CALCULUS
I'Hopital’s rule




5 | . . . . .
Problem: lim + — 4l One of the limit laws implies:

When the form is S

8
Form: — |
2 the answer is 4.
When the form determines the answer, "56/7 = 8", etc.

we call that form a “determinate form”.
3 “8/2 = 4", which, in this context, means. ..
N is a determinate form, and it determines an answer of 4.

Theorem: f(zx) -8, asz —a Theorem: f(x) — 56
and g(z) 2, asz—a and  g(z) =7
= /(=) vy 4, aS T — a = f) > 8
g(z) g(z)
(OR z — a™
OR xz— a™
OR x — o0 .
ae OR x — —00)
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we call that form a “determinate form”.
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N is a determinate form, and it determines an answer of 4.
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Sroblem: [im + AW One of the limit laws implies:
r—35 —x 8
When the form is —,
8 2
Form: — _
2 the answer is 4.

When the form determines the answer,

“56/7 = 8", etc.

we call that form a “determinate form’.
“8/2 = 4", which, in this context, means. ..

g is a determinate form, and it determines an answer of 4.
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Problem: Im — =B 0001
z—0 :132 1
When the form is —,
O+

Form:

o+

the answer is +oo.

1
—— iS a determinate form,
O+
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Colloquially, we write: “1/(0tF) = 400"

and it determines an answer of 4+oc.
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1 1
Problem: Iim —s = — Form: —&— [“1 ) = —o0"”
r—0 —x2 > o- g L[1/07) > \
. 1 _ 1
Problem: Im — = —oco|B Problem: Iim —=oc|}
r—0— & O
does - 1
Problem: lim — not<_ hen the-form is 0’
r—0x exist

Form:

O

the~answer could be.oo,
or_coulae —o0o,
or it couldbe “does not exist”.

1
Problem: lim —= = ool
z—0 22

Form: i&l

0+ 0

= 1000
0.001

1
When the form is —,
O+

the answer is +oo.

IS a determinate form,
O+

and it determines an answer of +oc.

Colloquially, we write:
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“1/(0F) = +oo 5




_ 1
Problem: lim = —oo Problem: lim — = oo |l

x—0 —.:L'2 x—0 x

: 1 _ 1
Problem: Iim — = —-x|B Problem: Iim — = ool
z—0- X r—0tT & ‘

. does 1

Problem: |lim — not

=0T exjst

Form:

O

When the form is 6'

the answer could be oo,
or it could be —o0,
or it could be “does not exist”.

When the form rlri

Problem:! lim 5
r—0 x
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S not determine the answer,
_Hrm nr.“lndetermlnate form”




. _ 1
Problem: lim —5 = —oo [l Problem: lim , — = oo [l
r—0 —x two-sided x—0"x

1 :
Problem: Iim — = —-x|B F’roblem:= o] |
r—0~ X X ‘

does /1
Problem: lim = not When thefornyis o
r—0x exist
the answer could be oo,
Form: 1 or it/could be —oo,

0 or icouldbe “does not exist”.

When the form does not determine fhe answer,
we call that form an “indeterminate form' .

NOTE: Most one-sided 1/0 problems

— is a SLIGHTLY indeterminate form. .. in this course are
0 1/(0F) or 1/(07).
: 2 f(x) =2
Problem: ml_|>rg+ xl/x = (4 g(x) = 1/x2
(0.001)1000000 -, o [f(m)]g(w)
Form: (0T)X “(0T)>®=0" NOT S 7

§4.8 g(x)




3
x4+ 2x—-3 0
Problem:lim — When the form is —,
Tr— nx 0
Form: 0 the answer could be anything.
O

% IS a VERY indeterminate form.

Goal: Techniques for handling indeterminate forms. . .

When the form does not determine the answer,
we call that form an “indeterminate form’ .

NOTE: Most one-sided 1/0 problems

1
— is a SLIGHTLY indeterminate form. .. in this course are
0 1/(0F) or 1/(07).

Problem: |im x/ =0
z—0T

(0.001)1000000 ~ o

Form: (01)™® “(0T)>* =" 8

84.8
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x4+ 2x—-3 0
Problem:lim | When the form is —,
Tr— nx 0
Forn/ O the answer could be anything.

