CALCULUS
Logarithmic differentiation




Logarithmic Derivative

MULTIPLY BY f(z) ...
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Principle of Logarithmic Differentiation:
To compute the derivative of an expression,

Mmultiply the expression

Works well when _ . _ . _
la simplifies by Iits Iogarl)z/hmlc derivative.
lthe expression. \ .
e.dg.. UNNEEDED a z% is not
d YT £ 0 dgg’d ]lnoa
r1”w = X € n of 0O,
Vo > 0, —[.GU ] — [ x X )] or of any
d.’L’ 'da: | negative
number.
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Principle of Logarithmic Differentiation:
To compute the derivative of an expression,
Works well when TUITIDlY the expression

la simplifies by its logarithmic derivative.
the expression.

e.g.: .
d i X d XL
Vo > 0, a[az | = [a:: ]ﬁ[@(w )]

Principle of Logarithmic Differentiation
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Principle of Logarithmic Differentiation:
To compute the derivative of an expression,

Mmultiply the expression

Works well when

2 lsimplifies by its logarithmic derivative.

e.g.: .d :
d
Ve >0, —[2%] = | 2© In (24
T > dm[ﬂf] [ 2 ]dazkn( )]
In(x)
Z(In(:c)) + 2(1/x)

1

[T G ()] m

Next: Properties of la. .. 5
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Principle of Logarithmic Differentiation:
To compute the derivative of an expression,

Works well when TUITIDlY the expression

la simplifies by its logarithmic derivative.
the expression.

Facts: la (PQ)
la (P/Q)

(laP) + (laQ)
(laP) - (la@)

la ( Pk — k(laP
( ) Pk exists ( )

non-e.g.: la((~1)1/2) DNE, but (1/2) (la(-1)) =0
e.g.:. la ((—1)2) = 2 (la(—1))

= Note: In ((—1)2) — 0, but 2 (In(=1)) DNE




cf. §3.1, pp. 45-48 THE POWER RULE
If n is any real number

and if f(x) = z"

then f(x w1
f/(/){z_ _____________ Next: 2 =0
d

d
Proof: f(z) - [x”][ fla (2 [x”]{ [n(laa:)]]
" exists [x [n(l/a:)]—n:cn '
UNNEEDED Y QED
r#*=0=2"#0 - S
Note: VYn <1, both f/(0) and n-0""1 DNE.
Ifn=1, then f/(0) =1, but n-0""1 DNE.
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cf. §3.1, pp. 45-48 THE POWER RULE
If n is any real number

and if f(z) = 2",

L ] Next: =0 __
Proof: f(z) = [a"] [—[|a(a;“)]] = [2"] { ' (1a a:)]]

: = [&"][n(1/x)] = na"—L

+ QED
Next: exponential functions o

Note: VYn <1, both f/(0) and n-0""1 DNE.
Ifn=1, then f(0)=1, but n-0""1 DNE.
If n>1 and if n is irrational,
then  f/(0) DNE, but n-0"1=0.
Ifn>1and if nis odd/even,
then  f/(0) DNE, but n-0""1=0.
Ifn>1 and if n is even/odd,
then  f/(0)=0=mn-0""1 Even-lever
Ifn>1and if n is odd/odd, 8
547 then  f/(0)=0=mn-0""1




84.7

107 > 0, so la(10%) = In(107%)

_%( In[10i|)]

1107 = [107

" d
A

|n[10])]

— [10%][In 10] %@

= [10%][In 10]
10 :— b

Vb > 0, %[bx] = [6"][In b]

Next: logarithmic functions

9547




|: d |
Goal: - [loga a] 7 € (0,000\{1},

2 b d z>0 1
ALTERNATE
Jlogo s APPROACH
TAKE d/dx ij
d - 1
v [In 2]
DIVIDE BY zIn?2
d . .
Vb > 0, a[b ] = [6"][In b]
d . _. .
b:—s 2 d—[2 ] = [27][In 2]
£I
[2°] = [2°][In 2] w0

