CALCULUS
Derivatives of trigonometric functions
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Goal: sin’




Goal: sin’

[sin(z + h)] — [sin x]

h
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Goal: sin’

[sin(z 4+ h)] — [sinz] _ [sing][cosh] 4 [cos g][sin ] — [sinz]

o h

%, sin(a + B) = [sin c\y] [cosé] + [cos c\x] [sin ,é]




Goal: sin’

[sin(z + h)] — [sin x] _ [sinx][cos h] 4+ [cosz][sin h] — [sin z]
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h
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_ [sinz][(cosh) — 1] + [cos z][sin k]
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Goal: sin’

[sin(x + h)] — [sin x] _ [sin z][(cosh) — 1] + [cos z][sin h]

h h
. (cosh) —1| | sinh
:[sm:c] ; ] | [cos:c][ - ]

h



sin h

lim =1
h—0 h
i (cosh) —1 — 5
h—0 h
Goal: sin” = cos g 84.4, p. 70 d
‘ 4310 145 dx(sm;c) = cos:n

sin(z + h)] — [sina] _ [sinal[(cosh) — /y]/ [cos ][sin ] /

§4.4

dci(gin ©) = [siaa O] + [cos z][Y] = cosz °




sinh

lim =1
h—0 h
h) —1
im (COsh) =1 _ 4
h—0 h
Goal: cos’ 84.4, p. 70 i(sin ) = cos
.+3to |.4+5 g T ERE
INTERCHANGE d .
sin <  COS —(cosz) =sinx
tan << cot dx
secC — CSsC C|ose'

but not quite,
as we'll see. ..
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sinh

lim =1
h—0 h
—1
im (oS =1 _
h—0 h
Goal: cos’ 84.4, p. 70 d, . -
43 to 145 £(S|n$) — COSx

[cos(z + h)] — [cos z]
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Goal: cos’

sinh

liMm =1
h—0 h
—1
i (cosh) —5
h—0 h
4.4 p. 70 d B .
|.§_|_3 to 1.45 a(sm x) = COSx

[cos(z+ h)] — [cos ] _ [cos g][cos h] — [sin z][sin h] — [cosz]
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h

|

cos(a + B) = [cos a] [cosﬁh] — [sin &][sin 3]

h
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sinh

lim =1
h—0 h
—1
im (oS =1 _
h—0 h
Goal: cos’ 84.4, p. 70 d, . -
43 to 145 %an) = COSx

[cos(z + h)] — [cos z] _ [cosx][cos h] — [sinz][sin h] — [cOs x]

h h

_[cosz][(cosh) — 1] — [sinz][sin h]
- h
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sinh_

lim =1
h—0 h
—1
i (cosh) —5
h—0 h
Goal: cos’ 84.4, p. 70 d, . -
43 to 145 £(S|n$) = COSx

[cos(x + h)] — [cos z] _ [cosz][(cosh) — 1] — [sin z][sin A]

h h

(cos Z) — 1] _[sina] [sin h}
h

[cos ]
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sinh

lim =1
h—0 h
i (cosh) — 1 — 5
h—0 h
Goal: cos’ 54.4, p. 70 d . _
143 to 145 a(smm) — COS=x
CoS h)] — [cos ((cosh) —1 sin h
[cos(x + 2] [cos ] — [cosz] ( h) ~ [sina] 'h
1\ 1( J \ 2 J A
((cosh) —1 'sin h
p B o9 g] ( i) _[sina] |2
dx(cos:z:) I g | - A
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sinh

lim =1
h—0 h
i (cosh) —1 — 0
h—0 h
Goal: cos’ = —sin 4.4, p. 70 d, .
|.§_|_3 to 145 a(sm r) = COSx
§4.5, p. 71 d .
—(cosx) = —sin
10 ggleosE) = —sinz
[cos(z 4+ h)] — . ) — 1] _ising] [sin h}
A\ h J
|
: |
—(cos
dm( z) 1

d

g, —(cosz) = [cosa[0] — [sinz][\] = —sinz | ™
34.5 dx




d d
—(cosx) = —sinz —(sinx) = cosx
dx dx

Here's a way to remember these formulas,
using geometry. ..

d
—(sinx) = cosx
dx
d
—(cosx) = —sinz
dx
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84.5

d d

—(cosx) = —sinz x— 1 —(sinx) = cosx
dx dx

Here's a way to remember these formulas,
using geometry. ..
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d d