Goal: Techniques for han inate forms. . .
/ 0
A N
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r—1 INn
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3
x4+ 2x—-3 0
Problem:lim | When the form is —,
Tr— nx 0
Form: 0 the answer could be anything.
0

% IS a VERY indeterminate form.

Goal: Techniques for handling indeterminate forms. . .

DIVIDE NUMERATOR AND
DENOMINATOR BY =z —1

3 _ 3 3
i T + 2x 3_”m (z°+22—-3)—(1°4+2-1-3)
r—1 Inx r—1 (Inz) —(In1)

(z34+22—-3)—(1342-1-3)
— |im z—1

r—1 (|n33) —(In 1)
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FNrobIem:Iimac T2

r—1 In x Goal: Techniques for handling
0 indeterminate forms. ..
Form: —
0
- (23422 -3)—-(134+2-1-3)
r—1 r—1

Goal: Techniques for handling indeterminate forms. . .

73 4 DOm

N —
Iim( ) (Inl)
x—1 r—1

S4+22—-3)—(1342-1-3)

_ :c3—|—25c—3 . r—1
lim = |lim \ (nz) — (n 1)

rx—1 N r—1 11

4.8 r—1




3 DY
Problem:limx T2r—3

r—1 In Goal: Techniques for handling
0 indeterminate forms. ..
Form: —
0]
S4+2z—-3)—(134+2-1-3 d
jim 7T 2e=3) - (17 )=[—(:U3—|—2:U—3)]
z—1 r—1 dx x:—1
£(a) = lim [f(a+h)] —[f(a)] T = a’»j h h—0&z—a
h—0 h r—a=h
— i [f(@)] = [f(a)]] a=1
_:I;mz T — a f(QL‘) L= :JC3+2.GC—3
i (Inz) — (In1)
r—1 r—1
(z34+2z—-3)—(1342-1—-23)
3
x4+ 2x -3 . r—1
= |im
alinl Inx bl (Inz) — (In1)
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Problem:lim . .
r—1 In Goal: Techniques for handling

indeterminate forms. . .

Form: 9
O

3 _ _ 3 1
lim (z°4+22x—-3)—-(1°+4+2-1 3)=[i(x3+2w_3]
r—1 rx—1 T

1oy s Lf(@+R)] = [f(a)]
fla) = IImO h = [3:82 —+ 2]5(::—>1 =5

[f@)] - [f(@)] @=1
pllag) S () =a3+422-3

r.—1

, (Inac)—(ln 1) d _[/1 .
JI:LT]l r—1 [@Onx)}x;_q o Kaﬁjx ~ O)L::—ﬂ =1
(z34+22—-3)—(1342-1-3)
:c3—|—25c—3 o r—1
alinl Inx altinl (Inz) — (In1)
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Problem:lim
r—1 N

Goal: Techniques for handling

0 indeterminate forms. . .
Form: —
0
2 3) - (134+2.1-3
i (@420 -3) - (1% + ) .
z—1 z—1 |
| —(In1 B
lm (Inz)—=(n1) =1 =5
r—1 x—1
. (Inz) —=(n1) \Q3+2x—3)-—(13—|—2.1_3)
lim \ . Z 1
Tl r—1 = Iim x| —
r—1 N r—1 \(lnx) _(|n 1)
+1
(3422 -3)—(134+2-1-3)
3
= |im iy -
alinl In x rx—1 :(ln xj — (|n 1= 5 -
84.8 r— 1
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x>+ 2x — 3
Problem:lim —
r—1 In x - Goal: Techniques for handling
0 indeterminate forms. ..
Form: —
0]
i (23420 -3)—(134+2-1-3
r—1 r—1
INx) —
i (na) —(n1) _
x—1 r—1

