CALCULUS
The chain rule




Let f(z) = a3. dz

Let y 1= f(a) = 23 and let ¢ := sin. dx

Let 2z 1= g(y) = g(f(x)) = sin(z3). > .' ~
Az _ [Az] [Ay] Goal:d—m[sm(a: )]
NAxr Lx#0 Ayl | Ax

Ay # 0
UNNEEDED

fis 1-1 Ay = [f(z + Ax)] — [f(z)]
Ar #=0 =z # x4+ Ax Lf(a:)#f(a: Ax) léAy;éO

d
Note: —[(sinz)(z3)] may look similar,
dx ! but is actually very different.

55] (sinz)(3z?) 4 (cosz)(z3) 2




Let f(x) = 3. dz

Let y 1= f(a) = 23 and let ¢ := sin. dx

Let 2z 1= g(y) = g(f(x)) = sin(z3). > .' ~
Az _ [Az] [Ay] Goal:d—m[sm(a: )]
Ax Az #0 Ay | | Ax

ANx — 0

NrxZz0=zFxrz+Ax = f(x) # f(zr+ LAx) = Ay #0

d
Note: —[(sinz)(z3)] may look similar,
dx ! but is actually very different.

35| (sin 2)(322) + (cosz)(z3) ’




Let f(z) = a3.
Let y 1= f(a) = 23 and let ¢ := sin.
Let z:=g(y) = g(f(x))=sin(z3).

Is z an expr. of y7 A A >
Az LeZO [Ay
dz 777

dx Ax — 0

Ne#=0=zc#*ax+Llx = f(z) % f(x
y IS a DEPENDENT variable, so

dz
dx
[ | l 1
G |.d .3
Dy 0a .d—m[sm(:p )]
A:c\‘
dy
dx

Ax) = Ay #0

there are no “expressions of y'.

Note: di[(sin ) (x3)]

may look similar,

I but is actually very different.

35] (sinz)(332) + (cosz)(a3)
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Let f(z) = 3. dz
Let y 1= f(a) = 23 and let ¢ := sin. dx
Let 2 = g(y) = g(f(2)) = sin(z?). S
z an expr. of x. Goal:—Isin
A [B2] Ay gzl
Nx Azxz#0 Ay A:c\‘
dz 777 dy
dx Az — O dx

Ne#=0=zc#*ax+Llx = f(z) % f(x
y IS a DEPENDENT variable, so

Ax) = Ay #0

there are no “expressions of y'.

d
Note: —[(sinz)(z3)] may look similar,
dx ! but is actually very different.

35| (sin 2)(322) 4+ (cosz) (z3) ’




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g :=sin. dz
Let 2z 1= g(y) = g(f(x)) = sin(z3). — -
z an exypr. of z. Goal:—I[sin
Az [Ae] Ay el
NAx Ax#0 Ay | | Ax
dz 777 dy
dx Ax — 0O dx

Nz #0 = 2 £+ Az = f(a) # f(e+ Dx) = Ay #0

y IS a DEPENDENT variable, so
there are no “expressions of y'.

Az = [g(f(z + Az))] — [9(f(z))]
ADD A'y: [f(z 4+ Az)] = [f(z)]

Y f(x)

3.5 y+ Ay = f(z + Azx) i




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g :=sin. dz
Let = i= g(y) = g(f(2)) = sin(a?). S
Goal:—|sin
Az _ o [A2][Ay el
Nx Azxz#0 Ay A:c\‘
dz 777 dy
dx Ax — 0O dx

NrxZz0=zFxrz+Ax = f(x) # f(zr+ LAx) = Ay #0

y IS a DEPENDENT variable, so
there are no “expressions of y'.

Az = [g(f(z + Az))] - [o(f @)D
y+ Ay =|f(z + Ai)l y =\f(x)

Y f(x)

§3.5 y+ Ay = f(z+ Az) '




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g :=sin. dz
Let = i= g(y) = g(f(2)) = sin(a?). S
Goal:—|sin
Az _ o [A2][Ay el
Nx Azxz#0 Ay A:c\‘
dz 777 dy
dx Ax — 0O dx

NrxZz0=zFxrz+Ax = f(x) # f(zr+ LAx) = Ay #0

y IS a DEPENDENT variable, so
there are no “expressions of y'.

Az = [g(f (@ + 2z)] — [9(f@D] = [9(y + Ay)] — [9()]
y+ Ay =|f(z+Az) y=|f(z)

53.5




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g :=sin. dz
Let = i= g(y) = g(f(2)) = sin(a?). S
Goal:—[sin
Az _ o [A2][Ay el
Nxr Ax#0 Ay| | Ax
dz 777 dy
dx Ax —/0 dx

N Zz0=zFxrz+ Ax/= f(x) # f(zr+ LAx) = Ay #0

y IS a DEPENDENT variable, so
there are no “expressions of y'.