—(Ccost) = —sint —(sint) = cost
dt( ) dt( )
Here's a way to remember these formulas,
using geometry. ..
(cost,sint)
I
V
-,
\V {
@) 19




d d
—(Ccost) = —sint —(sint) = cost
dt( ) dt( )
Sint
-
N
Q
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e} A 0,
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-~
\V {
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d . d, .
—(cost) = —sint —(sint) = cost
dt dt
N Sint
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\ =t
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o COSt

21




d
—(Ccost) = —sint
dt( ) \

—(sint) = cost
—(sint)

LIGHT

\

=ICN

O0<t<

—Ssint

POV

(cost,sint)

COS tl
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d . d, .
—(cost) = —sint ‘—(sm t) = cost\
dt dt
COS't ~ -
L. -
2 -
5” -
Q -
5 -
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=0
sin ¢ (cost,sint) -
kIO -
\/ A o
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d . d
—(Ccost) = —sint —(sint) = cost
dt dt
This picture gives
N sint a way to remember
Q. cos’ and sin’.
>
<
S -
7 4 Next goal: tan’
Q
d d /sint
—(tan t) o ( )
dt dt \cost
I 0
Vv =
V t
COSt
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d d
—(cost) = —sint —(sint) = cost
dt( ) dt( )

Quotient Rule

HI
d (Silnt) Next goal: tan’
dt \COSt J (Smt)
dt \CcOSt
Quotient rule
LO
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§4.5 Next goal: tan’




d d
—(cost) = —sint —(sint) = cost
dt( ) dt( )

Quotient Rule
HI LO DEE HI HI DEE LO,

I | I | !
d (sin t;l/z/wﬁees—ﬂ—'—w[— sint]
dt \COs t7 24

*COS

I and underneath,
o LO SQUARED'LL GO

SS9
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545 Next goal: tan’




(gnt)
COSt

(tant)

‘COS2 t

Next goal: tan’

[cost] [cost] + |[sint] [+ sint]
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d cos?t + sin? ¢ 1
— (tant) = T = 5 = sec? t
dt cos? ¢ COs<t
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§4.5 Next goal: tan’




d

— (tan =
dx( )

54.5

cos? ¢ + sin® x

COS2 X

Next goal: tan’ = sec?

1

2

. Ccos2z

= SeC
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§4.4, p. 70 d . . — oS
43 to 1.+5  gpsin®) "’
84.5, p. 71 da o
410 gg \COST) = —sinw
§4.5, p. 71 a tanz) = sec?x
11 gplrana) \
2 f 2 1
d COS“x + Sin“ x 2
dr cos2 COS<4 x
30
§4.5 Next goal: tan’ = sec?




4.5, p. 71, |.4+12: Prove that

di(sec x) = [secz][tanz].

L= L[ L

dx

_ [coset—0 T+ [ +sinz ]

cos?2 ¢

sin [ 1 ] [Sinﬂ = [secz][tan ]
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d
34.4, p. 70 —(sinxz) = cosx
.43 to |.45 dr
§4.5, p. 71 d . .
|10 a(cos@ = —sinz
84.5, p. 71 d enr2
11 a(tana:) =secx

d

d

—(seczx)

%(sec z) = [secz][tan ]

DERIVATIVES OF TRIGONOMETRIC FUNCTIONS:

= [sec z][tan ]

§4.5
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34.4, p. 70 i(sin ) = COos
.43 to I.4+5  ggpo o7 2
d
§4'|5_’|_2671 —(£0S x) T —sin

. /d ‘
§4'|?_’|_€/'1y ﬁ(tan z) =\sec?

DERIVATIV OF TRIG OMETRIC FUNCTIONS:
i(sin xr) = COSx i(cos r) = —Sinx
dx dx
i(tan r) = sec® i(cot T) = —csc?z
dx dx
d d
—(secx) = [secx][tan z] —(cscx) L —[csc x][cot ]
dx dx /f
/ I 33
251 HOMEWORK §4.5, p. 71: #5, 6.




FORMULA

d
—(sinx) = cosx
dx

d

—(tanz) = sec? z

dzx

d . . -

d r][tan x]

—(sinx) = cosx
dx

d
—(tanz) = sec? x
dx

%(sec z) = [secz][tan ]

54.5

AN

Vv

AN

A

FORMULA

d
dzx

d

(cotz) = —csc? x

dx

d .

