... -

§2.5 Ax #*= NAN-x




The derivative of (e)2 is 2(e),i.e., [(¢)2] = 2(e).

d
The derivative of z2 w.r.t. z is 2z, i.e., d—[acz] = 2.
xr
___________________ o
dx

[y]a::—m:—l— » = (z+ Am)z
= 22 4+ 2z(Az) + (Az)?

- 2
SUBTRACT y—=

Ay = ([Wlaisetne) —y = 20(L) + (Ax)?

“chgtoy'' ?
No, too long.

Old school:
“A" for'‘chgto” 8

§2.5




The derivative of (e)2 is 2(e),i.e., [(¢)2] = 2(e).

d

The derivative of z2 w.r.t. z is 2z, i.e., d—[:r;z] = 2.
xr
___________________ o
e.qg.. y= 332, _y — 77
dx

[y]:c:—m:—I—A:I; = (z+ ACU)2
= 22 4+ 2z(Az) + (Az)?

SUBTRACT y = a?
Ay = (Wo:satna) — v =22(Az) + (Ax)?
Y Ay
J = = o4 A
x 7 AN\x Az #0 T AT
Ay #= Ay 9
25 ANx £ Ax




The derivative of (e)2 is 2(e),i.e., [(¢)2] = 2(e).

d
The derivative of z2 w.r.t. z is 2z, i.e., d—[acz] = 2.
xr
___________________ o
dx

[y]a';:—m:—l—Aa: = (z+ A$)2
= 22 4+ 2z(Az) + (Az)?

- 2
SUBTRACT y—=

Ay = (Wlamsatas) — ¥ = 22(Az) + (Ax)?

EXPR, OF By _ 21 4+ Ax

- — — 2r = =
wAND Ae N R o N dz
NOTE: M % = dy: EXPR. OF 10

x ALONE




cf. 2.2, p. 25: Let y = f(x).
Then|Aylis the traditional notation

for [f(z 4 Az)] — [f(2)],

ie., Ay = ([y]a::—xc—l—Aa:) —Y

which is an expression of
TWO variables: x and Ax.

Note: Some people are uncomfortable with a variable
whose name involves two-symbols, like “Ax'",
SO most modern treatments of calcults 11
replace “Ax” by “h’, and avoid using “Ay".

NOT USIH

11
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cf. 2.2, p. 25: Let y = f(x).
Then|Ay|is the traditional notation

(z 4 Az)] - [f ()],

for

[f(z + h)] = [f(@)]

() = lim
/ (a:) h—0 h /
h . — Ax
ANxr—0 YANY Nx—0 NAx
dy - Z
an expression of x alone >
dx

12

2.0 same idea for expressions of t . ..




cf. §2.2, p. 25: Let y = f(¢).
Then|Aylis the traditional notation

for [f (¢ + A¢)] — [f(¥)],

i.e., Ay = ([y]t:—nt—l—At) — Y

which is an expression of
TWO variables: t and At.

LfG@+n)] =[5 (@)

"(t) = lim
F() h—0 h
: L ANt)| — t . /\
) = lim G+ A0 - 1f@®] i Ay
At—0 YAN; At—0 At
dy - Z
an expression of t alone - r
Same idea for any independent 3

5o and dependent variables? "




cf. 82.2, p. 25: Let r = f(¢).
Then|Ar|is the traditional notation

for [f (¢ + A¢)] — [f(¥)],

I.e., A\r = ([T]ti—>t—|—At) — T

which is an expression of
TWO variables: t and At.

LfG@+n)] =[5 (@)

f) = lim h
e e fGFEAD]I=1f@®] . Ar
ft) = Al:tmo N — Al;lfmo At
dr |-#

an expression of t alone

dt | Next: examples

Same idea for any independent "

2.0 and dependent variables.




dr 1
Let r = +/t. Goal: = 2\/_

CALC JLUS Is all about
learninlg to do calculations

Ar =/t + At — \/i like this quickly and
algorithmically.