Nz = [g(f(X+ Azx))] - [9(f(z))] =/l9(y + Ay)] — [9(y)]

ANz gy + Ay)] — [9(y)]
§3.5 Ay Ay




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g :=sin. dz
Let = i= g(y) = g(f(2)) = sin(a?). S
Goal:—|sin
Az _ o [A2][Ay el
Nx Azxz#0 Ay A:c\‘
dz 777 dy
dx Ax — 0O dx

NArx7#0=ax#Fz+ A = f(x) # f(x+ Ax) = Ay # 0

y IS a DEPENDENT variable, so
there are no “expressions of y'.

e 2, (o -

N [Am Az 30

Az [g(y + Ay)] = [9(y)] /
— = Ay o IW |




Let f(z) = a3. dz

Let y:= f(z) = 23 and let g ;= sin. dx
Let 2 :=g(y) = g(f(2)) = sin(a?). RPN
A A Ay Goa|:£[sin(ag3)]
A—:L’ Ax;O [Ay] [A{
dz 9'(y) dy
dx Ax — 0 dx

ANrx#F=0 = zxzFax+Ar = f(x) # f(e+Ax) = Ay*0
y iIs a DEPENDENT variable, so
there are no “expressions of y'.

BY arZo [23] [zl 20 [Z_ﬂ [0] - 0

Az _ gy + Ay)] - [9(y)]

/
— —
= Ay Ay o 9W |




Let f(z) = 3. dz

Let y:= f(z) = 23 and let g ;= sin. dx
Let z 1= g(y) = g(f()) = sin(z3). RN
A > B Az [Ay Goal:d—m[sin(as?’)]
A—J; A:U;O [Ay] [A{
dz 9'(y) dy

T

Ax) = Ay #0

12

§3.5




Let f(x) =$4 dz

Let y := f(z) =|z3and let gu= sin. dz

Let z 1= 9g(y) = g(f(x)) = sin(E). ~ : -
As B A2l [Ay Goal:d—m[sin(x?’)]
A—.’I; Az # 0O [Ay] [A:C] 4

/ Ay #0 l \ L
NEEDED
dz 9 (y) i
dx NAx — 0 dx

Axr #=0 =z #*x+ Ax Tf(a:)#f(a: Azx) = Ay #*0

NOT TRUE FOR f(z) = 2%

© = 9 (W) [@]

sin’(23) _
dx dx . (& )

53.5 = |cos(a?)] | b




Let f(z) = x%. dz

Let y := f(z) = z% and let ¢ := sin. dz
Let 2= g(y) = g(f()) = sin(z?). T
Goal:—[sin(z*
bz [Oz][ay) GodlgEnG]
Az Az #£Q Oy | | A
Ay # 0
UNNEEDED
T A
=2 if Ay £ 0
Lz Ay
[y o , _
g (), It Ay=20

Az = [g(f(z + Ax))] = [9(f(2))] = [9(y + Ly)] — [9(y)]

53.5 Ay=0 = Az=0 1




Let f(z) = z%. dz

Let y := f(z) = 2% and let g := sin. dx
Let 2 :=g(y) = g(f(2)) = sin(a?). RN
Goal:—[sin(z™)]
g — % % dx
Ax Az #0 y | | Az
N
9'(y)
Axr — 0O
Say Az~ 0, but #0. Ay~ 0 _AzifA;éO
d ~ U, u . ~ N Yy
y Ax y 0. | 2
Az gy + 2] - [9(W)] N 1= T
N Ay Ay E of (y) 9 (y), it Ay =20
_ Ay dy _
2y Az # 0 [Am] [Az] Az 30 [@} 0] o 0
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§3.5




Let f(z) = z%. dz

Let y := f(z) = 2% and let g := sin. dx
Let 2 :=g(y) = g(f(2)) = sin(a?). RN
Goal:—[sin(z™)]
g — % % dx
Ax Az #0 [y A:c\‘
dz 9'(y) dy
dx Axr — 0O dx
Say Az~ 0, but #0. Ay~ 0 _AzifA;éO
d ~ U, u . ~ N Yy
y Ax Y 0. | 2
Az gy + 2] - [9(W)] N 1= T
N Ay Ay E of (y) 9 (y), it Ay =20
_ Ay dy _
2Y aaZo [Am] Azl 20 [@} [0] - 0