3 _
im £ 12273 iy z—1\
r—1 N r—1 (ln.’L‘)—Un\l\)
x—1
— 5 —
T 1 T O 15
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x>+ 2x — 3
Problem:li =
roblem winl In x >H Goal: Techniques for handling
0 indeterminate forms. ..
Form:. —
\ 0
Key point:
i x3 4+ 2z — 3 oo d/da] (23 + 22 — 3]
r—1 Inx S| [d/dx][In x]
_ 3:132—|—2
= |im
t—1 1/x
3(1)%2+2
- 1/1
5
— I = 5 P
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3
x>+ 2x — 3
P lem:lim =
roblem r—1 In x >H Goal: Techniques for handling
0 indeterminate forms. ..
Form: —
\ 0
WARNING: Check that the form is a I'HOpital form:
0O o0 —cx oo — 00
P ' ’ and -
0O co o — —00
2247 [d/dz][z? + 7]
Non-e.qg.. |im lim
r—1 22 z—1 [d/dz] [332]
4 \
(1)2+7 . 2
lim —
(1)2 z—12x
4 A\
3 2
1 2
4 N\ [T17
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3
x>+ 2x — 3
Problem:lim —
r—1 In x >H Goal: Techniques for handling

indeterminate forms. . .

Form: 9
0]

WARNING: Check that the form is a I"'HOpital form:

O co —00 o0 —00
P ' ’ and -
0O 0o o0 —o — 00

WARNING: Given one of these kinds of indeterminate forms,
don't differentiate the quotient, using the Quotient Rule.

Instead, differentiate the numerator and denominator,
then divide the results, then try taking the limit.

If you get to an answer (even oo or —oo)
then the original limit has the same answer.

18

[T you get “does not exist”, @
48| cross it all out look for another method.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’'s Rule): Let a € R.
Suppose_ ONE of the following five possibilities happens:

both lim f(z) =0 and lim g(z) =0 | g

OR [ both  lim f(z)=oc0 and lim g(z)=occ | x

or | both lim f(z) =—o00 and lim g(z) = o : %

or | both lim f(z) =co and lim g(z) = —oc . %

or | both lim f(z) = —co and lim g(z) = —oc : %
f'()

Suppose |lim
R @)

@ _[ @
Then im0 =HmFe

exists.  (Can be finite, co or —c.)

/
WARNING: If Iim f (=) does not exist,
"0 A
84.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’'s Rule): Let a € R.
Suppose_ ONE of the following five possibilities happens:

both lim f(x) =0 and lim g(z) =0
OR [ both lim f(x) =00 and lim g(x) = oo
OR [ both lim f(z) =—co and lim g(z) =
OR [ both  lim f(z) =oco and lim g(z) = —oc
OR [ both lim f(z)=-occ and lim g(z) = —oo
(=2 .
Suppose lim exists.  (Can be finite, co or —o0.)
r=a g'(x)
+2 e.g.: a:. =20
r— a' ! / :
Then tim 288 _ jim /@) f(z) := 22[sin(1/z)]
TTag(x)  reg'(@) 9=
/
WARNING: If Iim () does not exist,
va g () &) [=
84.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’'s Rule): Let a € R.
Suppose_ ONE of the following five possibilities happens:

both im f(x) =0 and lim g(x)=0
OR [ both  Iim f(z)=o00 and lim g(z) = oo
OR [ both lim f(z) = —0co and lim g(z) = oo
OR [ both lim f(z)=occ and Ilim g(z) = —co
OR [ both  lim f(x) = -0 and lim g(x) = —o0
() .
Suppose lim = exists. (Can be finite, co or —o0.)
z—at g'(x)
v 7 / e.g.: a:=20 |
Then tim L2 i L@ f(z) := 22[sin(1/z)]
r—aT g(az) r—aT g’(CU) o __g_(_;c_)__:_x_ ________
/
WARNING: If |im f,(m) does not exist,
z—at g'(x) @ 21
84.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’'s Rule): Let a € R.
Suppose_ ONE of the following five possibilities happens:

both lim f(z) =0 and lim g(z) =0
OR [ both lim f(z) =co and lim g(z) = oo
OR [ both lim f(z) =—-oco and lim g(z) = oo
OR | both lim f(z) =00 and lim g(z) = —oo
OR | both lim f(z) =-o0cc and Ilim g(z)= —o0
(=) -
Suppose lim exists. (Can be finite, co or —c0.)
T—a~ g’(:c)
s o7 / e.g.: a:=0_
Then im 28—y, I@) F(z) = 22[sin(1/2)]
r—a- g(:v) r—a~ g’(:r:) ____g_(_;c_)_:_:_x_ ________
/
WARNING: If |im f () does not exist,
r—a— g'(x) @ 22
84.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’s Rule):
Suppose_ ONE of the following five possibilities happens:

| both Jim f(x) =0 and Jim g(x) =0
OR [ both  lim f(@) =00 and lim g(z) = oc
OR poth  lim f(z) = —co and lim g(z) = oo
OR :both lim f(@)=oco and lim g(z) = —cc
OR [ both lim f(@)=—co and lim g(z) = —oo