:\/t+At—\/E\/t—-At—-\/3

1 Vi+ At 4Vt g 1
_ oy —f AV =357
Vi AL+t
B At )
Vi+ At -+t /2—\@
AT 1 1 7

VIFAI+ Vi B Vit Ve

15

§2.2 0 © Back to z and y. ..




d 1
Let y 1= /. Goal: d:yc:2—\/5.

CALCULUS is all about
learning to do calculations

Ay =z + Ax —/x like this quickly and

algorithmically.

:\/:E—I-A:E—\/E Ve + Ax 4+ /x

1 VL AR VO 1
_ (£ + Ax) — ¢ g[\/ﬂ:ﬁ
Ve + Ax 4+ /x .
A [\ﬁ]IZQ
— 1 Ve
A\
Ay 1 1

16
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1
Let y i= —.
x

Ny = (Ylz:sz4n2) — ¥

1 1

_a:'—I—Aa:'_a:

_ x— (x+ Ax)

(x4 An)z

—Ax

(x4 Az
DIVIDE BY Ax

We need ONE slope of

Goal: — = = ——
de (x4 0)x 2
Ay —
Ax £ (x4 Ax)x
H
° Let Ax
Goal: Equation of th
tangent line t
y=1/x at (2.1/2).
1
—— has all slopes of
x all tangent lines.

ONE tangent line.[ 17




1
Let y i= —.
x

Ny = (Ylz:sz4n2) — ¥

1 1

_as—I—Aa:_x

_x— (x+ Az)
(x + Ax)x

Az = —V/4
- (z4 Az Equation:

18
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Recall: f(z) == lim Lf(z 4 h)] — [f(2)]

h—0 h

Alternate notation: f'(z) = lim /()] = ()]

U—x U — T

Let y:= f(x)

M
(@) i=@—X el

exceptlon for
“implicit differentiation”
in §4.9

For these slides, remember:

, _dy_d 19
@) =" = [f(2)]

52.4




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) := ATO ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

Understood: f is the function, NOT f(x)
fR—DR

x, IT x> 0—
f(w)={

5.4 —x, IT < 0—




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) := ATO ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

EXAMPLE: Where is the function f(z) = || differentiable?
equal

[f(B+R)] —|[f(3)] 27 . [3+ h]—|3]

/ . i
3) = lim = i
°f( ) h—0 Ei =0 Ei
equal for h ficiently close to O

NOT equal

x, Tax>0
f(w)={

5.4 —x, ITxz<O0




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) := flLT;]O ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

EXAMPLE: Where is the function f(z) = || differentiable?

03y = im [ LCFMI= UGz | [B+H -,
h—0 h h—0 h

3:—>x, forxz >0 equal for h sufficiently close to O

x, Tax>0
f(w)={

5.4 —x, ITxz<O0




Cerpn [ f(e 4+ h)] = [f(x)]
Recall: f'(x) = flbﬂqo ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

Va > 0,
) = tim V@ EMI U@L _ b=
h—0 h h—0 h
‘ N
f is differentiable on (0, c0). Yy = |x|
x, if >0 .Q
§2;($) | -z, if2z <O tagbgcnaeiqave‘ ;




def'n Lf (z 4+ h)] = [f(2)]
Recall: f(z) = fle;]O ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

Vo < 0,
(z) = “m [f(x =+ h)] = [f(x)] I|m[ (£ + h)] — [-#] — 1
au_O: 0 h ~ he0 h

f is differentiable on (—o0,0).
f is differentiable on (0, 00).

f(m)z{ x, ifx>0 . 'Q

: tan. lines have |tan. Iines:have
§2.4 —x, Tz<0 slope = —1 slope =1

E‘




Cerpn [ f(e 4+ h)] = [f(x)]
Recall: f'(x) = flbﬂqo ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

im FO+MI-[FO) _ k.
at x = 07 right tan. line

has slope =1

f is differentiable on (—o0,0).
f is differentiable on (0, 00).

x, Tax>0
f(w)={




Cerpn [ f(e 4+ h)] = [f(x)]
Recall: f'(x) = flbﬂqo ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

— —h
ORI -FO _ o ch
h— Q= h h—0— h
at x = 07 left tan. line right tan. line
has slope = —1 has slope =1
f is differentiable on (—o0,0). %

f is differentiable on (0, 00).
x, Tax>0
f(z) =




Cerpn [ f(e 4+ h)] = [f(x)]
Recall: f'(x) = flbﬂqo ;

cf. 32.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—o0,q) oOr (—o00,00)
T it is differentiable at every number in the interval.
EXAMPLE: Where is the function f(z) = || differentiable?