§4.7




Assuming > 0, b> 0 and b #= 1.

plogp T — Vb € (0,00)\{1},
| TAKE In do o 1
In ( 'Ogbx) =Inz ﬁ[ 09y x| = z[In b]
ALTERNATE
APPROACH

[logpz] [INb] = Inx Next: Problems. . .
DIVIDE BY Inb

“If the logy, x button

l0g x = 'n_iU on your calculator breaks,
o T b but not the In button,
you can still calculate logy z.”
TAKE d/dx
d d [Inx 1 d 1 1 1
izt =i 1] = ] (ool = [ -
dx dz LIn bl Inb] ldx Inb] lx x[In b

11
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Example: Find the logarithmic derivative of z” 4+ 2%+ 5z.

720 + 42345

. d 7, 4 _
Sol'n: i[la(az + x \—I— 5:8)]—:$7+x4+5x ]
- d _ fl(=)
General Fact: a[la(f(:c))] = )

Example: Find the logarithmic derivative of % — 2 + 8z.

3
Sol'n: —[la(z™ — x“ 4+ 8x)] = []
dﬂ?'[ ( a:4—a:2-|—8a:

84.7
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Facts: (1l () (g())]

1 @]
Harel
i [ @]

(f(x))F exists

T k[l ] |

< la(f @)

< la(f )]

+ [ la(g@)]

< a(g()]

non-e.g.:

flz)=-1
k=1/2

Example: Find the logarithmic derivative of

(x> + 2x — 3)

(227 — z* + 1)100——exists, Vo € R

x3 — 2

:1:5+2:1:—3

o

84.7

H 100

1420 — 423
20’ —x% 41

13




Example: Find the |derivative| of
(22 + 22 — 3) (22" — % 4 1)100
x3 — 2

( 5 _ 7 __ .4 100‘
Sol'n: (z°>+ 22 —3)2z" — 27+ 1) y
3 — 2

524 + 2 142° — 423 32
- 100 | -
2>+ 22 — 3 22’ —x% 41 3 — 2
Example: Find the |logarithmic derivative| of
(22 4 2z — 3)(2z" — 2% 4 1)100
r3 — 2

4 o 3
Sol'n: 5x% + 2 L 100 14« 4
2>+ 22 — 3 2337—334—|—1

322
[ 2] -
a:‘ —_—

84.7




Example: Find the derivative of
(22 + 22 — 3) (22" — % 4 1)100

r3 — 2
r 5 . 7 .4 100‘
Sol'n: (z°>+ 22 —3)2z" — 27+ 1) y
r3 — 2
5x% 4 2 | 142° — 423
F 100 1
2>+ 22 — 3 22’ —x% 41

(except if z° 4+2x —3 =0
or if 22" — 2%+ 1=0)

U@L = @] |l @)

T £0>
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EXAMPLE: Find % |12 | 2214
d.iE \/333_|_5
7]
Find (1224
L \/x3-|—5

nonzero, because ¢ > — /5

Assume x > — /5.

54.7

i_la 2x + 4 _:[
dx _ \/CL‘3—|—5 _
d 2 + 4 _ 2x + 4 ([
dz \/333—|—5 \/:U3—|—5

(no exceptions for z > —</5)

2

2 + 4

2

2x + 4

]_
]_

LT

2 L

1T

2 -
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42
EXAMPLE:Differentiate G(¢) =@ 323 — ¢
25 + t2
17 —2t Dt
G'(t) == [ —
(®) 3125 —t2 254 ¢2 -

NOTE: —
dt

54.7

(untrue if t > 5)
(also untrue if t < —5)

325—152 1 -2t Dt
2542 | 3|25—t2 2542

(la is better)
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EXAMPLE: Use logarithmic differentiation to find

the derivative of y =

{

2

4 4

—8':

never zZero

423

dy_7:r:4——2 1 413 B .
de \Nz?4+8\7|z44+2 2448

(No exceptions.)