16

§3.5




Let f(z) = x%. dz

Let y := f(z) = z% and let ¢ := sin. dz
Let 2= g(y) = g(f()) = sin(z?). T
Goal:—[sin(z™)]
Lz Oz | 12y dz
NAxr ANx#*0 Cy A:c\‘
dz g9'(y) dy
dx Az — O dx
AN
=2 if Ay £ 0
Lz Ay
[y o , _
g'(y), it Ay=20

&
|
N
>
=~

‘&
| I—
||

:sin’(a:4): _

— | 4N1 |
35 = |cos(z™)| | 17




Let f(z) = x%. dz

Let y := f(z) = 2% and let g := sin. dx
Let 2= g(y) = g(f()) = sin(z?). T
Goal:d—m[sin(acdf)]

ly = f(z) and z =g(y)] =

j—i = d'(v) lj—ﬂ

18




y iIs a DEPENDENT variable, so
there is no d/dy, technically, but. ..

Sloppy, but common:

dz

v 9’ (y)

ly = f(z) and z =g(y)] =

& = 9 W) [d—y]

dx dx

d dz d
Chain Rule: fr_22 Y

der dy dx

19

§3.5




ly = f(x) and z = g(y)] =

Chain Rule:

§3.5

[ dy
el Ol
d [ ay
@[9] — [9 )] %

d /
—lo(f @] = |¢'(f ()]

(@)

20
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—cscl g

(d/dx)(cotx)

|
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SN’
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Y
p—

uolouny syl JO dAI1eALIBP 3yl aXel[ ]

T JO UOISSaudxo ue

0))

uolldouny e ojul pabbnid 5]
©+*1|NsaJ 2yl a1e1nuaJalip oifs _:mw
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§3.5




uoISSa4dXxD 9yl JO DAI1BALIDP 2Y3]

(7))

d
dx

AQ Aldiainw pue —

uolssaidxs ayl ul bn|d

MED] |

uolouny syl JO dAI1eALIBP 3yl aXel[ ]

T JO UOISSaudxo ue

0))

uolldouny e ojul pabbnid 5]
©+*1|NsaJ 2yl a1e1nuaJalip oifs _:mw

Chain Rule:

(d/dz)(tanz)

sec?

22

d
dx

[ N7 |[sec2.] M

[etan 3:]

e.qg.:

S/ () = o] [(&) =




—
N
N
8
SN’
UOISS2JdXD Byl JO SAIIBALIBP YUY o~
N
8
|8
Ag Aldilinwi _ucm|_
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N
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Y
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uolldouny e ojul pabbnid 5]
©+*1|NsaJ 2yl a1e1nuaJalip oifs _M

Chain Rule:

(d/dx)(cosx)

d
dx

—Sinx

[cos>z] = [3cos?z][— sin z] I‘

23

e.g.:

(03) = 3e?

63.5




Chain Rule: Zlo(F()) = [ (F@)] [ (@)

Chain Rule: S {g(f(s))] = [ (/)] [ )

Hf then g”
the composite of g and f

g o f(x)
Chain Rule;%[fq(f(w)?] = [/ G| [
(g0 7Y (=) = [(¢/ o N@)] [F(=)

§3.5

Chain Rule: (go f) = 1[¢" o f]- f/

24




Take the derivative of the function.
Plug in the expression.
Multiply by the derivative of the expression.

25

§3.5




d

dx

]

[ e’sinz |
COSE(V 7[cos)]B

lcos’ (&3)

”eaj sinx + e* cos:cl

VA

/[cos(x3)]7

-

et sin x

|[7 cos®(23)][- sin (=)][ 322]

cos(a:3)

53.5

elsinx |

<
cos’(z3)]..




d

—|[sinx] = cosx

dx

d

dx

Sin

' = cos

—[cosz] = 4 [sin (— — T

|
1 (L). 1
“~
7~
NS
|
&
~—

|

n 1
O
n
7~
N |
|

S
~

Goal: the
complementary
formula

27




§3.5

d
— [tanz] = sec®x
dx

tan’ = sqc?

i[cé')t r] = 4] [tan (

dx dx

70
SE C2 (—

dez-
| > x)] -

Goal: the
complementary
formula

)
'T)] [di (g mﬂ

= [csf2 z][—1]

——=Csc? x

28




d
—|[secx] = (secx)(tanx) |Goal: the

dx complementary
sec’ = (s¢c)(tan) formula

di[céc r] = a4 d_sec (g — az)]

=[seq (51| [z G—=)]
= |((spo)(ta) (5

= [(cs¢x)(cotx)][—1]
— =(csc ) (cot z)