() . .
Suppose lim exists. (Can be finite, co or —c0.)
r—00 g/ ()
/

Then fim 2% — i, L)

r=00 g(xz) T gl(x)

f'(x)

WARNING: If Iim

r—00 g'(x)

does not exist, @

84.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’s Rule):
Suppose_ ONE of the following five possibilities happens:

both Jim f(x) =0 and Jim g(x) =0
OR [ both  lim f(@) =00 and lim g(z) = oc
OR [ both lim f(z)=—co and lim g(z) =
OR [ both  lim f(@) =00 and lim g(z) = —oo
OR [ both lim f(@)=—co and lim g(z) = —oo
() . .
Suppose lim exists. (Can be finite, co or —c0.)
=0 g'(x)
r — —007 / e.g.: z) =z 2sin(x
Then fim 48 = i £@) 90 ) i ()
r=00 g(xz) T gl(x) g(z) ==
£1(x) “other examples later...
WARNING: If |im does not exist,
v=2 g/ () &) [
§4.8 then you can’t conclude anything.




cf. §4.8, p. 81 TH'M 4.11 (L'HOpital’s Rule):
Suppose_ ONE of the following five possibilities happens:

both lim f(x) =0 and lim g(z) =0
OR [ both im_ f(z) =oc0 and lim g(z) = o0
OR [ both im_ f(z) =—-oc0 and im  g(z) = o
OR [ both lim f(z)=oc and lim g(z) = —oco
OR [ both lim f(@)=-o0 and lim g(z) = —oo |
- fi(x) -
Suppose lim exists. (Can be finite, oo or —c0.)
r——o0 g/(x)
/ e.g.: z) =z ?sin(x
Then fim 1&) _ i L@ jeds f@) » ()
z——o0 g(x) r——o0 g'(x) g(x) (=
— L e
WARNING: If Iim () does not exist,
T— —00 g’(aj) @ 25
§4.8 then you can’'t conclude anything.




NOTE: Most people simply put in the equal sign
while working through the problem.
However, if, at the end, you get “does not exist”,
for the limit of the quotient of the derivatives,
you cannot conclude that
the original limit doesn’t exist ... @

To show an example of this, we need a fact. ..

. 1 —e?T 120 =1 0= —00"
EXAMPLE: Find $I|_>moo a— ¢2:1000 js very positive.
First step: Check the form =
O

kK whether I'HOpital's rule
leads to an answer.
_2€2$ “_2:00

6 — (X)',
. 1 _ 6233 . - _2 2x “_2 . "
Jim, S lim, =M =
X
[d/dx][x] = 1/ 26

548 Last step: Put in the remaining equal sign.




NOTE: Most people simply put in the equal sign
while working through the problem.
However, if, at the end, you get “does not exist”,
for the limit of the quotient of the derivatives,
you cannot conclude that
the original limit doesn’t exist ... @

To show an example of this, we need a fact. ..
-1 < Sin < 1

: 6
1 <sm(lO)< 1
106 — 106 — 10

_ sin ¢ Next: example where
e.g.. lim =0 limit after I'H DNE,
T—=00 but limit before I'H exists. . .

“bdd " lim could be Iim, Iim , lim, lim or I|im
—— =0 T—=a o gt z—a- TTX L——00

Fact: f bdd, limg(z) =00 = lim flz) _
§4.8 g(x)

O 27




(cos(z5))/a bdd/oc O

EXAMP%) 1/2° ~—-1/2 70
(=~ 1) (cos(z2)) A+B A B

lim

10 (z44)71/2 c ~c'c
enigrve (@D sin@$) (Ba) +[(=a=D (cos@))
e —(1/2)(z +4)=3/2
_ i GO SnGN G | [Cam?)(cos(@))
% C/2) @t 4) 37 | 2@+ 4) 3
_ sin ¢ Next: example where
e.g.: lim =0N limit after I'H DNE,
o ____FTee_x_ o __________butlimit_beforeI'H exists...
y " lim could be Iim, Iim , lim, lim or I|im
@ZO =4 g gt z—a— T T——00
©.@)