. (cosa ) <in o c][cot x]
- —

d
—(COt gj) = — CSCQCU
dx

d
d_(cscag) = —[cscx][cot «]
T
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FORMULA

d
—(sinz) = cosx
dx

d
—(tanz) = sec?x —
dx
d
d—(sec r) = [secz|[tanz]| <«
T
MEMORIZE INTERCHANGE
THESE sin <«  COS
tan < cot
seC <« CSC
NOTE TH
TO BE E
535 THE

54.5

AN
2

(cosz) = sinz
dx
d
(cotz) = +csc?x
dx
d
—(cscx) [H +[cscx][cot x]
dx \

GET THESE
FOR FREE

MINUS SIGNS
PLAINED IN

CHAIN RULE
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EXAMPLE: Differentiate: y = [/z][cot z]

dy

dx

§4.5

!

\1/5

= [(1/5)z=*/5 |[cotz] + [z1/5][ —csc?z | m
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EXAMPLE: Differentiate: y = e%T¢(ku + tan u)

y = e [e¥(ku + tanu)]

Z—z = e° [(e’“’)(k sec? u) + (e*)(ku + tan U)] L
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1 —sinx

EXAMPLE: Differentiate: y =
x2 + xtanc

(22 + ztanz)(—cosz)
dy —(1—=sinz)(2z 4+ (z)( sec?z) + (1) (tanz))
dx (22 + ztan z)?
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EXAMPLE: Differentiate: y = a3[sec z][cos ]

dy

dx

§4.5

— [327][sec z][cos ]
+23[(secz)(tan z)][cos z]

+23[secz][-sinz] m
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EXAMPLE:Find an equation of the tangent line

1
to the curve y = _ at (0,1).
CoOSx + 3sinx

__ Sinx —3Cosx
~ (cosz 4+ 3sinz)?
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EXAMPLE: If f(x) =secx — cscx, find f’(x/4).

f'(z) = [secz][tan z]
+[csc x][cot x]

'(x) = [(secz)(tan z)][tan z] + [sec x][sec? x]
+[—(csc z)(cot z)][cot 2] + [csc z][— csc? 2]

= (secz)(tan?z) 4 sec3z
—(csczx)(cot?z) — csc3 x

2

1

_( 1 ) sin .
"~ \cosz/ \cos2z/

1

(

SiN x

)

Sin

2

L

cos3 z

COS? 1

)

1

sin3 z
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EXAMPLE: If f(x) =secx — cscx, find f’(x/4).

1 sin? ¢ 1
- () (55
fi(z) cosz/) \cos2z/) ' cos3z

1 COS? 1 1
F(x) (- )(2) 1
sinz/ \ sin?z sin3 z

sin(w/4) = 1/+/2 = cos(w/4)

( 1 ) sin? 1
= |
cosz/) \cos2x cos3 z

( 1 ) COS? 1 1
sinz/ \ sin? x sind3z | #




EXAMPLE: If f(x) =secx — cscx, find f’(x/4).

1 sin? ¢ 1
= () (5
fi(z) cosz/) \cos2z/) ' cos3z
( 1 ) COS? 1 1
sinz/ \ sin? x sin3 z

sin(w/4) = 1/+/2 = cos(w/4)

rn/4) = M@@ V)

1/2
1/v2 (2\/_)

:O. 43
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EXAMPLE:Find the 35th derivative of cos«z.

84.5

dm35

d :
%[cos:z:] = —sinx
d—Q[cos.:c] — — COSx
dd”f[ .
—[cosz] =sinx
d(; [ ]
T CoSx] = cosx
132 [ ]
Cosx] = cosx
331Co0sz] = —sinx
o .
Cosx] = — Cosx

[cosx] = sinz [
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CSCx

V34 cotzx
For what values of x does the graph of f have
a horizontal tangent?

EXAMPLE:Differentiate f(z) =

(V3 4 cotz)(—(cscz) (cot z)) — (cscz)(— csc2 z)

0= f/(z) =

(V3speoti)?
0 = (v3+cotz)(—{csez)(cot z)) — (Tsex) (— csc2 z)
0 = (v/3+ cotz)(—cotz) + csc? z cscr is
'4 ' NEVER O
0 =|-v/3cota— cot?z + csc? z 1 cos2

1=1=c9
SINTx
V3 cotx = — cot? z 4-Csc? x I
1 X2
_SCos“x | 1
V3cotz =1 > T anZa

sin sin
cot is m-periodic
cotz =1/v3 and 1-1 on

(> (nm, 7™+ nm)

45
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Whitman problems Whitman problems

84.3, p. 69, #1-5 84.3, p. 69, #6-8
Whitman problems Whitman problems
84.4, p. 7T0—71, #1-5 84.5, p. 71, #1-12
Whitman problems Whitman problems
84.5, p. 71-72, #13-14,18 84.5, p. 72, #15-17

Whitman problems
84.5, p. 72, #19
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