[f(0 4 h)] — [f(0O)]

lim DNE
h—0 h
at x = 07 left tan. line right tan. line
has slope = —1 has slope =1
f is differentiable on (—o0,0). %

f is differentiable on (0, 00).
x, Tax>0
f(z) =

2.2 —x, If <0




Cerpn [ f(e 4+ h)] = [f(x)]
Recall: f'(x) = flbﬂqo ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

EXAMPLE: Where is the function f(z) = || differentiable?

im WO+ R = £

h—0 h _ _
| So: contin. at a & diff. at a, but. ..
at x =07

f is not differentiable at 0. __tworsided  tan. Bne DNE

f is differentiable on (—o0,0).
f is differentiable on (0, 00).

x, Tax>0
f(w)={




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) := ATO ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.
TH'M: It f is differentiable at a, then f is continuous at a.

— U .—
T (f(@)é (fla)) f'(a), as m — a
—
So: contin. at a # diff. at a, but. ..
f is not differentiable at 0. __tworsided  tan. Bne DNE

f is differentiable on (—o0,0).
f is differentiable on (0, 00).

x, Tax>0
f(w)={

Sop —x, Ifx<0




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) := ATO ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

TH'M: If f is differentiable at a, then f is continuous at a.
o (@) — (f(a))

xl— a

- f(a), as @ — a

So: contin. at a & diff. at a, but. ..

f is not differentiable at 0. __tworsided  tan. Bne DNE

f is differentiable on (—o0,0).
f is differentiable on (0, 00).

x, Tax>0
f(w)={

Sop —x, Ifx<0




ey f(@ 4 h)] = [f(2)]
Recall: f'(x) < ATO ;

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

TH'M: If f is differentiable at a, then f is continuous at a.
(f(z)) — (f(a))

Pf: - f(a), as r —a
r—a . MULTIPLY
TOGETHER
r—a— 0, as x — a_
!(f(x)) - if (a))] z.—a] — [f'(a)][0], as © — a
L I
|z = a 0

31

Spp (f(z)) — (f(a))




der Lf(z 4 h)] — [f(2)]

Recall: f'(z) == lim

h—0 h

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

TH'M: If f is differentiable at a, then f is continuous at a.

P (f(z)) — (f(a)) — 0O, as r — a
fla) — f(a), as z —a

— , dS T — a

32

Spp (f(z)) — (f(a))




der Lf(z 4 h)] — [f(2)]

Recall: f'(z) == lim

h—0 h

cf. §2.5, p. 42, DEFINITION 2.20:
A function f is differentiable at a if f/(a) exists.
It is differentiable on an open interval
(p,q) or (p,o0) or (—oo0,q) oOr (—00,00)
T it is differentiable at every number in the interval.

TH'M: It f is differentiable at a, then f is continuout a.
P (f(2)) = (f(a)) =0, asz— a} ADD

f(a) N f(a), S T — a TOGETHER
f(z) — f(a), as z —a
im (f(z)) = f(a) QED

r—a

33




f not def'd at s, so not contin. at s, so not diff. at s
f not contin. at ¢, so not diff. at ¢
f not diff. at

TH'M: If f is differentiable at a, then f is continuous at a.
P (f(2)) = (f(a)) =0, asz— a} ADD

f(a) N f(a), S T — a TOGETHER
f(z) — f(a), as z —a
im (f(z)) = f(a) QED

r—a

34




S\ - =

f not def'd at s, so not contin. at s, so not diff. at s
f not contin. at ¢, so not diff. at ¢
f not diff. at

“defined” : There's a dot there.
“continuous’”: There's no break there.

“differentiable” : There's neither a break nor
a sudden change of direction there.

. 35