Fact: £ bdd, limg(a) =oc0 — lim %)

= 0 28
R o(2)




. _ (cos(z?))/x bdd/co 0
EXAMPLE: Find lim == 575 iy =

-~ (zH(cos(a))
x||—>moo (z + 4)—1/2
e (o=1) (= sin(@®))(50%) + (—o~2)(cos(@))

e —(1/2)(z +4)73/2

@)

- (x_l)(+sin(a:5))(5:r:4)_l_ (Hz=2) (cos(z>))
r=00 (/2 (x+4)73/2 +(L/2) (= + 4)73/2

~1
T 12 2
bdd 2 12 2

- 3
Y2 T olsin(25)) (5a®)
= |im

T —00 (:U—|—4)_3/2

tends to oo / T — 00
a:z(:r: + 4)—3/2 o~ Q1:.239—3/2
f(z) _

0

Fact: f bdd, limg(z) =00 = Iim

§4.8 g(x) -

29




. _ (cos(z?))/x bdd/co
EXAMPLE: Find lim == 247, =

-~ (zH(cos(a))
x||—>moo (z + 4)—1/2
e (o=1) (= sin(@®))(50%) + (—o~2)(cos(@))

e —(1/2)(z +4)73/2

(z=1) (4 sin(z®))(5z%) | (+z72)(cos(z>))

e f (12442 (12w +4) 3
__bdd

2£si,n(;z:5))(;5:ci) . COS

_:13—>oo X +4)3M

J tends to o©

im_[sin(a%)] {10z + 4)*/2)

—00

l l’ “10- 0000 = o0

548 oc oc

O

@)

30




. _ (cos(z?))/x bdd/co
EXAMPLE: Find lim == 247, =

-~ (zH(cos(a))
x||—>moo (z + 4)—1/2
e (o=1) (= sin(@®))(50%) + (—o~2)(cos(@))

e —(1/2)(z +4)73/2

(z=1) (4 sin(z®))(5z%) | (+z72)(cos(z>))

e f (12442 (12w +4) 3
__bdd

3
_ o 2(sin(@®)) (52%) [T=2(co

S
|
T—=00  x(x + 4)—3/2 T <3/2
tends to o©

= lim [sin(z®)][1023(z + 4)%/2] DNE

Tr—r00
OSsc. btwn ‘" ) ) — "
1 and -1 l 1000 -0 00

54.8 00

O

@)

31




EXAMPLE: Find Iim
200 (1 4 4)~ 1/2° co—1/2 0

tenlt,lziltive
= |im

M [sin(z°)][1023(z + 4)3/2] DNE

—r 00

32

MYY A imit exists ...



5 Next: why this
COS A .
EXAMPLE: Find Iim ( (2 ))/x limit exists ...

r—00 ([ 4 4)—1/2'

asym ptotics//

bdd
5 5 5
i (cos(zx?)) /m — im cos(xz>) T cos(z>)
z—00  p—1/2 T—00(3 . p—1/2 L—00 :Cl/2|
tends to o©
bdd =0 Fact: f bdd, limg(z) =0 = |Imf($) 0
00 g(x)
/2 5
EXERCISE: Show that lim (V3z + cos(@®)) /o _ V3.

T — 00 (z 4)—1/2

Show also that I'HOpital's Rule again leads to
“does not exist’.
That gives no information.

Next: DNE after I'HOpital's Rule @
does NOT always mean that 33
64.8the original limit is zero . ..




EXAMPLE: Find |im

EXAMPLE: Find |Iim

— |Iim

(tan(2x)) — 2z

r—1 3
First step: Check the form. DETERMINATE!
tan2) — 2
Answer: ( 1) = (tan2) -2 W

(tan(2x)) — 2z
x—0 x3 '

(tan(2z)) — 2z f”tla,t"’e (sec?(2z))(2) —2 0

0O z—0
sec=1/c
cosO0 =1

sec=1/cC
cosO =1

84.8

— lim B(tan(2z)) O to simplify first
Ientatlve8

3 ~ z—0 3LL‘ 0
F;H”tf‘i“"el][)(tan(%))]ﬂ]@
x—0 ox

I'H okay; easier

sec2(2z))(2) 16 8

lim = — == 34
x—0 6 §) 3 -