84.7
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EXAMPLE:Use logarithmic differentiation_to_find
the derivative of y = [{/z] m [(a:3 + 2)7}.
l0g.

e> 0, so0 e is always > 0 deriv.?
undefined at x = 0 undefiried at * = 0
Y| _ a1 (28 (/.3 a1 [T £, 3a?
dx_[ﬁ}[e ]{(a: +2)}Z; 6z '7:1:3—|—2 .

exceptions?

L)) = ()] 2o

no exception

y=0= [(z=0) or (z=_¥2)]

(/] [e*”] |(«3 4 2)7] is undefined on = < 0.
y = [Vx] 2°] [(23 +2)7| is not diff. at z = 0.

19

84.7




EXAMPLE:Use logarithmic differentiation to find
the derivative of y = [|V/]] {6586} [(a:3 + 2)7}.

undefined at x = — /2

undefined at x = — /2

dy

dx

84.7

|

Tz

35'2
} [6'1;6] [(sc?’ + 2)7} {% % 62>+ 7 3 J ]

exceptions?
(no exceptions)

u 2)7_
u 2)7:

no exception no exception

y=0= [(z=0) or (z=—V2)]
| is undefined on z < 0.

IS not diff. at x = 0.

20




. . /%2 4 8
EXAMPLE: Differentiate y :

no exception 3 7 5
Common sol’n: (y=0 — o (3z+7)
d
—5IN(3x+7)
dx
3
3r+7
)
3x+7
3
. ).
3+ 7

dy _'m4/5\/$2+8 (4 1-; 1

de] (3z+7)> 2.x2+8_5.3x—|—7). 21

54.71 undefined at z = O (no exceptions) exceptions?




EXAMPLE: Find the derivative of y = (5 4 cosz)'"Z.

Assume x > 0.

Z_z = [(5 + cos.:c)'”ﬂ [% [fa ((5 + COSm)m)H
= [(5 + cos )] [ [(In2) (1a(5 + cosa))]
— [(5+ cosa7] [(L) (5 + cosa)) + () (5502 )|
= [(5 -+ cosac)'“a’} [6) (Inl(5 4 cosz)) + (Inx) (5;523222;1:)]
| ]
(no exceptions for x > 0)
— (also no exceptions for = < 0) “
84.




EXAMPLE: Find the derivative of y = (Inz)S"°%, 2 > 1.

\ A
i = [onei] [ i (cnae)|

2. 1T7d

_(In D el [ e :(Sinza:) (la(In a:))H

5 T

:(Ina:)sm 93_ (sm )(I/x) (2(sinz)(Lfosx)) (.(In:c))

[(Ina:)sm%} -(sm :c) (1/x) (2(sing)(cosx)) (:I(Ina:))

N

]

(no exceptions for z > 1)
(exercise: z <1) In1 =0
Inz > 0

23
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EXAMPLE:

xZ
Find the derivative of y = (3 + /222 + m4) .

dy

dx

=K3 + /202 + :c4)$] |

dz

54.7

d <3+\/2$2+CC4)

(3 -+ \/2332 —+ 334):1:

17d

¢ fia[(3+ V2 +4)])

1 Lax

" d

:(3 -+ \/21:2 -+ :c4)x_

1 Lax

i (72 (3 V22 +2) )




EXAMPLE:
xZ
Find the derivative of y = (3 + /222 + m4) .

(54 a4 [ (1] (34 2r2 ) )

dx ] dw

- (o Vot e fo (V3 )

AT

=[(3+ V222 +24) _x 22:22i4 34222 42 |
(e ) L renfafa 2+ )

Ol P R

(no exceptions)

25
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Whitman problems
84.6, p. 74, #1-2,5

Whitman problems
84.6, p. 74, #6-7

Whitman problems
84.7, p. 80, #1,6,9,15,19

Whitman problems
84.7, p. 80, #11-14,16-18,21

Whitman problems
84.6, p. 74, #3-4,8,12-18

Whitman problems
84.6, p. 74, #9-11

Whitman problems
84.7, p. 80, #2-5,7-8,10

Whitman problems
84.7, p. 80, #20

26




